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CHAPTER  I. 


PHYSICAL   UNITS. 


1.  The  measurement  of  all  physical  quantities  depends 
ultimately  on  the  units  of  space,  time,  and  mass. 

In  England  the  units  are  generally  the  foot,  second,  and 
pound;  but  we  shall  adopt  the  centimetre,  gramme,  and 
second  (c.  G.  s.)  system,  which  is  now  almost  universally 
used  for  scientific  purposes. 

2.  Def.  Velocity  is  the  rate  of  motion  of  a  body,  and, 
if  uniform,  is  measured  by  the  number  of  centimetres  passed 
over  per  second ;  if  variable,  it  is  measured,  at  any  instant, 
by  the  number  of  centimetres  which  would  be  'passed  over  per 
second  supposing  the  velocity  uniform  during  that  second,  and 
of  the  same  value  as  at  the  instant  under  consideration, 

It  will  be  seen  from  the  above  definition,  that  velocity 
is  a  property  of  a  body  at  any  given  instant,  and  not  neces- 
sarily the  same  during  a  finite  interval.  Thus  when  we  speak 
of  a  train  as  going  thirty  miles  an  hour,  we  do  not  mean  to 
say  that  it  has  gone  thirty  miles  in  the  past  hour,  or  that  it 
will  go  thirty  miles  in  the  next  hour ;  but  that  supposing  the 
velocity  to  remain  uniform,  it  would  go  thirty  miles  during 
that  time. 

The  unit  of  velocity  is  the  velocity  of  a  body  which  goes 
over  one  centimetre  per  second. 

If  a  body  moving  uniformly  with  velocity  v  pass  over 
a  space  s  in  time  t,  the  relation  between  these  quantities 
is  clearly  expressed  by  the  formula 

s  =  vt (i). 
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PHYSICAL   UNITS. 

3.  If  two  motions  are  impressed  on  a  body,  as  when 
a  person  walks  across  a  carriage  in 
motion,  it  is  easy  to  see  that  the 
motions  may  be  compounded  by  the 
parallelogram  law.  For  if  one  motion 
carries  a  point  from  A  to  B  and 
another  simultaneously  from  A  to  C, 

g*   '  then  if  both  movements  take  place 

the  point  is  transferred  from  A  to  D,  AD  being  the  diagonal 
of  a  parallelogram,  having  AB,  AC  for  adjacent  sides. 

If  both  movements  took  place  with  uniform  velocity  in 
one  second,  then  AB,  AC  would  represent  the  numerical 
values  of  the  two  velocities,  and  geometry  shows  that 
under  these  velocities  combined,  the  body  moves  uniformly 
from  A  to  D  in  one  second.  Then  AD  represents  the 
resultant  velocity  of  the  two  components  A B,  AC. 

4.  Def.  Acceleration  is  the  rate  of  change  of  velo- 
city, and  is  measured,  when  uniform,  by  the  number  of  units 
of  velocity  added  on  to  a  bodys  motion  per  second.  When 
variable,  it  is  measured  at  any  instant  by  the  number  of  units 
of  velocity  which  would  be  added  on  per  second,  supposing  the 
acceleration  constant,  and  of  the  same  value  as  at  the  instant 
under  consideration. 

Like  velocity,  acceleration  is  a  property  of  a  body  at 
a  particular  instant,  not  necessarily  continuing  the  same 
through  a  finite  interval.  It  is  the  measure  of  the  body's 
quickening  at  that  instant. 

The  unit  of  acceleration  is  the  acceleration  of  a  body 
whose  velocity  increases  by  a  unit  of  velocity  per  second. 
If  a  body  be  moving  under  a  uniform  acceleration  f  through 
a  time  t,  and  if  V  be  the  initial  velocity,  and  v  the  velocity 
at  the  end  of  the  time  t,  then 

v  =  r+/t (ii). 

The  best  illustration  of  a  uniform  acceleration  is  the 
motion  of  a  body  near  the  earth's  surface.  In  this  case  it 
is  proved  by  experiment  that  the  acceleration  due  to  the 
earth  at  the  sea  level  is  represented  numerically  by  981  (at 
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Paris).  Thus  a  body  falling  to  the  earth  has  its  velocity 
increased  each  second  by  981  centimetres  per  second.  This 
does  not  mean  that  the  body  describes  981  centimetres  in  the 
second,  or  even  describes  981  centimetres  less  in  one  second 
than  in  the  next,  but  that  if,  for  instance,  the  body  is  pro- 
jected downwards  with  a  velocity  of  100  centimetres  per 
second,  it  will  have  at  the  end  of  the  first  second  a  velocity 
of  1081  centimetres  per  second,  at  the  end  of  the  second 
second  its  velocity  will  be  2062  centimetres  per  second,  and 
so  on  during  each  second  of  the  motion. 

Retardation  is  treated  as  negative  acceleration.  If  for 
instance  a  body  be  projected  upwards,  its  velocity  is  dimi- 
nished by  981  cm.  per  second  each  second,  and  generally 
if  f  represent  the  retardation,  our  formula  (ii)  becomes 

v=V-ft (ii'). 

If  the  resulting  velocity  should  be  negative  it  will  de- 
note that  the  body  is  moving  with  a  certain  velocity  in  the 
direction  opposite  to  that  of  projection. 

5.  To  find  the  space  described  during  a  given  time  t 
by  a  body  moving  with  uniform  acceleration,  we  may  con- 
sider that  since  the  acceleration  is  uniform,  the  average 
velocity  during  the  interval  will  be  the  same  as  the  velocity 
at  the  middle  of  the  interval,  and  this  will  clearly  be  V-\-  \ft. 
The  space  described  will  be  the  same  as  that  due  to  this 
velocity  during  the  time  t.     Hence,  by  formula  (i), 

s  =  (V+^ft)t 

=  Vt  +  ifP  (iii), 

or  if  the  acceleration  is  negative, 

s=Vt-ift*  (iii7). 

Combining  (ii)  and  (iii)  by  algebra;  we  have  from  (ii) 

v=V+ft; 

or  v'=V*  +  2Vft+fH* 

=  V*  +  2f(Vt  +  ifn 

from  (iii)  =F2  +  2/s  (iv) 

1—2 
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Similarly,  from  (ii')  and  (iii'), 

v*=V*-2fs  (iv'). 

6.     The  space  described  may  also  be  illustrated  graphi- 
cally by  a  method  which  will  be  of  frequent  use. 
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Fig.  2. 


Set  off  along  a  horizontal  line  AB  equal  lengths  A  a,  ab, 
be,  &c,  representing  short  intervals  into  which  the  whole 
time  AB  of  the  motion  of  the  body  can  be  divided,  raise 
at  A,  a,  b,  &c.  straight  lines  (called  ordinates)  perpendicular 
to  AB,  and  of  such  lengths  as  to  represent  on  a  certain  scale 
the  velocities  of  the  body  at  the  beginning  and  end  of  each 
interval.  Let  these  lines  be  AA1,aa1,bb1...  pply  qq1}  m\..  .BB^ 
Through  plf  qu  r2  etc.,  draw  lines  parallel  to  AB,  to  meet  ppx 
produced  in  p2,  qqx  in  q2,  etc.,  and  produce  them  to  complete 
the  system  of  small  parallelograms.  The  space  described 
during  the  small  interval  of  time  pq  will  be  represented 
numerically  by  something  between  pqxppx  and  pqxqqi, 
or  by  some  area  between  pxq  and  p2q ;  since  ppx  represents 
the  velocity  at  the  beginning  of  the  interval  and  qq±  the 
velocity  at  the  end.  The  whole  space  described  will  be  in- 
termediate between  the  sum  of  all  the  parallelograms  p2q, 
q2r,  r2s,  &c,  and  the  sum  of  all  the  parallelograms  pxq,  qxr, 
rxs,  &c.  The  difference  of  these  two  sums  is  clearly  a  paral- 
lelogram whose  height  is  (BBX  —  AAX)  and  base  one  of  the 
intervals  pq,  and  therefore  equals  (BBX  —  AAX)  x  pq,  and  if  the 
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intervals  are  sufficiently  small  this  difference  is  indefinitely 
small,  and  each  of  the  sums  becomes  the  same  as  the  whole 
area  A1ABB1,  and  this  therefore  will  represent  the  whole 
space  described.  Since  the  acceleration  is  uniform,  the  in- 
crements of  velocity  are  the  same  for  the  same  increments 
of  time,  and  consequently  by  Euc.  VI.  Prop.  ii.  the  line  AXBX 
is  a  straight  line,  also  AAX  =  V,  and  BBX  =  V+ft,  and  AB  =  t. 
Hence  the  area  of  the  trapezium 

=  i(AAx  +  BBx)AB 

=  i(V+V+ft)t 

=  Vt  +  \ft\ 

which  agrees  with  our  formula  (iii). 

It  must  be  carefully  noted  that  the  area  AXABBX  has  no 
actual  relation  to  the  space  described  beyond  the  numerical 
one  here  represented.  Thus  if  seconds  be  represented  by 
centimetres  along  A  B,  and  units  of  velocity  by  centimetres 
perpendicular  to  AB,  then  the  number  of  square  centimetres 
enclosed  by  the  lines  AAX,  BBX,  AB,  AXBX  represents  nume- 
rically the  number  of  units  of  space  passed  over  by  the  body 
in  the  time  AB. 

When  in  future  we  make  use  of  this  graphical  repre- 
sentation of  a  formula,  we  shall  indicate  its  construction  by 
saying  that  abscissce,  or  distances  set  off  along  a  horizontal 
line  such  as  AB,  are  to  be  taken  to  represent  the  number  of 
units  in  one  magnitude,  and  ordinates  or  lines  perpendicular, 
to  represent  some  other  co-related  magnitude ;  and  from  the 
nature  of  the  figure  so  formed,  we  shall  deduce  by  geometry 
various  relations. 

7.  In  dealing  with  force  we  must  consider  the  material 
bodies  through  which  all  forces  are  made  sensible  to  us. 
Although  matter  is  as  hard  to  define  as  space  and  time,  we 
need  a  means  of  measuring  it.  Its  measure  is  called  mass, 
the  unit  being  a  certain  lump  of  matter  called  the  standard 
mass  (or  by  the  general  public  the  standard  weight).  This 
standard  in  Britain  is  the  pound  Avoirdupois,  but  for  scientific 
purposes  we  use  the  gramme,  which  by  definition  is  the  mass 
of  a  c.cm.  of  water  at  4°  C. 
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Other  masses  are  compared  with  the  gramme  by  weighing, 
that  is,  finding  the  ratio  of  the  pull  of  the  earth's  gravitation 
on  the  body  to  the  pull  on  the  gramme  at  the  same  time  and 
place.     This  ratio  is  called  the  mass  of  the  body. 

Experience  shows  that  bodies  weigh  very  differently 
according  to  the  material  of  which  they  are  made.  Thus 
a  mass  of  iron  weighs  much  more  than  a  mass  of  wood  of 
the  same  volume,  but  far  less  than  a  mass  of  gold  also  of 
the  same  volume.  This  difference  is  expressed  in  two  ways. 
( j  )  We  may  weigh  a  certain  volume  of  each  body  and  record 
the  mass  (or  as  people  say  the  weight).  If  the  volume  be 
a  unit  of  volume  the  mass  is  called  the  density  of  the 
material.  Thus  a  c.cm.  of  copper  will  be  found  to  weigh 
8  9  grammes,  and  this  is  expressed  by  saying  that  the  density 
of  copper  is  8*9  grammes  to  the  c.cm.  The  same  might  be  ex- 
pressed in  lbs.  to  the  cu.  ft.  or  in  any  other  measure  we  choose. 
(2)  We  may  take  some  standard  substance,  that  usually  chosen 
being  water,  and  compare  the  weight  of  any  volume  of  the 
body  with  the  weight  of  the  same  volume  of  the  standard 
substance.  This  ratio  is  called  the  specific  gravity  of  the 
body,  and  is  independent  of  any  system  of  measurement. 

Since  the  gramme  is  the  mass  of  a  c.cm.  of  water,  the 
number  of  grammes  to  the  c.cm.  of  any  other  substance  re- 
presents also  its  specific  gravity.  Thus  the  specific  gravity  of 
copper  is  8*9. 

The  following  are  the  formal  definitions. 

Def.  Mass  of  a  body  is  the  ratio  of  the  gravitation  pull 
on  the  body  to  that  on  the  standard  mass. 

Def.  Density  of  a  substance  is  the  number  of  units  of 
mass  in  one  unit  of  volume  of  the  given  substance. 

Def.  Specific  Gravity  of  a  substance  is  the  ratio  of  the 
weight  (or  mass)  of  a  volume  of  that  substance  to  the  iveight 
(or  mass)  of  the  same  volume  of  a  standard  substance. 

From  the  definition  of  density  it  follows  that  if  M,  V,  D 

M 
represent  the  mass,  volume  and  density  of  a  body  D  —  -^  or 

M  =  DV (v). 
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When  we  speak  of  a  particle  of  matter,  we  mean  a  mass 
of  matter  which  can  be  acted  on  by  forces,  but  which  in  its 
geometrical  relations  can  be  treated  as  a  point. 

8.  Def.     Momentum    or    Quantity    of    Motion    is 

defined  by  the  product  of  the  mass  of  a  body  into  the  velocity 
with  which  it  is  moving. 

Unit  of  Momentum  is  the  momentum  of  unit  mass 
moving  with  unit  velocity. 

Since  the  momentum  of  a  given  body  is  proportional  to 
its  velocity  we  can  compound  momenta  by  the  parallelogram 
law,  as  explained  above  for  velocities. 

9.  Def.  Force  is  defined  as  that  which  changes  or 
tends  to  change  a  body's  state  of  rest  or  motion,  and  any  given 
Force  may  be  measured  by  the  change  of  motion  it  produces 
per  unit  time. 

Thus  a  unit  force  is  that  which  imparts  to  a  gramme  a 
unit  acceleration,  and  is  called  a  dyne. 

10.  The  science  of  Physics  is  founded  upon  certain  ex- 
perimental truths,  which  were  first  given  concisely  by  Newton. 
They  are  called  the  Laws  of  Motion,  and  we  will  give  them 
simply  translating  Newton's  own  words,  and  adding  explana- 
tions chiefly  derived  from  his  own  scholia  or  comments  on 
these  laws. 

Law  I.  Every  body  continues  in  its  state  of  rest  or  of 
uniform  motion  in  a  straight  line,  except  in  so  far  as  it  may 
be  compelled  by  impressed  forces  to  change  that  state. 

This  is  often  called  the  law  of  Inertia  of  Matter,  ex- 
pressing that  matter  has  no  tendency  to  move  without  the 
application  of  force.  It  is  impossible  to  establish  it  experi- 
mentally, as  every  body  in  the  universe  is  moving,  and  sub- 
ject to  a  great  complexity  of  forqes.  We  may,  however, 
establish  relative  rest,  as  of  a  body  resting  on  a  horizontal 
plane,  and  we  moreover  observe  not  only  that  it  never  sets 
itself  in  motion,  but  that  when  the  body  is  started  the 
smoother  the  plane  the  more  slowly  is  the  velocity  di- 
minished. 
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This  law  indicates  the  convention  universally  adopted  for 
the  measurement  of  time,  namely  by  the  motion  through 
equal  spaces  of  a  body  acted  on  by  no  external  forces.  This 
condition  is  most  nearly  fulfilled  by  the  earth  in  respect  of 
its  rotation  on  its  own  axis,  when  the  angular  motion  is 
uniform,  and  is  always  taken  as  the  practical  means  of 
measuring  time. 

11.  Law  II.  Change  of  motion  is  proportional  to  the 
impressed  force,  and  takes  place  in  the  direction  of  the  straight 
line  in  which  the  force  acts. 

Newton  in  this  law  says  nothing  about  the  state  of  rest 
or  motion  of  the  body  on  which  the  force  acts.  Hence  if  the 
body  is  already  moving  in  the  direction  of  the  force's  action 
the  change  in  motion  is  simply  added  to  the  already  existing 
motion.  If  the  motion  be  not  in  the  same  direction  as  the 
force  the  change  in  motion  is  compounded  with  the  already 
existing  motion  according  to  the  parallelogram  law. 

This  is  shown  experimentally  by  dropping  a  stone  from 
the  mast-head  of  a  ship  which  is  moving  uniformly.  The 
stone  is  found  to  fall  at  the  foot  of  the  mast,  both  in  the 
same  time,  and  in  the  same  position,  as  if  the  ship  had  been 
at  rest ;  the  pull  of  gravity  on  the  stone  not  being  inter- 
fered with  by  its  own  uniform  horizontal  motion,  which  was 
necessarily  that  of  the  ship  at  the  moment  it  was  dropped. 

12.  Newton  again  says  nothing  about  there  being  only 
one  force  acting,  and  we  conclude  that  if  several  forces  are 
acting  we  may  compound  the  change  of  motion  due  to  each 
of  them  just  as  we  have  shown  above  we  can  compound 
motions  themselves  by  the  Parallelogram  Law. 

Thus  if  AB,  AG  measure  the  momenta  which  two  forces 
acting  in  the  directions  AB,  AG 
would  if  they  acted  separately 
impress  on  the  body:  the  re- 
sultant momentum  will  be  repre- 
sented by  the  diagonal  AD  of 
the  parallelogram  of  which  AB, 
Fig*  3*  AG  are  adjacent  sides. 
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This  shows  us  that  velocities,  accelerations,  momenta  and 
forces  can  all  be  compounded  according  to  the  Parallelogram 
Law. 

13.  The  second  law  gives  the  proper  measure  of  force. 
For,  put  into  modern  language,  it  says  that  force  is  measured 
by  the  change  in  motion  (i.e.  momentum)  it  produces  in  unit 
time.  Since  mass  is  constant,  the  change  in  momentum  is 
the  product  of  the  mass  into  the  change  of  velocity,  and 
change  in  velocity  per  unit  time  is  simply  (Art.  4)  accele- 
ration. Thus  the  proper  measure  of  force  is  the  product  of 
mass  and  acceleration.  Thus  if  P  be  a  force  which  causes 
acceleration  /  in  mass  m  we  have 

P  =  mf. 

14.  The  converse  of  compounding  physical  quantities  is 
called  resolution.  Thus  if  AD  in  Fig.  3  represent  any 
velocity,  momentum  or  force  whose  measure  is  R,  and  we 
require  to  replace  it  by  two  quantities  of  the  same  kind 
acting  along  AB,  AG,  we  can  clearly  do  so  by  completing  the 
parallelogram  ABDG,  when  AB  and  AG  will  represent  two 
quantities  which  when-  compounded  together  produce  the 
resultant  AD.  Then  the  measures  of  AG,  A B  are  called  the 
components  of  R  in  these  directions.  The  magnitudes  of 
these  components  will  by  the  figure  be  given  by 

AB 
X,  the  component  along  AB  =  -j-=  R, 

AG 
Y,    „  „  „      AC  =  -j-y.R. 

If  AB,  AG  be  at  right  angles  to  each  other,  and  a  the 
angle  between  AD  and  AB,  then 

Y 

X  =  R  cos  a,     Y=  R  sin  a,  -  -^  =  tan  a (vi). 

In  Fig.  3,  if  the  direction  of  R  be  reversed,  the  three 
components  X,  Y,  —  R  form  a  system  in  equilibrium,  each 
being  equal  and  opposite  to  the  resultant  of  the  other  two. 
The  directions  of  X,  Y,  —  R  will  be  parallel  to  the  sides  of 
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the  triangle  ABD  taken  in  order,  X  acting  in  direction  AB, 
Y  in  direction  BD,  and  R  in  direction  DA.  Hence  it 
follows  that  if  there  be  acting  on  a  particle  three  forces 
which  are  parallel  in  direction,  and  proportional  in  mag- 
nitude, to  the  sides  of  any  given  triangle,  they  shall  be  in 
equilibrium.  This  proposition  is  known  as  the  triangle  of 
forces.  And  it  is  obvious  that  there  is  a  corresponding 
triangle  of  velocities,  accelerations,  and  momenta. 

15.  Of  the  nature  of  Force  are  all  weights,  pressures, 
tensions  of  strings,  attractions  and  repulsions  between  bodies. 

It  will  be  convenient  to  express  the  unit  Force  in  terms 
of  our  standard  weight.  That  taken  as  the  ordinary  standard 
is  the  weight  of  a  gramme  at  the  sea-level  in  the  latitude 
of  Paris.  Now  it  is  known  by  experiment  that  in  this 
latitude  the  acceleration  of  a  falling  body  is  981.  Hence 
the  unit  of  weight  is  a  gramme  under  981  units  of  accelera- 
tion. Therefore  a  unit  of  Force  =  ^r  of  the  weight  of  a 
gramme,  and  is  called  a  dyne. 

In  future,  weights  will  be  measured  in  grammes  and  con- 
verted into  absolute  units  of  force  by  multiplication  by  981. 
If  a  weight  be  given  as  w  grammes  the  measure  of  it  in 
dynes  is  981w. 

16.  Law  III.  To  every  action  there  is  an  equal  and 
opposite  reaction ;  or  the  mutual  actions  of  any  two  bodies 
are  always  equal  and  oppositely  directed. 

This  expresses  the  fact  that  when  a  body  is  pressed,  it 
presses  back  with  an  equal  force. 

If  for  example  I  press  my  finger  on  the  table,  the  table 
presses  my  finger  back  with  the  same  force  with  which  I 
press  the  table.  If  a  horse  tow  a  boat  along  a  canal  the 
horse  is  dragged  back  with  exactly  the  force  it  uses  to  drag 
the  boat  forward. 

This  law  shows  that  the  forces  between  two  bodies,  or 
parts  of  the  same  body,  consist  of  pairs  of  equal  forces  acting 
along  straight  lines  in  opposite  directions.     Taking  such  a 
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pair  of  forces  F  on  a  body  A  and  —  F  on  a  body  B ;  which 
may  either  be  action  and  reaction  along  the  line  joining  the 
bodies,  or  these  resolved  in  any  given  direction ;  then  F  and 
—  F  measure  at  any  instant  the  rates  of  change  of  Momentum 
of  the  respective  bodies  along  this  direction.  The  quantities 
of  momentum  imparted  to  the  two  bodies  during  any  short 
interval  t  will  be  Ft  and  —  Ft,  so  that  if  the  momenta  at  first 
along  this  line  were  MA,  MB,  after  the  time  t  during  which 
this  force  F  has  been  in  action  the  momenta  will  be 

MA  +  Ft  and  MB  -  Ft, 

and  therefore  the  total  momentum  of  the  two  bodies  in  this 
direction  remains  unchanged.  And  since  what  is  true  for 
each  such  interval  will  be  true  for  the  sum  of  any  number  of 
such  intervals,  it  follows  that  during  any  finite  time  the  sum 
of  the  momenta  of  two  bodies  in  any  given  direction  is 
constant,  the  effect  of  action  and  reaction  being  an  exchange 
of  momentum  between  the  bodies  and  not  absolute  loss  or 
gain. 

This  principle  is  applicable  to  the  case  of  impact  or 
friction  between  two  free  bodies,  but  we  must  be  careful  not 
to  apply  it  in  the  case  of  impact  or  friction  against  the 
Earth,  since  we  are  unable  to  measure  the  change  in  the 
Earth's  momentum  due  to  the  friction  or  impact. 

17.  Newton  adds  to  the  Third  Law  of  Motion  this  im- 
portant scholium. 

"  If  the  Action  of  an  agent  be  measured  by  its  amount  and 
velocity  conjointly :  and  if  similarly,  the  Reaction  of  the  re- 
sistance be  measured  by  the  amounts  of  its  several  parts  and 
their  several  velocities  conjointly  whether  they  arise  from  fric- 
tion, cohesion,  weight  or  acceleration;  Action  and  Reaction, 
in  all  combinations  of  machines,  will  be  equal  and  opposite" 

Newton  conceives  the  system  of  bodies  (or  combination 
of  machines)  in  motion,  the  point  of  application  of  each  force 
having  a  certain  velocity.  If  this  velocity  of  the  point  of 
application  be  resolved  along  the  direction  of  the  force  its 
component  (as  he  explains  elsewhere)  is  the  velocity  of  the 
force :  and  the  measure  of  this  velocity  multiplied  into  the 
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measure  of  the  force  gives  the  "  Action."  This  action  is 
simply  the  rate  at  which  the  force  works,  for  which  Watt 
afterwards  invented  the  unit  of  the  horse-power,  which  re- 
presents the  rate  of  work  of  an  agent  which  raises  33000  lbs. 
against  gravity  one  foot  per  minute,  or  in  other  words  which 
moves  33000  lbs.  against  gravity  with  the  velocity  of  one 
foot  per  minute.  Newton's  statement  therefore  tells  us  that 
when  a  system  of  forces  acts  on  a  material  system  without 
causing  acceleration  (i.e.  when  the  system  is  in  equilibrium) 
the  sum  of  the  rates  at  which  all  the  forces  are  working  must 
be  zero.  In  computing  the  rates  those  must  be  counted  as 
negative  in  which  the  velocity  of  the  force  is  in  an  opposite 
direction  to  the  force,  as  when  a  weight  is  lifted  against 
gravity.  This  is  the  well-known  principle  in  Mechanics  that 
"  what  is  gained  in  power  is  lost  in  time." 

18.  Next  we  notice  that  velocities  are  proportional  to 
the  spaces  described  during  the  same  very  short  interval.  If 
therefore  a  small  displacement  be  made  consistently  with 
the  geometrical  relations,  the  velocities  of  the  points  of 
application  are  simply  proportional  to  their  respective  dis- 
placements, and  the  resolved  parts  of  the  displacements  will 
be  proportional  to  the  velocities  of  the  forces.  The  product 
of  the  force  into  this  resolved  displacement  is  obviously  the 
work  done  during  the  displacement,  counted  positive  when 
the  displacement  is  concurrent  with  the  force  and  negative 
when  opposed  to  it.  The  products  are  what  are  called  in 
Mechanics  the  Virtual  Moments  of  the  Forces,  and  Newton's 
principle  is  the  Principle  of  Virtual  Velocities. 

If  all  the  forces  remain  in  the  same  direction  during 
a  finite  displacement,  we  may  still  apply  the  principle  which 
then  becomes  the  "  principle  of  work  "  in  Mechanics. 

19.  Again,  if  the  small  displacement  be  a  rotation  about  a 
given  line  and  the  force  acts  in  the  plane  of  the  displacement, 
we  may  assume  its  point  of  application  shifted  to  the  foot  of 
the  perpendicular  on  its  line  of  action  drawn  from  the  axis. 
All  points  in  the  system  will  be  displaced  through  the  same 
small  angle,  6,  suppose,  and  if  p  be  the  length  of  the  per- 
pendicular on  the  force's  line  of  action,  pO  will  be  the  small 
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displacement  whose  direction  coincides  with  the  line  of 
action.  Hence  the  "  action  "  of  the  force  will  be  proportional 
to  +  FpO  where  F  measures  the  force,  taking  the  +  sign 
when  the  force  is  in  the  direction  of  the  displacement,  and 
the  —  sign  when  in  the  opposite  direction.  Thus  if  we  have 
a  series  of  forces  FX,F2...  and  pu  p2 ...  be  the  perpendiculars 
on  their  lines  of  action,  Newton's  principle  gives  us 

FlPl0  +  F2p2d  + =0, 

.'.  FlPl   +  F2p2   + =  0, (vii) 

which  is  the  principle  of  moments  in  Mechanics. 

20.  Def.  Work  may  be  defined  as  resistance  overcome 
through  space. 

No  work  is  done  in  moving  a  body  perpendicular  to  the 
Resultant  force  acting  on  it.  A  body  under  gravity  only 
could  be  moved  horizontally  forward  without  the  exercise  of 
any  force,  and  if  once  started  would  move  on  a  smooth  level 
surface  uniformly  for  ever.  In  computing  the  work  done 
during  any  given  movement  we  must  take  account  only  of 
the  component  of  the  force  along  the  direction  of  motion  of 
its  point  of  application. 

Thus  if  a  body  be  carried  from  one  position  to  another 
against  a  force,  such  as  a  weight  raised,  a  certain  amount  of 
muscular  or  other  power  must  be  expended.  This  work  is 
measured,  when  the  acceleration  is  uniform,  by  the  mass 
moved  into  the  acceleration  against  which  it  is  moved  into 
the  space  through  which  it  is  moved.  If  W  be  the  work 
expended  in  moving  a  mass  m,  against  an  acceleration  f, 
through  a  space  s,  we  have 

W  =  mfs (viii). 

The  unit  of  work  will  be  done  in  moving  a  gramme 
through  a  centimetre  against  a  unh\  of  acceleration,  and  is 
called  an  erg.  The  ordinary  English  unit  of  work  is  the 
foot-pound,  being  the  work  done  in  raising  a  pound  through 
a  foot. 

Rate  of  work  is  the  number  of  ergs  done  per  second  by 
any  machine. 
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The  English  standard  of  working  power  is  the  "  horse- 
power," defined  as  33000  foot-pounds  per  minute. 

To    convert    this    into    ergs    per    sec.    we    have   only    to 
remember  that 

1  centimetre  =  "3937079  inch, 

1  gramme      =  15*43235  grains. 

12 
Hence  1  foot  =  .30,37979  cms-> 

1  lb.  Avoirdupois  =  7000  grains  Troy, 
7000 
=  1^43235  gmS- 

mu         C  1   *     *  A  12X 7000 

Therefore  1  foot-pound  =  ^^  x  ^^  cm.-gms., 

which,  remembering  that  gravity  =  981  units  of  acceleration, 
becomes 

12  x  7000  x  981 
"15-43235  x  -3937079  ergs< 

Therefore  one  horse-power 

=  33000  foot-pounds  per  1', 

33000,    .  , 

=  toot-pounds  per  1  , 

_  33000  x  12  x  7000  x  981 
~  60  x  15-43235  x  '3937079 
=  7460  million  ergs  per  1"  nearly. 

21.  Def.  Moment  of  a  Force.  The  moment  of  a 
force  about  a  given  point  is  defined  as  the  product  of  the  force 
into  the  perpendicular  from  the  given  point  on  to  the  line  of 
action  of  the  force. 

The  moment  of  a  force  thus  defined  measures  the  tend- 
ency of  a  force  to  turn  a  body  about  a  given  point  as  axis. 
And  it  is  obvious  that  when  the  forces  on  a  body  balance 
each  other,  the  sum  of  the  tendencies  of  all  forces  which 


ergs  per  1", 
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twist  it  in  one  direction  must  exactly  balance  the  tendencies 
of  all  forces  twisting  it  in  the  opposite  direction  (Art.  19). 

22.  Def.  Couple.  Two  forces  which  are  equal  in 
magnitude  and  parallel,  acting  in  opposite  directions,  but  not 
in  the  same  straight  line,  are  termed  a  couple. 

It  is  clear  that,  if  we  take 
any  point  0  (Fig.  4)  in  the  plane 
of  the  forces,  and  from  it  draw 
a  perpendicular  Oab  to  the  two 
forces,  the  difference  between 
their  moments  about  0  is  always 
P.0b-P.0a=P.ab.  Thus 
either  force  multiplied  by  the 
perpendicular  distance  between 
the  forces  is  called  the  moment 
of  the  couple,  and  measures  the 
tendency  of  the  couple  to  twist 
the  body  round. 

From  this  it  follows,  that  no  single  force  can  balance 
a  couple.  For  if  possible  suppose  it  to  be  balanced  by 
any  force.  Then  choosing  0  a  point  in  the  line  of  the  force, 
its  moment  about  0  vanishes,  and  there  remains  the  moment 
P  .  ah  unbalanced  (Art.  19). 

23.  Remembering  that  the  action  of  an  agent  is  pro- 
portional to  the  work  done  by  the  agent  during  a  given 
displacement,  Newton's  principle  shows  that  work  done  on  a 
system  of  bodies  has  its  equivalent  in  work  done  against 
gravity  as  in  raising  a  weight,  against  molecular  forces 
as  in  compressing  a  spring  or  against  friction,  if  there  be 
no  acceleration :  but  if  there  be  acceleration  some  of  the 
work  done  may  be  done  against  the  resistance  of  the  body 
to  acceleration.  To  measure  this  latter  part,  let  us  assume 
that  a  particle  of  mass  m  when  displaced  through  a  space 
s  receives  an  acceleration  whose  measure  is  /,  the  displace- 
ment being  assumed  resolved  in  the  direction  of/  Then 
the  resistance  must  be  measured  by  mfs.  Now  if  V  be  the 
velocity  at  the  beginning  and  v  at  the  end  of  the  space  s, 
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resolved  along   the  direction   of  the   acceleration,   we   have 
shown  (Art.  5) 

W2  =  V2  +  2/5, 

.  • .  J  mv*  =  £  m  V'2  +  ra/s, 
.'.  mfs  =  ^mv2  —  ^mV". 

If  the  motion  be  not  in  the  direction  of  the  acceleration 
the  velocity  will  have  at  each  end  a  component  u  at  right 
angles  to  the  direction  of  motion.  The  total  velocities  will 
then  be  VT^f  u2  at  first  and  \/v2  +  u2  at  last  and 

\m  (v°  4-  if)  -  \m  ( V2  +  u?)  =  \mtf  -  \mV2  =  wi/s. 

This  proves  that  if  we  compute  at  each  successive  point 
in  the  body's  motion  the  product  of  one  half  the  mass 
into  the  square  of  velocity,  the  work  done  against  accele- 
ration from  point  to  point  is  measured  by  the  change  in 
this  product.  The  name  given  to  this  physical  quantity  is 
Kinetic  Energy. 

24.  Def.  Kinetic  Energy  is  defined  as  half  the 
product  of  the  mass  into  the  square  of  the  velocity  of  a  body. 

If  a  body  of  mass  m  be  raised  against  gravity  to  a  height 
h  an  amount  of  work  whose  measure  is  mgh  has  been  ex- 
pended on  the  body.  If  the  body  be  allowed  to  fall  freely 
back  again  it  will  on  returning  to  its  initial  position  have  an 
amount  of  kinetic  energy  which  the  equation  ^mv'2  =  mgh 
proves  to  be  numerically  equal  to  the  work  expended  in 
raising  the  body.  The  body  in  the  higher  position  had 
therefore  in  virtue  of  the  work  expended  upon  it  an  ad- 
vantage in  respect  of  energy  over  the  same  body  at  the 
lower  level,  in  that  it  had  a  capacity  for  acquiring  kinetic 
energy  by  simply  allowing  gravity  to  act  upon  it.  This  kind 
of  energy  is  called  Potential  Energy. 

25.  Taking  the  case  of  a  ball  projected  upwards  with 
velocity  V.  If  the  velocity  be  v  when  the  ball  has  risen 
through  a  space  s,  we  have  by  Art.  23, 

\mV2  —  \mv-  =  mgs  ; 

or  Jm  V2  =  J  mv1  +  mgs. 
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Here  we  see  that  at  the  moment  of  projection  the  body  had 
kinetic  energy  measured  by  JraF2,  and  that  throughout  the 
whole  subsequent  motion  the  kinetic  energy  (\mv2)  is  less 
than  that  at  the  beginning  of  the  motion  by  mgs  or  the 
weight  of  the  body  multiplied  by  the  space  through  which  it 
is  raised;  but  this  is  the  work  done  in  raising  the  body 
through  space  s,  and  is  the  measure  of  the  potential  energy 
of  the  body.  Hence  the  above  equation  is  a  statement  of  the 
fact  that  the  sum  of  the  Potential  and  Kinetic  Energy  of  the 
body  remains  the  same  during  the  whole  motion.  As  the 
body  rises  it  is  losing  kinetic  and  gaining  potential  energy, 
when  it  has  reached  its  highest  point  its  whole  energy  is 
converted  into  potential  energy,  when  it  begins  to  descend 
again,  it  gains  during  descent,  kinetic  at  the  expense  of  its 
potential  energy,  until  on  its  return  to  the  point  of  projection 
it  has  the  same  kinetic  energy  as  at  starting,  though  its 
velocity  is  in  the  opposite  direction. 

26.  In  the  case  of  a  pendulum  the  same  principle 
holds  good.  The  original  impact  by  which  the  pendulum 
is  started  communicates  to  it  kinetic  energy,  and  the  bob 
comes  to  rest  when  the  potential  energy  due  to  its  rise  is 
equivalent  to  the  kinetic  energy  imparted. 

Thus,  if  a  pendulum  bob  of  mass  m  be  started  with  a 
velocity  V  at  A,  and  if  on  reaching  B  the 
velocity  is  destroyed,  then,  if  through  B  a 
line  BN  be  drawn  horizontally,  the  bob  has 
been  lifted  through  AN. 

:.  mgAN=^mV\ 

where  g  denotes  the  acceleration  due  to  the 
attraction  of  the  earth  on  the  bob. 


But 


AN  =1(1 

=  2Zsin2 


cos  6) 

6 

2' 


Fig.  5. 


where 


I  =  length  of  pendulum  ; 
.*.  mg2l  sin2-  =  \mV2\ 


C.  E. 
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.-.   F2=%sin2|; 
g     

Q 

mV '  —m^lg  sin^. 

Hence  with  a  given  pendulum  the  momentum  at  starting 
is  proportional  to  the  sine  of  \  of  the  whole  angle  of  swing, 
or  to  the  chord  of  half  the  arc  of  swing. 

But  mV  measures  the  blow  by  which  the  pendulum  was 
started.  Hence  in  any  case  of  an  instantaneous  force  ap- 
plied to  a  pendulum,  we  shall  assume  the  blow  is  proportional 
to  the  sine  of  half  the  angle  of  deflection.  This  is  called  the 
principle  of  the  ballistic  pendulum. 

The  same  principle  will  be  applied  further  on  to  a 
magnet  swinging  in  a  uniform  field. 

27.  Other  instances  of  Potential  energy  are  a  compressed 
spring  where  work  has  been  done  against  molecular  forces  in 
compression,  such  that  on  rebound  the  spring  acquires  the 
same  amount  of  energy  of  the  kinetic  kind,  as  was  expended 
in  compressing  it.  When  work  is  expended  in  heating  a 
body  it  was  considered  by  Newton  and  long  after  his  time 
that  Work  was  absolutely  lost,  as  in  the  case  of  friction.  Dr 
Joule's  experiments  have  now  shown  that  there  is  a  strict 
equivalence  between  the  amount  of  work  expended  and  the 
amount  of  heat  gained,  and  that  where  heat  is  used  to  do 
mechanical  work  there  is  the  same  equivalence  between  the 
heat  put  out  of  existence  and  the  mechanical  work  gained. 
Thus  we  are  now  compelled  to  regard  heat  as  itself  a  form  of 
energy  obeying  the  same  laws  as  other  kinds  of  energy.  As 
it  is  probable  that  Heat  is  to  be  regarded  as  a  kind  of  motion 
amongst  the  molecules  of  the  body  it  is  a  variety  of  Kinetic 
energy.  In  chemical  dissociation  we  have  also  an  instance  of 
Potential  energy  as  in  the  elements  of  gunpowder,  or  dyna- 
mite, or  in  the  fuel  of  a  fire  and  the  oxygen  of  the  air,  in  all 
of  which  a  large  amount  of  energy  may  be  obtained  by  an 
expenditure  of  an  indefinitely  small  amount  as  in  loosening 
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the  detent  of  the  trigger  in  a  gun  or  putting  a  match  to  the 
fuel  in  the  fire.  Electrical  separations  and  electrical  currents 
we  shall  afterwards  see  to  be  also  illustrations  of  potential 
energy  obeying  the  same  laws. 

28.  Def.  Energy.  Energy  is  defined  to  be  capacity 
for  doing  work,  and  may  be  either  (1)  Kinetic,  when  the  body 
is  in  absolute  motion,  or  (2)  Potential,  when  the  body  in  virtue 
of  work  done  upon  it,  has  acquired  a  position  of  advantage,  so 
that  work  can  at  any  time  be  recovered  from  it,  by  the  return 
of  the  body  to  its  old  position. 

Taking  these  views  we  now  state  Newton's  scholium : — 
Where  work  is  done  on  a  system  of  bodies  it  has  its  equiva- 
lent either  in  Kinetic  energy  of  the  system  or  in  work  done 
either  (1)  against  gravity  as  in  raising  a  weight,  (2)  against 
molecular  forces  as  in  compressing  a  spring,  performing  a 
chemical  dissociation,  making  an  electrical  separation  or  an 
electrical  current,  (3)  against  friction  in  which  we  obtain  an 
equivalent  amount  of  heat — itself  a  form  of  Kinetic  energy. 

•  If  no  work  is  done  on  the  system,  there  can  be  no  gain 
or  loss  of  energy  in  the  system,  the  forces  between  different 
parts  of  the  system  merely  developing  Kinetic  at  the  expense 
of  Potential  energy  or  vice  versa. 

Thus  in  any  material  system  acted  on  by  no  external 
forces  we  have  two  absolute  constants,  its  amount  of  matter 
and  its  amount  of  energy,  neither  of  which  can  be  increased 
or  diminished.  The  matter  of  the  system  may  by  chemical 
action  be  changed  into  other  kinds  of  matter,  but  always 
of  the  same  total  amount,  and  the  energy  may  be  converted 
into  all  forms  of  which  energy  is  susceptible,  but  also  without 
altering  the  total  amount. 

This  is  the  principle  of  Conservation  of  Energy  of  which 
the  foundation  was  laid  by  Newton;  but  his  remark  was 
passed  by  unnoticed  till  attention  was  called  to  it  in  Thomson 
and  Tait's  Treatise  on  Natural  Philosophy  (published  in 
1867),  to  which  the  reader  is  referred  for  a  fuller  treatment 
of  the  subject. 


2—2 
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Examples  on  Chap.  I. 

The  following  relations  may  be  assumed : 
1  metre  =  39-3708  inches. 
1  pound  avoirdupois  =  453-59  grammes. 
1  cubic  foot  of  water  weighs  1000  oz.  Av. 
The  acceleration  of  gravity  =  32-2  when  ft.  and  sec.  are   fundamental 
units. 

The    abbreviation  cm.  is  used  for  centimetre. 

gm gramme. 

sec second. 

sq square. 

cu cubic. 

den density. 

1.  Express  in  metrical  units  the  velocity  of  sound  which 
travels  1100  feet  per  sec.  Ans.  33527*4  cm.  per  sec. 

2.  How  many  yards  per  minute  and  miles  per  hour  are 
described  by  a  body  which  travels  at  the  rate  of  1000  cm. 
per  sec?  Ans.  656-18;  22'37. 

3.  The  acceleration  of  gravity  is  measured  by  981  in 
the  metrical  system.  Find  its  numerical  value  when  feet 
and  seconds  are  employed  as  fundamental  units.      Ans.  32*2. 

4.  Show  that  in  British  measure  (ft.,  lb.,  sec.  being 
fundamental  units)  the  absolute  unit  of  force  (called  the 
poundal)  is  very  nearly  the  weight  of  half  an  ounce  Avoir- 
dupois. 

5.  Find  the  density  in  lbs.  to  the  cu.  ft.  and  the  specific 
gravity  of  a  stone  of  which  10*5  cu.  ft.  weigh  three-quarters 
of  a  ton.  Ans.  160;  2*56. 

6.  A  cannon-ball  is  shot  vertically  upwards  and  ascends 
for  five  seconds,  then  returning  back  again, 

(i)      With  what  velocity  was  it  projected  ? 

(ii)     What  height  did  it  reach  ? 

(iii)  What  time  elapses  between  leaving  the  gun  and 
returning  to  earth  ? 

(iv)  If  it  was  caught  at  the  instant  of  turning  and 
hurled  down  with  a  velocity  of  1000  feet  per  second,  what 
would  be  its  velocity  on  reaching  the  ground  ? 

(v)  In  the  last  case  how  long  would  it  take  during 
its  fall  ?  Ans.  ffc"  nearly. 
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7.  The  Moon's  distance  is  60  times  the  Earth's  radius. 
Through  what  distance  does  the  Earth  pull  the  Moon  every 
minute  ?  Assuming  that  the  Moon  moves  in  a  circle,  and 
that  the  radius  of  the  Earth  is  4000  miles,  calculate  the 
length  of  the  lunar  month.  Ans.  161  ft.  ;  27'4  days. 

8.  A  person  drops  a  stone  down  a  well,  and  hears  the 
splash  after  2*86  sec.  Find  the  depth  of  the  well,  making 
allowance  for  the  time  taken  by  the  sound  in  coming  up 
(see  Ex.  1).  Ans.  121  feet. 

9.  A  balloon  ascends  vertically  and  uniformly  for  4*5 
sec,  and  a  stone  is  then  let  fall  which  takes  seven  sec.  to 
reach  the  ground.  Find  the  velocity  of  the  balloon  and  its 
height  when  the  stone  was  dropped. 

Ans.  68  ft.  per  sec. ;  306  ft. 

10.  A  stone  after  falling  for  one  sec.  strikes  a  pane  of 
glass  and  loses  half  its  velocity.  How  far  will  it  fall  in  the 
next  second  ?  Ans.  32  ft. 

11.  What  is  the  volume  in  c.cms.  of  1*5  kilogms.  of  iron 
whose  density  is  7'25  gms.  per  c.cm.  ?  Ans.  206*9. 

12.  What  is  the  weight  in  grammes  of  10,000  c.cms.  of 
sea- water  whose  density  is  1028  gms.  per  c.cm.  ? 

13.  Two  forces  whose  magnitudes  are  in  the  ratio  of 
3  to  4  act  at  right  angles  to  each  other ;  what  is  the  magni- 
tude of  their  resultant  ? 

14.  Two  equal  forces  have  a  resultant  also  equal  to 
either  of  them ;  at  what  angle  are  the  two  components 
acting  ? 

15.  It  is  required  to  substitute  for  a  given  vertical  force 
two  forces,  one  horizontal  and  the  other  inclined  at  an  angle 
of  45°  to  the  vertical.  Find  the  ratio  of  the  two  components 
to  the  original  force. 

16.  If  a  body  is  falling  down  an  inclined  plane,  show 
how  to  compute  the  part  of  gravity  which  is  acting  upon  it 
in  the  direction  of  motion. 

17.  A  body  is  falling  down  an  inclined  plane  without 
friction,  the  angle  of  elevation  of  the  plane  being  30°.  Find 
the  space  it  will  pass  over  in  the  two  first  seconds  from  rest. 
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18.  Two  weights  are  attached  to  the  ends  of  a  string 
without  weight,  and  are  slung  over  a  smooth  pulley.  Give 
an  expression  for  the  acceleration  acting  on  the  system  if 
it  is  free  to  move. 

19.  If  the  weights  in  the  preceding  question  be  20  and 
10  gms.,  how  many  cms.  will  the  larger  weight  have  fallen 
from  rest  at  the  end  of  3  sees.  ?  Arts.  1471*5. 

20.  Illustrate  the  meaning  of  the  term  work  by  giving 
a  list  of  examples  of  cases  in  which  work  is  done  on  a  body, 
and  also  a  list  of  cases  in  which  work  is  done  by  a  body. 

21.  Discuss  the  principle  of  conservation  of  energy  as 
applied  (i)  in  the  case  of  two  bodies  moving  with  mutual 
friction ;  (ii)  in  the  case  of  impact  between  two  bodies. 

22.  Show  how  the  sun's  energy  is  employed  to  grind 
corn,  (i)  by  means  of  a  wind-mill ;  (ii)  by  means  of  a  water- 
mill. 

23.  Two  balls  M,  M\  moving  in  the  same  line  with 
velocities  V  and  V,  impinge.  Show  that  there  will  be  a  loss 
of  energy  during  the  impact  unless  the  whole  momentum 

exchanged  be  equal  to  M     „,  (  V  —  V). 

24.  Show  that  the  energy  stored  up  in  a  reservoir  of 
water  standing  on  the  ground  is  measured  by  half  the  pro- 
duct of  its  depth  into  its  weight. 

25.  Show  that  if  an  additional  quantity  of  water  is  to 
be  added  to  the  reservoir,  it  will  be  immaterial  whether  it 
is  raised  up  and  poured  in  from  above  or  forced  in  at  the 
bottom. 

26.  Show  also  from  the  principle  of  conservation  of 
energy,  that  if  an  orifice  be  made  in  the  bottom  of  the 
reservoir  and  the  water  escape  without  friction,  the  velocity 
of  the  issuing  stream  will  be  that  due  to  a  fall  under  gravity 
from  a  height  equal  to  the  depth  of  the  water. 

27.  In  ques.  26  what  would  be  the  velocity  if  the  vessel 
were  filled  with  mercury  whose  density  is  13  times  that  of 
water  ? 


PHYSICAL    UNITS.  23 

28.  Prove  that  the  work  done  in  lifting  a  body  up  an 
inclined  plane  is  equal  to  the  work  done  in  lifting  it  ver- 
tically through  the  height  of  the  plane. 

29.  Compare  the  momentum  of  a  cannon-ball  of  600  lbs. 
moving  at  the  rate  of  1000  feet  per  second,  with  that  of  an 
express  train  of  100  tons  moving  at  the  rate  of  40  miles  per 
hour.  Ans.  Ratio  of  225  to  4928. 

30.  Compare  also  the  work  done  in  stopping  the  cannon- 
ball  and  train  in  the  preceding  question. 

Ans.  Ratio  of  27  to  347  nearly. 

31.  A  block  of  wood  weighing  one  cwt.  less  4  oz.  is  sus- 
pended by  a  string,  and  is  struck  horizontally  by  a  bullet 
weighing  4  oz.,  which  siuks  into  the  block  and  causes  it  to 
ascend  six  inches.  Calculate  the  velocity  of  the  bullet  in  feet 
per  second.  Ans.  1792 \/2. 

32.  A  bullet  moving  at  the  rate  of  1000  feet  per  second 
penetrates  three  inches  into  a  fixed  block  of  wood.  Calculate 
the  velocity  necessary  to  cause  it  to  penetrate  eight  inches. 

33.  Compare  the  masses  of  two  cylindrical  bullets  which 
proceeding  from  cannons  of  the  same  bore,  with  the  same 
velocity,  penetrate  8  and  12  inches  respectively  into  the  same 
block  of  timber. 

34.  A  bullet  weighing  240  grammes,  and  moving  with 
a  velocity  of  300  metres  per  second,  penetrates  4  cms.  into 
a  block  of  timber,  the  area  of  section  being  8  sq.  cms. 
Compare  the  retardation  of  the  timber  per  sq.  cm.  with  the 
acceleration  of  gravity.  Ans.  14335  to  1  nearly. 

35.  Find  the  kinetic  energy  of  a  ring  which  makes  a 
given  number  of  revolutions  per  second  round  an  axis  passing 
through  its  centre  and  perpendicular  to  its  plane. 

Let  a  be  the  radius  and  m  the  mass  of  the  ring :  also  let 
it  make  n  revolutions  per  second. 

Each  particle  of  ring  describes  2iran  cm.  per  sec. ; 
.*.  velocity  of  each  particle  =  2irna> 
and  mass  of  ring  =  m. 
Hence  kinetic  energy  =  \m.  {2nmaf 
=  2ir2n2ma2. 
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36.  Find  the  kinetic  energy  of  a  solid  disc  revolving  about 
an  axis  through  its  centre  making  n  revolutions  per  second. 

The  disc  may  be  regarded  as  made  up  of  a  series  of 
narrow  rings.  If  0  be  the  centre,  and  OPQ  be  drawn 
through  one  of  the  rings,  the  mass  of  the  ring  =  2irp.0P.PQ, 
where  p  is  the  mass  per  unit  of  area. 

Hence  energy  of  ring  =  2tt2?i2OP2  .  (2irp  .  OP .  PQ) 
=  4<Tr*pnK0Pz.PQ 
=  7r3pn2A0P3(0Q-0P) 
=  7r5pn'(0Q'-0Pi),  see  Art.  38, 
whence  adding  all  the  successive  elements, 

kinetic  energy  of  disc  =  7r3pn-a4  =  mass  x  7r2n?a2. 


CHAPTER  II. 


THEORY   OF   POTENTIAL. 


29.  Our  knowledge  of  physics  is  a  knowledge  only  of 
the  forces  exerted  by  matter  under  a  variety  of  conditions. 
Near  any  material  system  such  as  the  Earth  we  find  that  if 
we  try  to  move  a  mass  of  matter  from  one  position  to  another 
the  movement  is  either  resisted,  and  work  has  to  be  done  in 
moving  the  mass,  or  if  we  move  it  in  the  opposite  direction 
a  force  assists  the  movement  and  would,  if  the  mass  were 
allowed  to  fall  by  frictionless  constraint,  generate  in  it  energy 
during  the  fall.  To  express  this  condition  in  any  space  we 
use  the  term  Field  of  Force. 

Def.  Field  of  Force  is  any  bounded  or  unbounded 
region  in  which  any  two  points  A,  B  being  taken,  work  has  to 
be  done  to  move  a  mass  of  matter  from  A  to  B,  while  kinetic 
energy  is  generated  if  the  mass  be  allowed  to  fall  without 
friction  from  B  to  A. 

We  shall  assume  that  the  system  of  force  is  a  Conserva- 
tive System,  so  that  the  work  done  in  carrying  the  matter 
from  A  to  B  is  numerically  equal  to  the  Kinetic  energy 
acquired  by  it  in  falling  from  B  to  A. 

30.  At  any  point  in  a  field  of  force  there  exists  a  certain 
definite  direction  of  the  resultant  force  on  a  particle  at  that 
point :  this  direction  is  the  line  along  which  the  particle,  if 
left  to  itself,  will  tend  to  fall. 

By  choosing  points  near  enough  together,  so  that  the  line 
joining  each  two  consecutive  points  shows  the  direction  of  the 
resultant  force  on  a  particle  at  a  point  on  that  line,  we  shall 
have  a  broken  line  through  the  field  such  that  its  direction 
at  every  point  shows  the  direction  of  the  resultant  force  near 
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that  point.  If  the  points  be  taken  close  enough  together,  this 
broken  line  becomes  a  continuous  curved  line,  such  that  the 
tangent  at  every  point  shows  the  direction  of  the  resultant 
force  on  a  particle  at  that  point.  This  line  is  then  a  Line  of 
Force. 

Def.  Line  of  Force  is  a  line  in  a  field  of  force  such 
that  the  tangent  to  the  line  at  any  point  shows  the  direction  of 
the  resultant  force  on  a  particle  at  that  point  in  the  field. 

It  is  clear  that  one  line  of  force  passes  through  every 
point  in  the  field,  and  that  lines  of  force  cannot  intersect, 
since  if  they  could  there  would  be  at  their  intersection  two 
directions  of  the  resultant  force,  an  obvious  impossibility. 

31.  The  magnitude  of  the  force  by  which  a  mass  of 
matter  at  a  point  is  urged  along  the  line  of  force,  depends 
(Art.  16)  jointly  on  the  field  or  system  of  force  and  on  the 
quantity  of  matter.  If  we  wish  to  express  the  variation  in 
force  at  different  points  in  the  field,  we  must  choose  some 
definite  quantity  of  matter  as  testing  unit,  and  find  the  force 
it  experiences  when  placed  at  the  different  points.  The  most 
natural  quantity  to  choose  is  of  course  the  gramme  or  unit 
of  mass,  and  the  term  Strength  of  Field  at  a  point  is  em- 
ployed to  express  the  force  experienced  by  a  gramme  when 
placed  at  that  point  in  the  field. 

Def.  Strength  of  Field  at  a  point  is  the  magnitude 
of  the  force  experienced  by  a  unit  of  mass  when  placed  at  that 
point  in  the  Field  of  Force. 

The  Strength  of  Field  is  clearly  the  force  per  unit  mass, 
and  is  the  same  numerically  as  the  acceleration  at  the  point. 
Thus  the  strength  of  the  Earth's  gravitational  field  at  the 
level  of  the  sea  in  latitude  of  Paris  is  981,  since  a  gramme 
placed  there  experiences  981  dynes,  or  units  of  force. 

32.  When  we  know  at  every  point  in  a  field  of  force  the 
direction  of  the  line  of  force  and  strength  of  the  field  our 
knowledge  of  that  field  of  force  is  complete.  We  proceed  to 
explain  a  system  by  which  these  can  be  expressed  more  con- 
cisely in  terms  of  one  quantity  at  each  point — the  Potential. 

We  have  seen  that  if  any  two  points  A,  B  be,  taken  in 
a  field  of  force,  and  a  unit  of  matter  be  carried  from  A  to  B 
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against  the  force  in  the  field,  a  certain  amount  of  work  will 
be  done  on  the  unit,  and  if  the  unit  of  mass  be  allowed  to 
pass  back  from  B  to  A  by  frictionless  constraint,  the  particle 
will  acquire  an  equal  amount  of  energy  in  its  fall.  The 
principle  of  conservation  of  energy  shows  that  the  amounts 
of  work  or  energy  will  be  the  same,  whatever  path  be  pur- 
sued from  A  to  B  or  from  B  to  A  respectively.  For  if  more 
energy  were  acquired  in  falling  along  a  path  BCA,  than 
along  another  path  BDA,  then  by  allowing  the  particle 
constantly  to  fall  along  BCA,  and  to  return  along  BDA,  we 
should  have  unlimited  source  of  energy. 

Def.  Difference  of  Potential  at  any  two  points 
is  the  work  done  in  carrying  a  unit  of  mass  from  one  point  to 
the  other  and  depends  only  on  the  positions  of  the  two  points 
in  the  field. 

Thus  the  difference  of  potential  for  two  places  near  the 
Earth's  surface  will  be  expressed  in  foot-pounds  or  cm.-gms. 
respectively  by  32*2  h  or  981  h,  where  h  is  the  difference  in 
height  above  the  sea-level  in  feet  or  cms.,  the  force  of  gravity 
being  assumed  that  at  the  sea-level  about  the  latitude  of 
London.  The  standard  from  which  h  is  measured  is  plainly 
arbitrary,  as  we  are  only  concerned  with  the  difference — 
practically  it  would  be  the  sea-level,  and  we  might  speak 
strictly  of  places  above  the  sea-level  as  having  positive,  and 
below  the  sea-level  negative  potential. 

Though  heat  does  not,  as  far  as  at  present  known,  fall 
under  the  category  of  physical  forces  we  are  now  considering, 
the  quality  called  temperature  is  strictly  analogous  to  potential. 
When  we  speak  of  the  temperature  of  a  certain  place  near 
a  hot  body,  we  only  give  the  difference  between  its  thermal 
condition  and  that  of  ice-cold  water,  the  ice-cold  water  being 
a  standard  arbitrarily  chosen  on  account  of  its  convenience 
of  reproduction.  Or  if  the  measure  is  given  in  Fahrenheit 
degrees,  it  is  referred  to  the  standard  of  a  mixture  of  salt 
and  snow.  Generally  we  are  no  more  able  to  give  an  absolute 
measure  of  potential  than  we  are  able  to  protrude  our  ther- 
mometer bulbs  into  interstellar  space  to  find  an  absolute  zero 
of  temperature.  But  no  confusion  will  arise  if  we  keep  before 
us  that  we  are  not  giving  the  potential  at  a  point  absolutely, 
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but  only  the  difference  between  the  potential  at  that  point 
and  at  another  we  have  before  agreed  upon.  The  absolute 
zero  is  often  spoken  of  as  that  at  an  infinite  distance  from  all 
attracting  matter,  just  as  the  absolute  zero  of  temperature  is 
that  of  interstellar  space. 

Def.  Zero,  Positive  and  Negative  Potential.  Zero 
Potential  is  the  potential  at  a  certain  point  chosen  as  a 
standard  of  reference.  Any  place  which  requires  work  to  be 
done  to  bring  the  unit  of  mass  from  the  zero  point  to  it  will 
have  positive  potential.  And  any  place  which  requires  work  to 
be  done  to  bring  the  unit  of  mass  from  it  to  the  zero  point  will 
have  negative  potential. 

33.  We  can  express  conveniently  the  component,  in 
any  direction,  of  the  force  on  unit  mass  at  a  point  in  terms 
of  the  variation  of  potential  along  this  direction. 

Take  any  two  points,  A,  B,  in  the  field,  and  call  their 
difference  of  potential  V.  Then  if  F  be  the  average  force 
between  A  and  B  resolved  along  AB,  we  have  F  x  AB  =  V, 

V 

or  F=  -j~n  •     Hence  the  average  force  along  any  line  will  be 

given  by  the  average  rate  at  which  potential  changes  along 
the  line,  and  if  the  line  be  made  very  short,  we  may  say 
that  the  force,  in  that  direction,  is  the  change  of  potential 
per  cm.  at  that  point  in  the  given  direction.  Since  the 
resultant  force  at  the  point  is  given  by  the  direction  of  the 
line  of  force,  and  the  force  in  any  other  direction  will  be  the 
component  in  that  direction  of  the  resultant  force,  it  follows 
that  the  potential  changes  most  rapidly  along  the  line  of 
force,  and  less  and  less  rapidly  in  directions  more  and  more 
inclined  to  the  line  of  force,  while  in  a  direction  at  right 
angles  to  the  line  of  force  the  rate  of  change  of  potential 
must  vanish. 

This  may  be  illustrated  from  gravitation.  At  any  point 
on  an  inclined  surface  the  line  of  force  will  be  the  line  of 
greatest  slope,  or  the  line  along  which  potential  changes  most 
rapidly,  while  perpendicular  to  this  line  will  be  a  horizontal 
line  or  line  of  no  change  of  potential. 
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34.  If  a  surface  be  drawn  through  the  field  of  force, 
which  everywhere  cuts  at  right  angles  lines  of  force,  the  rate 
of  change  of  potential  along  it  will  be  zero,  or  the  surface 
will  be  an  equi potential  surface,  and  the  force  resolved  along 
it  at  any  point  will  always  vanish,  so  that  no  work  is  done  in 
moving  matter  along  such  a  surface.  Due  to  the  Earth's 
gravitation  the  surface  of  the  sea  is  an  equipotential  surface, 
as  also  the  surface  of  any  plain  as  determined  by  the  spirit 
level  or  a  plumb  line. 

Def.  Equipotential  Surface  is  a  surface  drawn  through 
all  points  in  the  field  at  which  the  potential  is  the  same,  and  it 
everywhere  cuts  lines  of  force  at  right  angles. 

It  is  clear  that  different  equipotential  surfaces  cannot 
intersect,  for  at  their  intersection  the  potential  would  have 
two  different  values,  and  lines  of  force  would  also  intersect. 

35.  The  foregoing  definitions  and  propositions  contained 
iJL  them  are  applicable  to  any  Conservative  System,  that  is  to 

any  system  of  forces  to  which  Newton's  Laws  of  Motion  are 
applicable.  We  now  proceed  to  some  special  applications 
of  them  in  the  particular  case  of  forces  such  as  occur  in 
nature. 

It  is  found  by  experiment  and  observation  that  between 
every  two  particles  of  matter  in  the  universe  there  exists 
an  attraction,  which  depends  only  on  the  masses  of  the 
particles  and  on  the  distance  between  them.  As  the  distance 
increases,  the  force  of  attraction  diminishes  according  to  a 
law  called  the  law  of  inverse  squares.     Thus  if  the  distance 

be  doubled,  the  force  is  reduced  in  the  ratio  1  to  4,  or  — ;  if 

the  distance  be  trebled,  the  force  is  only  one-ninth  or  —  of 

o 

its  initial  value,  and  so  on.     This  is  expressed  by  saying  that 

if  the  masses  are  m  and  m',  and  the  distance  r,  the  force  of 

mm 
attraction  between  them  is  — — .     It  is  proper  to  note  here 


in 


,2 


that  the  units  of  measure  are  different  to  those  on  the  c.  G.  S. 
system,  for  the  latter  would  require  that  the  attraction  between 
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two  unit  masses  placed  a  cm.  apart  should  be  a  dyne,  which 
is  certainly  not  the  case.  The  units  in  which  these  quantities 
are  measured  are  those  of  the  universal  gravitational  system. 
In  this  system  the  measure  of  the  acceleration  produced  by 

mass  m  on  a  particle  at  distance  r  is  — .  We  shall  now  in- 
vestigate two  very  important  cases  of  attraction  coming  under 
this  law. 

36.  Prop.  I.  To  find  the  strength  of  field  due  to  a  thin 
circular  plate  at  a  point  in  a  line  perpendicular  to  it  through  its 
centre. 

Let  us  suppose  the  plate  divided  into  very  narrow  circular 
rings,  drawn  about  its  centre  A  (Fig.  6),  and  let  PQ  be  a 
type  of  such  rings.  We  shall  consider  the  attraction  of 
each  ring  separately,  and  compound  them  to  find  that  of 
the  whole  plate.  Let  0  be  the  point  at  which  a  unit  of  mass 
is  placed  on  which  we  are  required 
to  find  the  attraction  of  the  plate. 
Join  OA.  The  resultant  attrac- 
tion will  be  by  symmetry  along 
OA.  We  shall  therefore  resolve 
each  force  along  that  line,  and 
add  together  the  resolved  parts  so 
obtained. 

Now  all  parts  of  each  ring  are 
at  the  same  angular  distance  from 

OA  and  at  the  same  distance  from  0.  Let  the  radius  AB 
cut  one  ring  as  at  P  and  Q,  where  P,  Q  are  points  on  its 
inner  and  outer  edge  respectively.     Join  OB,  OQ,  OP. 

If  we  take  an  element  of  the  ring  of  mass  m,  its  attrac- 
tion lies  between  jyp2  anc^  n7>2 »  wnicn  ft  would  be  were  the 
mass  collected  at  P  or  Q  respectively.      We  shall  assume  the 

m 

attraction  to  be  n]D   n~.    Again  the  direction  of  this  resultant 

attraction  will  lie  between  OP  and  OQ.      We  shall  assume  it 
to  be  toivards  a  point  R  in  PQ  such  that 
0R  =  \(0P  +  0Q). 
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Thus  the  attraction  resolved  along  OA  of  the  element,  on 
the  unit  mass  at  0 

m  t^  a  m         OA 

.  cos  RO  A  = 


OP.OQ'  OP.OQ' OR' 

Adding  together  all  the  elements  of  the  ring,  the  attraction 
_  mass  of  ring    OA 
OP.OQ       OB' 

But  the  mass  of  the  ring  (p  being  the  mass  of  a  unit  of 
area) 

=  7rp(AQ>-  AP*) 
=  7rp(0Q2-0P2) 
=  ttP(OQ+OP)(OQ-OP); 
.'.  the  attraction  of  the  ring 

_TrP(OQ  +  OP)(OQ-OP)    OA 
OP.OQ  ~  'OR 

=  2tt/>.  °qpqq-OA,  since  OR  =  \(OP+OQ) 


-top.OA.fj^*). 


OQ, 

Now  suppose  A  B  to  be  divided  up  into  a  very  large 
number  n  of  such  rings,  which  cut  AB  in  Px,  P2,  P3,...Pn_1. 
To  each  of  such  rings  the  above  formula  applies,  and  the 
attraction  of  the  whole  plate  which  equals  the  sum  of  the 
attraction  of  all  the  separate  rings 


=  2irp  .  OA 


\0A     OPJ +  [OP,     OP, 


+  {0P,     OpJ  +  ",  +  (oPm     OBJ_ 

-M'-iw) 


OA 
OB, 

27rp(l  —  cos  a), 
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where  a  =  half  the  angular  diameter  of  the  plate  as  seen 
from   0. 

If  the  plate  be  of  very  large  extent  or  the  particle  at  0 
very  near  to  it,  a  will  become  very  nearly  a  right  angle,  and 
its  cosine  will  be  so  small  that  it  may  be  neglected  compared 
with  unity.  Hence  the  attraction  of  any  plate  on  a  unit- 
mass  at  a  distance  from  it,  very  small  compared  with  its 
diameter,  is  always  %irp. 

In  the  above  process  two  assumptions  are  made  which  are 
italicised. 

It  remains  for  us  to  show  that  the  error  in  each  element 
cannot  on  summation  mount  up  to  a  significant  term  in  the 
result. 

Both  assumptions  consist  in  assigning  to  a  term  a  value 
intermediate  between  the  extreme  values,  of  which  the  geo- 
metry showed  it  capable. 

The  error  therefore  in  the  case  of  any  element  cannot 
exceed  the  difference  of  these  extreme  values.  Hence  the 
whole  error  in  estimating  the  attraction  of  the  ring  PQ  is 
less  than 

mass  of  ring    OA      mass  of  ring    0  A 

~~~0P*  OP  0^~  ~'0Q' 

<7rP.0A.(0Q>-0P>)^-^, 

„  .  (OQ2  -  0P>)  (OQ  -OP)  (OQ2  +OP.OQ  +  0P>) 
or  <  irp  .  OA OP\OQ2  ' 

or  much  more 

(OQ-  -  0P>)  (OQ  -  OP)  (OQ  +  opy 

<rrp.UA.  OI».OQ> 

or  <Trp.OA.(j-Q  +  -±pf(OQ-OP)\ 

But  OP  and  OQ  are  both  greater  than  OA. 
Hence  error  <  ttPOA  (-j^)\oQ-  OPf. 

Let  now  the  n  rings  be  chosen  so  that  OQ  —  OP  is  the 
same  for  each,  so  that  n  (OQ  -  OP)  =  OB  -  OA. 
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\  •" 


Hence  whole  error  <  mrpOA  (jyj)  (OQ  —  OP)2, 

or  <^.(0B-OA).(OQ-OP). 

Now  the  number  of  the  rings  can  be  made  as  great  as 
we  please,  and  therefore  OQ  —  OP  can  be  made  in  all  cases 
indefinitely  small,  and  it  is  clear  that  the  whole  error  com- 
mitted cannot  exceed  a  quantity  itself  indefinitely  small, 
which  may  therefore  be  neglected.  The  proposition  is  now 
completely  established. 

37.  Note.  As  the  method  used  in  the  above  Article 
will  enter  largely  into  our  future  investigations  it  may  be 
expedient  to  give  here  a  general  statement  of  the  nature  of 
the  process. 

We  have  generally  to  sum  a  series  of  the  form 

where  all  we  know  about  the  successive  terms  is  that  they 
are  certain  very  small  quantities  each  of  which  lies  between 
very  narrow  limits,  defined  geometrically :  while  all  we  know 
about  n  is  that  it  is  a  very  large  number.  Our  method  con- 
sists in  putting  u0}  u1}  u2,  &c.  in  the  form 

li0  =  Xq  SCiy 

U^  z—  OC-y  ~~  CL/2 , 
tt'2  —  *^2  ~ ~      3  y 


Hence  on  addition  the  sum  of  the  series 

Now  in  transforming  u0  for  instance  into  x0  —  xx ,  we  gene- 
rally take  for  u0  any  value  between  its  extreme  values  which 
can  easily  be  decomposed  into  the  form  indicated.  It  is 
necessary  to  show  that  no  appreciable  error  is  introduced  into 

the  result.     Suppose  j-k,  jjk  to  be  the  extreme  values  of 

which  one  of  the  terms  u  is  susceptible.     Here  r  and  j-,  are 

c.  E.  3 
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fractions  whose  numerator  and  denominator  differ  by  small 
quantities  easily  expressed  as  multiples  of  k,  so  that  we  can 
assume  a  =  a  +  pk,  b'  =  b  +  qk;  and  k  is  itself  a  very  small 
quantity.  Hence  the  error  committed  in  this  term  cannot 
exceed  numerically 

(a     a  +  pk\  , 

{b'bT^kJ    } 
which  we  will   for  simplicity  assume  positive.     The   error 
therefore  is  certainly  less  than 

aqk  —  bpk 


b  (6  +  qk) 


.k, 
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Let  us  now  choose  the  successive  terms  so  that  k  may  be 
the  same  for  each  and  nk  =  K,  some  finite  quantity.      Also 

on  this  hypothesis  let      ,,,      have  its  greatest  possible  value, 

C  suppose,  which  will  certainly  be  finite  as  neither  6  nor  6' 
vanishes.  Then  the  whole  error  will  certainly  be  less  than 
nCk*  or  GKk. 

But  by  making  the  number  of  terms  sufficiently  great 
k  can  be  made  indefinitely  small,  and  hence  the  term  GKk  is 
also  indefinitely  small. 

This  shows  that  the  error  committed  can  in  no  case  rise 
to  importance  in  the  final  summation. 

The  same  reasoning  holds  good  if  the  value  assumed  for 
u  does  not  lie  between  its  extreme  values,  provided  the 
greatest  possible  error  be  some  finite  multiple  of  k\ 

The  following  applications  of  this  method  will  be  com- 
monly applied  hereafter : 

(i)  If  k  represent  a  small  angle  we  shall  assume  that  its 
sine,  circular  measure,  and  tangent  are  interchangeable. 

(ii)  If  k  represent  a  small  arc  we  shall  assume  that  the 
chord  may  be  substituted  for  the  arc  and  vice  versa. 

(iii)   If  &  be  a  small  fraction  we  shall  assume  that  we  may 
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substitute  for  it  any  convergent  algebraical  series  whose  first 
term  is  h,  as  for  instance  log  (1  +  k)  or  —  log  (1  —  k). 

The  student  of  Calculus  will  at  once  see  that  these  sums 
are  in  reality  definite  Integrals,  and  the  terms  rejected  are 
terms  of  the  second  order  in  the  differential. 

38.  Prop.  II.  A  uniform  spherical  shell  exercises  no  attraction 
on  a  particle  placed  in  its  interior. 

Suppose  a  unit  mass  to  be  placed  at  0,  a  point  in  the 
interior  of  the  shell. 

Then  draw  through  0  a  double  cone  of  small  vertical  angle. 
The  intersection  of  the  cone  with 
the  shell  cuts  off  two  small  frusta 
AB',  CD'  from  the  cone.  The  at- 
tractions of  these  two  small  elements 
of  the  shell,  on  the  particle  at  0, 
are  exerted  in  opposite  directions, 
and  the  resultant  attraction  towards 
A  is 

mass  of  A  B'     mass  of  CD' 
—0A> <W~- 

But  since  the  tangents  drawn  to  the  sphere  A  A ',  CO  are 
equally  inclined  to  AOC,  we  may  consider  AB'  and  CD'  as 
parallel  plates  of  equal  thickness  cut  from  a  cone,  and  in 
this  case 

volume  of  AB'  _  OA2 

volume  of  CD'  ~  00  ' 

and  the  volumes  are  proportional  to  the  masses,  since  the 
shell  is  homogeneous ; 

mass  of  AB'  _  OA2- 
'*•  mass  of  CD'  ~~  W*  ' 
mass  of  AB'     mass  of  CD' 


OA2  0C> 

Hence  the  resultant  attraction  of  the  two  opposite  elements 
on  0  is  nil. 

Now  if  the  whole  shell  be  cut  up  into  similar  pairs  of 

3—2 


36 


THEORY   OF    POTENTIAL. 


elements,  the  same  reasoning  will  hold  good  for  each  pair, 
and  the  whole  attraction  of  the  shell  on  any  internal  point 
vanishes. 

Since  there  is  no  force  within  the  spherical  shell  the  rate 
of  change  of  potential  is  nil,  or  the  potential  is  the  same 
throughout  the  interior  of  the  shell. 

39.  Prop.  III.  To  find  the  work  done  in  carrying  a  unit  of 
mass  against  the  attraction  of  any  system  of  particles  from  one 
point  to  any  other  point,  or  to  find  the  difference  of  potential 
between  two  given  points. 

Let  PQ  be  a  small  element  of  the  path  pursued,  and  let 
a  mass  of  matter,  m,  be  placed  at  0. 
Join  OP,  OQ,  and  from  Q  draw  QR 
perpendicular  to  OP. 

Then  the  attraction  on  the  unit 
mass  anywhere  between  P  and  Q  is 

represented  by  np    nn  for  the  reason 

given  in  Prop.  I. 

This  attraction  resolved  along  PQ 

cos  OPQ 


Fig.  8. 


OP.OQ 

m 


PR 


OP.OQ'  PQ' 
Hence  the  work  done  in  carrying  the  unit  of  mass  from  Q  to  P  is 

™         PR    pn 
OP.OQ'  PQ'    H 

mPR        m(OP-OQ) 


=  7)1 


OP.OQ         OP.OQ 

--  —  ) 

>Q     OP  J ' 


OQ 


If  there  be  other  particles  in  the  system,  it  is  clear  that 
the  force  in  direction  PQ  is  equal  to  the  sum  of  the  separate 
forces.     Hence  work  done  from  Q  to  P 

=  (total  force  along  PQ)  x  PQ ; 

=  sum  of  work  done  against  each  separately. 
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Hence  the  work  done  against  the  attraction  of  a  system  of 

particles  mlt  ra2,  placed  at  points  0ly  02, may  be 

expressed  by 

In  the  same  way,  dividing  the  whole  arc  into  similar 
elements,  and  performing  the  summation,  we  find  that  the 
work  done  against  any  attracting  system  in  carrying  unit 
mass  from  A  to  B 

-Jm(aj-a«) 

-H-1D- 

This  shows  us  that  the  whole  work  done  against  any  attract- 
ing system  in  moving  a  body  from  A  to  B,  along  any  path 
whatever,  is  the  sum  of  work  done  along  the  whole  path 
against  each  element  of  the  system  taken  separately ;  and  we 
see  it  to  be  independent  of  the  path  pursued  from  A  to  B. 

Cor.  1.  If  the  particle  move  freely  from  B  to  A  under  the 
influence  of  the  attracting  system,  the  law  of  Kinetic  energy 
must  hold  (see  Art.  28),  and  we  have,  if  v,  V  be  the  final 
and  initial  velocities, 

\Mtf  -lMV*  =  MXm  (-  -  4 
2  2  \r      B 

where  M  is  the  mass  of  the  particle  moved,  and  m  is,  as 
above,  the  mass  of  one  of  the  attracting  particles. 

Cor.  2.  Let  us  suppose  one  of  the  points  (B  suppose) 
to  be  at  an  infinite  distance  or  at  the  absolute  zero  of  poten- 
tial (see  Art.  32).  We  then  get  for  the  absolute  potential  at 
any  point  A  of  a  system  of  attracting  particles,  the  expression 

2  — .     Strictly  we  must  change  the  sign  of  this  expression 

to  give  the  potential  at  a  point,  since  work  has  to  be  done 
in  carrying  the  unit  mass  from  the  point  to  another  point  at 
which  the  potential  is  made  zero.  There  will  be  no  confusion 
in  omitting  the  negative  sign  if  we  make  the  convention 
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Fig.  8. 


that  work  is  done  against  gravitational  force  when  the  unit 
mass  is  carried  from  a  place  at  numerically  higher  to  one  at 
numerically  lower  potential. 

Cor.  3.  It  is  easily  seen  that  the  rate  of  change  of 
potential  in  any  direction  gives  us  the 
resolved  strength  of  the  field  in  that 
direction.  For  taking  a  single  particle 
m  at  0  (Fig.  8),  the  potentials  at  Q,  P 

of  m  are  p^~  ,  jyp  •     Hence  the  change 
of  potential  along  PQ 

_mL       m  _m(OP-OQ) 
~0Q     OP"      OP.OQ      ' 
and  therefore  the  rate  of  change  along  this  line 

m        OP-OQ 
~  OP.OQ'      PQ      ' 

which  when  P,  Q  are  very  near  together  becomes  -y^  .  -^ 

or  jyp2  cos  QPR,  the  resolved  part  of  the   force  due  to  0 

along  PQ,  and  the  same  will  be  true  for  each  element  of 
which  the  potential  is  made  up. 

40.  As  a  concrete  illustration  of  these  principles,  sup- 
pose the  field  of  force  due  to  a  single  particle  of  attracting 
matter.  The  lines  of  force  are  straight  lines  emanating  from 
this  point ;  the  strength  of  a  field  at  a  distance  r  from  the 

attracting  point  m  is  —  in  a  line  towards   the   attracting 

771 

point ;  the  potential  at  the  same  point  is  — ,  and  the  equipo- 

tential  surfaces,  over  each  of  which  —  must  be  constant,  will 

r 

be  surfaces  for  which  r  is  constant  or  a  system  of  spheres 

having  the  attracting  point  for  centre. 

We  have  already  noticed  that  since  there  is  no  force 
exerted    by  a    spherical    shell    on    a   particle   inside  it,  the 
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potential  everywhere  within  it  must  be  the  same,  and  will 
therefore  equal  the  potential  at  the  centre  of  the  sphere. 
Since  every  particle  of  the  shell  is  at  the  same  distance 
(radius)  from  the  centre,  the  potential  at  the  centre 

_  V  m  —  ^m  _  mass 


r        r       radius ' 
which  is  therefore  the  value  of  the  potential  within  every 
uniform  thin  spherical  shell. 

41.     If  we  have  a  mass  mx  at  a  point  Ax  distant  rx  from 
a  certain  point  Blt  then  the  potential  due  to  Ax  at  Bx  is  — . 


r 


This  quantity  is  a  measure  of  the  work  done  in  taking  a 
unit  mass  from  Bx  to  an  infinite  distance  from  Ax  or  out  of 
Ax's  field  of  force.  Let  there  be  at  Bx  a  mass  /x1?  then  the 
work  done  in  moving  this  mass  out  of  Axs  field  of  force  will 

be  ^-^ ,  and  this  expression  may  be  called  the  potential  of 

mx  on  fxx.  The  symmetry  of  its  form  shows  that  it  is  also  the 
potential  of  fix  on  ml.  If  there  be  a  system  of  points  Alt  A2. . . 
at  which  are  masses  m^  ra2 distant  rXl  r2 from  /jlX) 

then  yLtxS—  will  represent  the  potential  of  the  system  of 

particles  A  on  /jlx.  Let  there  now  be  another  system  of 
particles  /x2,  fi3 at  points  B3i  Bs and  let  the  value  of 

/jX  —  be  computed  for  each  element  of  B,  then  the  sum 

771/ 

denoted  by  2//,2  —  will  give   the   whole   potential   of  the 

system  A  on  the  system  B,  or  the  whole  work  done  in 
carrying  the  system  B  out  of  the  field  of  force  due  to  A,  and 
this  may  be  defined  to  be  the  potential  of  A  on  B.  The 
process  by  which  this  value  is  obtained  is  clearly  the  same  as 
joining  every  m  in  A  with  every  /2  in  B,  measuring  their 

distance  r,  and  adding  up  all  such  terms  as  — .  This  sum 
may  be  written  22  — -  ,  remembering  that  both  systems  must 
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be  exhausted  in  making  the  summation.  The  form  of  this 
latter  expression,  or  indeed  the  Third  Law  of  Motion,  shows 
that  it  must  be  identical  with  that  obtained  by  computing 
the  potential  of  B  on  A.  We  conclude  that  the  potential  of 
A  on  B  is  the  same  as  that  of  B  on  A,  and  its  value  may  be 
termed  the  Mutual  Potential  of  A  and  B. 

Def.  Potential  of  a  system  A  on  a  system  B: 
Mutual  Potential.  The  potential  of  a  system  A  on  another 
system  B  of  attracting  matter  is  the  work  done  in  carrying  B 
out  of  the  field  of  force  due  to  A,  and  is  equal  to  the  potential 
of  B  on  A.  This  function,  spoken  of  in  reference  to  the  systems 
A  and  B,  may  be  called  their  Mutual  Potential. 

42.  Since  lines  of  force  exist  throughout  a  field  of  force 
but  do  not  intersect,  if  we  draw  in  the  field  any  closed  curve 
and  draw  lines  of  force  through  every  point  in  it,  we  shall 
have  a  tubular  surface  bounded  by  lines  of  force  which  is 
called  a  Tube  of  Force. 

Def.  Tube  of  Force  is  any  tvhular  surface  such  that 
the  line  of  force  through  every  point  on  it  lies  wholly  in  that 
surface. 

In  the  case  of  a  single  attracting  particle  referred  to  above 
the  tubes  of  force  will  be  cones  having  the  attracting  particle 
at  their  vertex. 

43.  We  now  proceed  to  investigate  some  very  important 
properties  of  Tubes  of  Force,  taking  first  the  case  of  a  small 
tube  due  to  a  single  attracting  particle. 

Prop.  IV.  If  a  cone  of  very  small  vertical  angle  be  drawn 
having  a  particle  of  attracting  matter  at  its  vertex:  if  F  be 
the  attraction  on  unit  mass  at  any  point  within  the  cone  com- 
puted in  any  direction,  and  S  the  area  of  the  section  of  the 
cone  perpendicular  to  the  direction  of  F,  then  the  product  FS 
is  constant  throughout  the  cone. 

(i)  Let  the  direction  of  the  force  be  along  the  axis  of 
the  cone ;  the  sections  are  then  at  right  angles  to  the  cone. 

Let  P,  Q  be  two  points  on  the  axis  of  the  cone,  and 
Flt  F.2  the  attractions  exerted   by  0  on   them;   Su  #3  the 
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sections   of    the    cone    through  P,  Q  perpendicular   to  the 
axis. 

Then 

F     F       —  •  — 

1     2"  OP2'  OQ" 

where  m  is  the  mass  of  the 
attracting  particle  at  0. 

And   since   8lt   S2   are  Fig.  9. 

similar  figures, 

S,  :  S2  ::  OP2  :  0Q\ 

.'.  FXSX  :  F2S2  ::m:m; 

hence  in  this  case  PA  =  F2S2. 

(ii)  Let  the  force  be  inclined  to  the  axis  of  the  cone 
at  any  angle  6,  the  section  is  then  oblique  and  inclined  at  an 
angle  6  to  the  right  section. 

Let  P  and  A  a  (S)  be  the  resultant  force  and  right  section 
at   any  point  P :   also  let 
F1,S1be  the  same  quantities 
for  an  oblique  section  Bb 
through  the  same  point. 

Then  we  may  regard  A  a 
as  the  orthogonal  projection 
of  Bb,  and  the  inclination  Fi8- 10- 

of  the  two  sections  being  6,  we  have 

Bb  cos  0  =  Aa, 

or,  Sj  cos  6  =  S. 

Again,  since  Fx  is  the  resolved  part  of  P  in  a  direction 
inclined  at  an  angle  6, 

F,  =  F  cos  6; 

.-.  F&cos  6  =  FS  cos  6, 

or,  FA  =  FS, 

which  proves  the  proposition  generally. 
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44.  Prop.  V.  If  the  area  of  a  closed  surface  be  divided  into 
a  large  number  of  elements  trlt  o-2,  o-3...,  and  the  force  on  unit 
mass,  due  to  an  attracting  system  outside  it,  be  computed  over 
each  elementary  area,  normal  to  it  reckoned  outwards,  the  sum 
denoted  by  the  symbol  2F0-  shall  vanish. 

Take  one  element  of  the  attracting  matter,  as  0,  and  draw 

from  0  a  small  cone 
which  cuts  the  sur- 
face in  two  elementary 
areas  o-,cr',and  let  F,  F' 
be  the  forces  normal  to 
the  surface  computed 
outwards.  Then  by  the 
lg'     '  preceding  proposition 

-  Fa  =  +  F'a' : 

the  sign  —  being  attached  because  the  normal  components 
at  a  and  a  are  in  opposite  directions  with  respect  to  0,  that 
is,  one  tends  to  0  and  the  other  from  0; 

.\F<T  +  F'a'  =  0; 

and  since  the  whole  surface  can  be  cut  up  into  similar  pairs 
of  elements  we  have  over  the  whole  surface  %F<r  =  0. 

Again,  what  is  true  for  each  particle  of  the  attracting 
mass  outside,  taken  separately,  is  true  when  they  are  all  taken 
together.  Hence,  if  Flt  Fit  &c.  represent  the  resultant  force 
due  to  the  whole  external  mass  on  each  element  of  the  surface, 
we  must  also  have  over  the  whole  surface  as  before  XFo-  =  0. 

This  proposition,  as  well  as  substantially  the  proof  here 
given,  is  due  to  Sir  G.  G.  Stokes. 

45.  Prop.  VI.  If  a  tube  of  force,  bounded  as  to  its  ends  by 
two  equipotential  surfaces,  have  the  ends  divided  into  elements 
°"i>  °"2>  °"3>  &c->  °Y>  °"2'i  °3'»  &c->  an^  *ne  resultant  force  on  unit  mass, 
computed  over  each  element,  F1}  F2,  F3,  &c,  F/,  F2',  F3',  &c. ;  then 

2F0-  =  2FV. 

For  the  tube  of  force  so  bounded  is  a  closed  surface, 
and  we  may  apply  to  it  the  statement  of  the  preceding 
proposition. 
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Now  since  the  tube  of  force  is  bounded  by  lines  of  force, 
and  since  a  force  can  produce  no  effect  in 
a  direction  at  right  angles  to  itself,  the 
component  of  the  force  perpendicular  to 
the  surface  at  every  point  on  the  tubular 
surface  is  zero. 

Hence  we  have  only  to  consider  the 
force  on  the  ends  of  the  tube,  that  is  on 
the  equipotential  surfaces,  and  we  have 

XF<T-tF'<T'  =  0, 
the  —  sign  being  used  because  the  direction 
of    the    force    on    one    surface   is   inwards 
and  on  the   other  outwards,  with   respect 
to  the  portion  of  the  tube  of  force  under  consideration ; 

If  the  force  is  uniform  over  the  ends  or  equipotential 
surfaces,  then  we  may  write  the  equation  as 

FS  =  F'S\ 
where  S  is  the  whole  area  of  one  end  or  cross  section  and  S' 
of  the  other,  and  F,  F'  are  the  forces  over  each  respectively. 

The  same  law  can  be  extended,  just  as  in  Art.  43,  to  the 
case  of  a  surface  cutting  the  tube  obliquely.  For  if  F,  S 
represent  the  force  and  area  of  cross  section  when  perpen- 
dicular to  the  tube,  Flf  Sj  similar  things  when  oblique  to  the 
tube,  we  have  8  =  S1  cos  6, 

F1  =  FGO80] 

r.F&^FS. 

46.  Prop.  VII.  If  a  small  tube  of  force  cut  through  a  thin 
plate  of  attracting  matter  perpendicular  to  it,  the  product  To-  in 
passing  from  one  side  to  the  other  changes  by  47rm,  where  m  is 
the  mass  of  matter  included  in  the  tube. 

For  let  A B  be  the  thin  plate  of  matter  included,  and  let 
P  and  Q  be  two  points  taken  very  near  the  plate  and  on 
opposite  sides.  We  will  denote  all  the  attracting  matter 
outside  the  plate  by  M,  the  tube  of  force  being  due  jointly  to 
the  attraction  of  M  and  the  plate  AB.  Since  the  forces  due 
to  M  and  to  A B  are  at  P  and  Q  both  perpendicular  to  AB, 
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we  may  by  the  Second  Law  of  Motion  consider  their  effects 
separately  and  add  them  together. 

Let  F'  be  the  resultant  attraction  of  M  on  unit  mass  at  P 
or  Q  which  are  indefinitely  near  together,  the  direction  of  F' 
being  assumed  in  the  figure  from  Q  to  P.  The  attraction  of 
the  plate  will  be  2irp  (Art.  36).  At  P  the  attraction  of  the 
plate  acts  against  F',  and  hence  the  complete  product  Fa 
=  (F/-27rp)a. 

At  Q  the  attraction  of  the  plate  acts  with  F',  and  hence 
the  complete  product  Fa  =  (F'  +  2irp)  a. 

Hence  the  change  in  the  product  Fa  on  passing  from  one 
side  of  the  plate  to  the  other 

=  (F'  +  2tt/>)  a  -  (Ff  -  2irp)  a 

=  ^nrpa 

—  4>7rm, 


since  where  p  =  mass  per  unit  area  and  a  the 
area  of  the  plate,  m  =  pa. 

The  same  proposition  holds  true  if  the  mass 

be  not  a  thin  plate,  since  we  may  conceive  it  to 

be  made  up  of  thin  plates  cut  perpendicularly  by 

tubes  of  force  with  spaces  between ;  the  above  proposition  is 

true  for  each  plate  separately,  and  consequently  it  is  true  for 

any  mass  cut  through  by  a  small  tube  of  force. 

Note.  It  must  be  carefully  observed  that  the  quantity 
denoted  by  F  in  these  propositions  is  not  of  the  nature  of 
force,  but  is  the  force  per  unit  of  mass  or  the  strength  of  the 
field,  since  there  is  clearly  no  such  thing  as  resultant  force  at 
a  point  in  a  field  of  force,  unless  matter  be  brought  there. 

47.  Prop.  VIII.  If  one  ecuiipotential  surface  be  known  and 
the  law  of  distribution  of  force  over  it,  all  other  equipotential 
surfaces  can  be  drawn  by  pure  geometry  only. 

Let  the  surface  be  mapped  out  into  small  areas  such  that 
the  product  of  each  area  into  the  force  near  it  shall  be  con- 
stant. These  areas  will  form  the  bases  of  tubes  of  force,  and 
for  each  tube  of  force  the  product  Fa  remains  the  same. 

Since  the   work  done  in  carrying  a  gramme   from  one 
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surface  to  the  next  will  be  constant  (V),  the  distance  x  along 
a  normal  from  one  surface  to  the  next  will  be  given  by 

Fx  =  V. 

Hence,  to  pass  from  one  surface  to  the  next,  we  remember 
that 

Fw=V  and  F*  =  C; 

it  follows  that  x  is  in  a  constant  ratio  to  a,  and  we  have 
round  each  tube  of  force  to  raise  normals  proportional  in 
length  to  the  area  of  that  tube,  and  the  locus  of  the  ex- 
tremities of  these  normals  will  be  the  next  equipotential 
surface.  Similarly,  by  using  the  projections  of  the  tubes  of 
force  on  the  new  equipotential  surface,  we  can  pass  on  to  the 
surface  next  to  it,  and  so  on  indefinitely. 

It  will  be  observed  that,  in  accordance  with  the  last 
proposition,  when  any  tube  of  force  passes  through  attracting 
matter  the  product  Fa  is  changed  by  ±  47rm,  which  will 
correspond  to  increasing  or  diminishing  the  number  of  tubes 
on  the  equipotential  surface. 

48.  Prop.  IX.  The  potential  value  in  free  space  is  never 
discontinuous,  that  is  it  never  at  a  point  or  surface  makes  a 
sudden  change  from  one  value  to  another. 

For  the  difference  of  potential  at  two  points  A B  is  the 
work  done  on  a  gramme  carried  from  A  to  B,  hence  if  V  be  the 
potential  difference,  and  F  the  average  force  along  the  line, 
F  x  AB  =  V.  Hence  if  V  has  a  finite  value  when  AB  is  zero 
(which  corresponds  to  a  discontinuity),  F  must  be  infinite, 
which  never  happens  in  free  space. 

Cor.  In  the  same  way  the  potential  cannot  be  constant 
on  one  side  of  a  given  surface  and  vary  on  the  other  side 
unless  the  surface  has  attracting  matter  distributed  over  it. 
For  the  surface  bounding  the  region  of  constant  potential 
must  be  equipotential,  and  tubes  of  force  must  cut  it  at 
right  angles.  But  on  the  side  of  the  surface  on  which 
potential  is  constant  F—  0,  and  Fa  =  0.  Hence  Fa  =  0 
throughout  the  tube,  and  therefore  F  =  0  or  the  potential  is 
constant  on  the  opposite  side  of  the  surface  also. 
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49.  Prop.  X.  The  potential  never  has  a  maximum  or  minimum 
value  at  a  point  in  free  space. 

For  if  it  had,  the  potential  at  a  certain  point  would  be 
rather  greater  or  less  than  at  all  points  round  it,  and  the 
equipotential  surfaces  would  degenerate  to  a  single  point. 
Tubes  of  force  starting  from  that  surface  or  point  would  have 
zero  bases  and,  unless  F  were  infinite  at  the  point,  the 
product  Fa  would  equal  0  through  all  space ;  and  F  cannot 
be  infinite  at  a  point  in  free  space. 

50.  Prop.  XI.  No  particle  can  be  in  stable  equilibrium  under 
the  attraction  of  a  material  system. 

If  possible  let  0  be  the  point  of  equilibrium  and  P,  Q 
points  on  opposite  sides  of  it.  Draw  any  line  POQ.  Then 
since  0  is  not  a  point  of  maximum  or  minimum  potential, 
(Art.  49)  the  potentials  at  P,  0,  Q  are  generally  in  ascending 
or  descending  order  of  magnitude.  Thus  the  force  along  POQ 
is  on  one  side  of  0  towards  it  and  on  the  other  away  from  it,  a 
condition  inconsistent  with  stable  equilibrium.  For  particular 
directions  of  the  line  POQ,  corresponding  to  constrained 
motion  of  the  particle,  neutral  or  unstable  equilibrium  would 
be  possible.  Thus  if  POQ  were  along  an  equipotential 
surface,  the  rate  of  change  of  potential  at  0  vanishes,  or  the 
equilibrium  is  neutral,  and  again  if  the  force  vanish  at  0 
there  would  be  equilibrium  though  unstable. 

51.  Prop.  XII.  At  great  distances  from  an  attracting  system 
the  equipotential  surfaces  tend  to  become  spheres  about  the  centre 
of  gravity  of  the  system,  the  force  over  each  sphere  being  uniform. 

Suppose  G  the  centre  of  gravity  of  the  attracting  system, 

and  A1  an  element  of  it  distant  Oj  from  G,  and  let  P  be  the 

distant  point  at  which  we  wish  to  calculate  the  potential. 

By  a  distant  point  we    mean    a   point    such    that    squares 

GA 
and   higher  powers  of  the  fraction  -jtw  may  ^e  neglected 

compared  to  unity. 

Let  OA1  =  alt     GP  =  R,     A1P  =  r1, 

and  Z  PGAl  =  0,  and  let  the  mass  of  element  at  A1  be  mv 

Then  potential  at  P  due  to  mx  =  — . 
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But 


ri2  =  R?  +  a?  -  2Rax  cos  0  ; 


R   1 


J008') 


neglecting  ^j  ; 
to  the  same  degree ; 


Fig.  14. 


m 


2)  ^  =  ^^  +  -^  2ma  cos  6. 


Hence,  for  the  whole  system, 

R    '  R> 

But  ax  cos  6  =  projection  of  GAX  on  GP,  and  therefore,  by 
the  principle  of  centre  of  gravity,  Xma  cos  6  =  0  ; 

^  m  _  Smx 

or  the  potential  of  the  system  is  the  same  as  if  the  whole 
system  were  collected  at  its  centre  of  gravity.  In  this  case 
the  equipotential  surfaces  are  spheres  about  the  centre  of 
gravity  as  centre,  and  the  force  over  each  sphere  is  uni- 
form. 


Examples  on  Chapter  II. 

1.  Show  that  in  computing  the  attraction  of  a  solid 
sphere  on  a  point  within  its  mass  we  may  neglect  all  of  the 
sphere  more  remote  from  the  centre  than  the  given  point. 

2.  Given  that  the  volumes  of  spheres  are  proportional  to 
the  cubes  of  their  radii,  show  that  the  attractions  exerted  by 
a  sphere  on  points  within  it  are  directly  proportional  to  their 
distances  from  the  centre. 

3.  Show  that,  supposing  the  density  of  the  earth  to  be 
uniform  and  its  diameter  doubled,  the  acceleration  at  its 
surface  would  be  double  its  present  value. 
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4.  If  three  particles  of  masses  m1}  ra2,  m3  be  placed  at  the 
angular  points  of  a  triangle,  the  potential  at  the  centre  of  the 

circumscribing  circle  is  — ~ ,  where  R  is  the  radius  of 

the  circle. 

5.  If  any  number  of  particles  be  distributed  over  the 
surface  of  a  sphere,  the  potential  at  the  centre  of  the  sphere 

is  -5- ,  where  £m  is  the  sum  of  all  the  masses  and  R  the 
R 

radius  of  the  sphere. 

6.  At  the  angular  points  of  a  triangle  are  placed  masses 

equal  numerically  to  the  lengths  of  the  opposite  sides.    Show 

that  the  potential  at  the  intersection  of  perpendiculars  is 

equal  to  tan  A  tan  B  tan  0;   at  the  centre  of  the  circum- 

A         ~R        C 
scribed  circle  it  is  8  cos  -$  cos  -^  cos  -  ,  and  at  the  centre  of 

the  inscribed  circle 

$R  (  .    ir-A    .     7T-B   .     7T-G 

—    sin  — t—  sin  — -. —  sin  — - — 

r    i  4  4  4 


.       7T-SA      .       7T-SB     .       7T-SC 

—  sm ; —  sin  — -. sin 


}■ 


4  4  4 

where  R  and  r  are  the  radii  of  circumscribed  and  inscribed 
circles. 

7.  Calculate  the  potential  of  a  circular  plate  on  a  point 
situated  on  a  line  through  its  centre  perpendicular  to  its 
plane. 

Ans.  2irpl  (1  —  cos  a) ;  if  Z  be  distance  from  edge  and  2a 
the  angle  subtended  by  the  plate. 

8.  Show  that  in  a  field  of  uniform  force  the  lines  of  force 
are  parallel  straight  lines  and  the  equipotential  surfaces  a 
system  of  parallel  planes. 

9.  Show  that  if  the  equipotential  surfaces  be  a  system 
of  concentric  spheres  the  force  over  each  sphere  is  uniform. 

10.  Show  that  the  attractions  of  all  parallel  plates  of 
equal  thickness  cut  from  a  right  cone  on  a  particle  placed  at 
the  vertex  are  equal. 
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11.  Show  that  the  last  proposition  is  true  for  sections 
taken  from  an  oblique  cone. 

12.  Two  similar  right  cones  of  like  material  attract  equal 
particles  placed  at  their  respective  vertices.  Prove  that  the 
attractions  are  proportional  to  the  heights. 

13.  Find  the  potential  of  a  solid  right  cone  on  a  particle 
at  its  vertex. 

Ans.  irpP  cos  a  (1  —  cos  a) ;  if  I  be  the  slant  height  and 
a  the  semi-vertical  angle. 

•  14.  If  particles  be  placed  at  the  middle  points  of  the 
sides  of  a  triangle,  their  masses  being  numerically  the  same 
as  the  sides,  show  that  the  potential  at  the  centre  of  the 
circumscribing  circle  is  2  tan  A  .  tan  B .  tan  C. 

15.  If  equal  particles  of  matter  be  placed  round  an  ellipse 
at  distances  such  that  the  angle  subtended  between  any  two 
successive  particles  at  the  focus  is  constant,  show  that  the 

71771 

potential  at  the  focus  is  — j- ,   where  n  is  the  number  of 
particles,  m  the  mass  of  each,  and  I  the  semi-latus  rectum. 

Note.  Using  the  polar  equation  f-  =  l  —  ecos#)  the 
proposition  follows  at  once. 

16.  Find  the  potential  of  a  very  narrow  circular  annulus 
at  its  centre. 

17.  Find  the  potential  of  a  broad  circular  annulus  at  its 
centre. 

18.  Find  the  potential  of  a  sector  of  a  circle  at  the  centre 
of  the  circle. 

19.  If  the  equipotential  surfaces  be  a  system  of  confocal 
spheroids,  show  that  the  lines  of  force  are  systems  of  hyper- 
bolas having  the  same  foci. 


c.  E, 


CHAPTER  III. 

APPLICATION   OF   POTENTIAL   TO    STATICAL    ELECTRICITY. 

52.  Before  proceeding  to  apply  the  properties  of  Po- 
tential to  the  investigation  of  Electricity,  we  must  state 
briefly  one  or  two  of  the  experimental  laws  on  which  such 
application  depends. 

Experiment  I.  There  is  no  electrical  force  within  a 
closed  electrified  conductor,  unless  there  are  other  electrified 
bodies  within  it  and  insulated  from  it. 

This  has  been  shown  conclusively  in  numerous  experi- 
ments devised  by  Faraday.  Having  tested  by  the  proof 
plane,  and  Coulomb's  balance,  the  inner  surfaces  of  different 
conductors,  of  every  variety  of  shape — spheres,  cylinders,  &c, 
with  the  outer  surfaces  either  completely  closed  as  with  tin- 
foil, or  closed  only  by  a  conducting  network  of  wire  gauze 
or  of  linen  fibres,  as  in  a  butterfly  net :  he  finally  constructed 
a  small  house  or  room  10  or  12  feet  cube,  covered  outside 
with  tinfoil,  and  insulated  on  glass  legs,  so  that  the  whole 
surface  could  be  highly  electrified  by  a  powerful  machine. 
Into  this  he  carried  various  electroscopes,  and  with  them 
applied  the  most  delicate  tests  he  knew  of  for  electrification, 
without  success,  though  the  outside  was  highly  electrified. 
Such  was  the  delicacy  of  these  tests  that  if  there  had  been  a 
ten-thousandth  part  of  the  electrification  inside  that  there 
was  outside  he  could  not  have  failed  to  detect  it. 

This  experiment  is  equivalent  to  saying  that  no  field  of 
electrical  force  exists  within  the  substance  of  a  conductor, 
and  that  therefore  every  electrical  field  is  bounded  by 
conducting  surfaces,  and  consists  wholly  of  non-conductors 
or  dielectrics. 

This  experiment  is  true  for  surfaces  under  electrical  in- 
duction as  well  as  for  those  which  are  freely  electrified. 
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53.  Experiment  II.  When  a  separation  of  electricities 
takes  place  by  friction  or  any  other  means,  the  amounts  of 
vitreous  and  resinous  electricities  produced  are  always  such 
that,  on  being  re-united,  they  exactly  neutralize  each  other. 

This  is  shown  clearly  in  any  form  of  electrical  machine 
in  which  the  opposite  poles  are  connected.  For  unless  it 
were  true  one  pole  would,  on  working  the  machine,  still 
acquire  a  charge  of  electricity. 

Def.  Complementary  Distributions.  The  two  amounts 
which  are  produced  when  the  electricities  of  a  neutral  body 
are  separated,  are  said  to  be  equal  and  of  opposite  sign,  and 
we  shall  speak  of  them  as  complementary  distributions. 

It  is  necessary  in  dealing  with  electricity  to  keep  these 
complementary  distributions  in  view,  as  we  cannot  in  any 
problem  have  to  deal  with  charges  of  vitreous  or  resinous 
electricity  alone,  but  each  charge  has  somewhere  its  comple- 
ment of  the  opposite  kind. 

54.  Experiment  III.  Every  electrified  body  when  placed 
in  a  closed  vessel  whose  surface  is  conducting,  calls  up  by  in- 
duction on  the  inner  surface  of  the  vessel  a  charge  of  electricity 
equal  in  quantity,  but  opposite  in  sign  to  its  own  charge. 

This  is  experimentally  proved  by  Faraday's  Ice-pail  ex- 
periment. An  electrified  sphere  is  introduced  into  a  hollow 
closed  conductor,  and  the  electricity  induced  on  the  inside  by 
the  charged  body  before  contact  of  the  sphere  with  the  in- 
terior, is  found  on  contact  just  to  neutralize  the  body's 
charge.  The  complementary  distribution  on  the  outside, 
which  is  equal  to  the  disguised  or  induced  charge,  must 
therefore  be  equal  to  the  original  charge  of  the  body. 

This  experiment  shows  that  when  electrical  experiments 
are  performed  in  a  room  the  complementary  electrification 
always  exists  distributed  over  the  walls  of  the  room. 

55.  Experiment  IV.  If  tivo  bodies  be  electrified  and 
placed  at  a  constant  distance,  great  compared  ivith  their  di- 
mensions from  each  other ;  they  exert  on  each  other  a  force 
proportio?ial  to  the  product  of  the  amounts  of  electricity  they 
contain.  This  force  is  attractive  if  their  electrification  be 
opposite,  repulsive  if  similar. 

4—2 
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We  can  measure  the  repulsion  of  two  charged  bodies  by 
Coulomb's  torsiou  balance,  in  which  the  moment  of  the  re- 
pulsive or  attractive  force  is  equal  to  the  torsion  of  the  wire 
required  to  keep  the  bodies  at  a  fixed  distance. 

The  charges  can  be  varied  in  the  following  manner: 
Provide  a  ball  of  the  same  size  as  the  carrier  and  indicator 
balls  of  the  torsion  balance,  insulated  by  a  silk  thread  or 
gum-lac  stem,  which  we  shall  call  the  discharging  ball. 

Having  charged  the  carrier  ball,  it  is  placed  in  the 
balance ;  its  charge  is  immediately  divided  equally  with 
the  indicator  ball,  and  we  can  observe  the  torsion  of  the  wire 
which  keeps  the  two  balls  at  any  proposed  distance  apart : 
we  have  in  this  way  a  measure  of  the  repulsive  force  between 
two  quantities  each  \.  We  now  remove  the  carrier  ball,  and 
divide  its  charge  with  the  discharging  ball,  by  which  means 
the  charge  of  each  is  reduced  to  J.  The  carrier  ball  is  re- 
placed in  the  balance,  and  the  repulsion  at  the  same  distance 
observed. 

The  discharging  ball  is  now  discharged,  the  carrier  ball 
removed  and  touched  against  the  discharging  ball,  again 
replaced,  and  the  repulsion  at  the  same  distance  again 
observed. 

By  continuing  this  process  we  can  observe  the  repulsion 
at  fixed  distances  between  quantities  whose  ratios  are  re- 
spectively 1  to  1 ;  1  to  J ;  1  to  \ ;  1  to  J ;  and  so  on.  By 
this  means  it  is  found  that,  making  certain  allowances  for 
loss  of  charge,  the  repulsion  at  a  constant  distance  closely 
approximates  to  the  law  above  given,  and  on  increasing  the 
distance,  the  law  is  found  more  and  more  nearly  true. 

By  fixing  a  vertical  wire  in  the  balance  to  prevent 
the  indicator  ball  from  flying  to  the  carrier  ball,  and  first 
charging  the  carrier  ball  with  negative  electricity,  the  same 
law  can  be  established  for  the  attraction  of  oppositely  electri- 
fied bodies. 

56.  Experiment  V.  If  constant  charges  of  electricity 
be  condensed  in  two  points,  and  the  distance  between  them 
varied,  the  force  of  attraction  or  repulsion  is  found  to  vary 
inversely  as  the  square  of  the  distance. 
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This  is  shown  by  Coulomb's  torsion  balance  also,  by- 
varying  the  distance  of  the  conductors  instead  of  the  charges. 
It  might  also  be  inferred  from  the  following  considerations : 
Let  a  hollow  spherical  shell  be  charged  with  electricity. 
From  its  symmetry  of  shape  it  is  clear  that  the  distribution 
of  electricity  over  it  will  be  uniform,  and  the  amount  on  any 
element  of  its  surface  therefore  proportional  to  its  area. 

Now,  referring  to  Art.  38,  we  see  that  if  we  wish  to  find 
the  electrical  force  at  a  point  0  within  an  electrified  sphere 
we  divide  the  surface  up  into  opposite  pairs  of  elements 
A  B',  GD\  and  then  assuming  the  law  of  inverse  squares, 
prove  that  there  is  no  force  at  that  point.  But  if  we  suppose 
the  law  of  the  force  unknown  and  call  it  the  inverse  nth  power 
of  the  distance,  the  attraction  exerted  by  the  pair  of  opposite 
elements  on  0  (see  Fig.  7)  will  be  (towards  A) 

mass  AB'     mass  CD' 
0An  0G^~  ' 

n  mass  A  Bf     mass  CD'      7 

But  — jyj-2 —  =  — jyr2 —  =  k  suppose. 

Hence  the  attraction  on  0  towards  A 


~  k  \0An-*      0Cn-2)  ' 


If  n  >  2  and  OA  <  OG  this  result  will  be  positive,  or  there 
will  be  an  attraction  towards  the  nearer  side  of  the  sphere. 
If  n<  2  or  negative  the  result  is  negative,  showing  that  there 
will  be  a  resultant  attraction  towards  the  more  distant  side  of 
the  sphere. 

The  whole  attraction  on  the  internal  point  can  therefore 
only  vanish  when  n  exactly  equals  2,  i.e.  for  the  law  of  the 
inverse  square.  The  methods  of  detecting  electrification  are 
so  much  more  delicate  than  any  measurement  by  the  torsion 
balance,  that  this  constitutes  the  most  reliable  proof  of  the 
law,  since  we  know  as  a  fact  that  there  is  no  electrical  force 
anywhere  within  a  closed  electrified  sphere.  This  is  known 
as  Cavendish's  proof  of  the  law  of  inverse  squares  of 
distances. 
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57.  The  results  of  the  two  preceding  articles  show  that 
if  we  have  quantities  of  electricity  represented  by  q  and  q 
placed  at  a  distance  r  apart,  the  force  between  them  varies 
as  the  product  qq'  and  inversely  as  the  square  of  r.     Thus 

the  force  varies  as  ~  . 
r2 

We  now  choose  such  an  unit  of  electricity  as  to  make 

the  expression  ^  represent  the  actual   force   exerted.     To 

do  this  we  notice  that   when   q=l,  q'—l   and   r—1,   the 
expression  reduces  to  unity.     Then  we  have 

Def.  Unit  Quantity  of  Electricity.  The  unit  of 
electricity  is  such  a  quantity,  that  if  condensed  in  a  point  it 
shall  exert  a  unit  of  force,  or  one  dyne,  on  another  similar  unit 
placed  at  a  distance  of  one  centimetre  from  it. 

58.  The  foregoing  definition  of  unit  quantity  is  abstract 
only,  since  no  finite  quantity  of  electricity  can  be  condensed 
in  a  point.  Electrification  is  always  a  property  of  a  surface, 
and  to  express  the  degree  in  which  a  surface  is  electrified 
the  term  density  is  employed. 

Def.  Electrical  Density.  Electrical  density  is  a 
term  used  to  denote  the  quantity  of  electricity  on  a  surface  per 
square  centimetre. 

Thus  if  a  surface  of  area  s  be  electrified  uniformly  with  a 
charge  q,  and  if  p  be  the  density  of  the  electrification, 

P  =  f    or>   2  =  P8- 

If  the  surface  be  not  uniformly  electrified  we  define  density 
as  the  quantity  which  would  be  on  a  unit  of  area  supposing 
the  density  uniform  and  of  the  same  value  as  at  the  point 
under  consideration. 

59.  It  is  usual  to  refer  to  the  electricity  which  appears 
on  the  plate  and  prime  conductor  of  an  electrical  machine  as 
positive,  while  that  which  appears  at  the  same  time  on  the 
rubber  or  negative  conductor  is  called  negative.  The  pro- 
priety of  these  terms  appears  if  we  remember  (Exp.  n.)  that 
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the  amounts  developed  always  neutralize  each  other.  This  is 
conveniently  expressed  algebraically  by  saying  that  if  quanti- 
ties q  and  q'  of  electricity  are  developed  from  a  neutral  body 
by  friction  or  otherwise  q-\-q=Q  always.  Further,  we  have 
shown  that  if  two  similarly  electrified  particles  containing 
quantities  q  and  q'  of  electricity  (both  4-  or  both  — )  be  placed 
at  a  distance  r  from  each  other,  there  is  between  them  a  re- 
pulsive force  measured  by  ~ ,  while  if  the  quantities  q  and  q 
be  one  positive  and  the  other  negative,  there  is  an  attractive 
force  measured  by  ^- .     Generally  we  may  say  that  between 

any  two  quantities  q  and  q'  there  is  a  repulsive  force,  remem- 
bering that  when  the  product  qq'  is  negative  the  repulsion 
becomes  negative,  and  negative  repulsion  is  the  same  as 
attraction. 

60.  Having  established  the  fundamental  proposition  that 
between  two  quantities  q  and  q'  of  electricity  condensed  in 
points  at  a  distance  r  from  each  other  there  is  a  force  measured 

by  ^   which   is  repulsive  if  this  product  be  positive,  and 

attractive  if  it  be  negative ;  we  can  apply  all  our  propositions 
on  Potential  of  attracting  matter  to  Potential  of  an  electrical 
distribution. 

We  shall  only  have  to  substitute  in  our  original  definitions 
the  unit  quantity  of  positive  electricity  condensed  in  a  point 
for  the  unit  mass.  This  will  be  referred  to  as  a  plus-unit 
(written  +  unit). 

Our  Definitions  for  the  electrical  field  will  then  be  as 
follows : — 

1.  Field  of  Electric  Force  is  the  dielectric  by  which  any 
positive  electrification  is  separated  from  the  complementary 
charge.  This  is  clear  since  if  the  dielectric  did  not  exist  the 
Field  would  instantaneously  be  reduced  to  zero  by  conduction. 

2.  Lines  of  Force  are  lines  in  the  field  such  that  the 
tangent  at  each  point  shows  the  direction  in  which  an 
electrified  particle  placed  there  would  be  urged  by  the  Electric 
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Force.  Since  a  positively  and  negatively  electrified  particle 
will  be  urged  in  opposite  directions  along  the  line  of  force,  it 
is  convenient  to  define  the  positive  direction  of  the  Line  of 
Force  as  that  direction  in  which  a  positively  electrified  particle 
will  be  urged. 

3.  Sfrength  of  Field  at  a  point,  or  as  it  is  often  expressed, 
Electric  Force  at  a  point,  is  the  force  on  a  particle  charged 
with  a  unit  of  positive  electricity  if  placed  at  the  point. 

4.  Difference  of  potential  at  two  points  in  the  field  is 
measured  by  the  work  done  in  carrying  a  4-  unit  from  one 
point  to  the  other  in  the  field  and  is  independent  of  the  path 
pursued  from  one  point  to  the  other. 

If  the  electrical  system  consist  of  electrified  particles  at 

points^!,  Aa holding  quantities  of  electricity  qlt  q^ 

respectively,   and    if    there    be   two   points   P,    Q   so   that 

PA1  =  rlt  P^l2  =  r3 ,  QAX  =  RX,  QA^=Ra ,  then  the 

difference  of  potential  at  P,  Q  is  (Art.  39) 

.    *{h-i)+q>(K-i)+ -**£-£)■• 

If  this  expression  be  positive,  P  has  positive  potential  to 
Q,  or  work  has  to  be  done  to  bring  a  particle  from  Q  to 
P,  and  if  this  expression  be  negative,  P  is  said  to  have 
negative  potential  to  Q,  so  that  work  has  to  be  done  to  bring 
the  particle  up  from  P  to  Q.  When  P  is  positive  to  Q,  if  a 
channel  of  communication  were  opened  P  and  Q  would 
instantly  be  brought  to  the  same  potential.  This  is  commonly 
expressed  by  saying  that  +  Electricity  flows  from  P  to  Q. 
If  P  were  negative  to  Q  the  flow  of  electricity  under 
the  same  circumstances  would  be  in  the  opposite  direction. 
This  convention  is  clearly  in  accordance  with  our  analogy  of 
difference  of  level,  since  water  would  always  flow  from  a 
place  of  higher  to  a  place  of  lower  level  if  a  communication 
were  opened  for  it,  quite  independently  of  the  absolute  level 
of  the  two  places. 

5.  Absolute  Potential  at  a  point.  If  the  point  Q  is  so 
distant  from  all  parts  of  the  system  that  every    ^  may  be 
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neglected  compared  with  every  - ,  then  we  may  neglect  the 
i 
-p's  altogether  from  the  expression  and  we  have  S  -  for  the 

absolute  potential  at  a  point.     Here  there  is  no  change  of 

sign  as  in  Art.  39,  Cor.  2 :  since  when  2  -  is  positive  work 

has  to  be  done  on  the  -f  unit  to  bring  it  from  a  distant  point, 
or  the  zero  of  potential,  up  to  the  point  indicated  in  the 
field. 

61.  Premising  these  extended  definitions,  we  proceed  to 
deduce  some  important  results. 

Prop.  I.  The  potential  over  the  surface  and  within  the  mass 
of  an  electrified  conductor  is  constant,  and  lines  of  force  cut  the 
surface  at  right  angles. 

This  follows  from  our  first  experiment :  for  since  there  is 
no  electrical  force  within  the  charged  conductor  there  can  be 
no  change  of  potential,  or,  in  other  words,  the  potential  is 
constant.  That  the  potential  is  constant  within  the  mass  of 
any  conductor,  might  be  taken  as  the  definition  of  a  conductor, 
since  if  a  difference  of  potential  existed  between  any  two 
points  within  it,  there  would  be  a  field  of  force  within  the 
conductor  and  it  would  therefore  not  be  a  conductor. 

Since  lines  of  force  cut  at  right  angles  every  equipotential 
surface,  lines  of  force  emanate  at  right  angles  from  every 
conducting  surface. 

If  the  potential  is  constant  throughout  the  mass  of  a 
conductor  it  must  also  be  constant  throughout  any  internal 
cavities  of  the  conductor  (Art.  48,  Cor.),  since  there  is  no 
electrical  distribution  over  the  internal  conducting  surface 
unless  other  electrified  bodies  be  within  the  cavity  and 
insulated  from  it. 

Cor.  1.  The  law  of  density  on  a  freely  electrified  con- 
ductor is  the  same  as  the  law  of  thickness  of  a  film  of  matter, 
which  exerts  no  attraction  on  an  internal  point. 

Cor.  2.  Whenever  a  difference  of  potential  exists  be- 
tween two  bodies,  which  are  connected  by  a  conductor,  after 
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some  time,  short  or  long,  equality  of  potential  is  established. 
This  is  said  to  take  place  by  a  flow  of  positive  electricity 
from  the  place  of  higher  to  that  of  lower  potential.  Its  special 
investigation  we  defer  till  we  consider  electricity  in  motion. 

62.  Prop.  II.  The  strength  of  field  or  electrical  force  per 
4-  unit  just  outside  a  conductor  electrified  either  freely  or  by- 
induction,  at  a  point  where  the  density  is  p,  is  Inp. 

If  we  take  a  small  tube  of  force  originating  in  the  surface 
of  the  conductor,  whose  area  of  section  is  a,  and  the  force 
over  which  is  F,  then  Fa  is  constant  throughout  the  tube, 
and  on  passing  through  the  electrified  surface  changes  by 
4<7rpa.  But  within  the  conductor  F  vanishes,  and  hence  just 
outside  the  conductor  Fa  =  4>7rpa  or  F—  4*irp. 

This  might  also  be  proved  by  considering  the  force  within 
and  without,  near  a  small  element  of  the  surface,  taken  near 
the  point  under  consideration. 

Suppose  AB  such  an  element,  and  let  P,  Q  be  two  points, 
one  just  inside,  and  the  other  just  outside 
.Aj*  n       the  surface.     We   may  then  consider  the 
attraction  of  AB,  and  the  rest  of  the  con- 
ductor A  CB,  separately  from  each  other. 

It  is  clear  that  AB  exerts  on  a  +  unit* 
at  P  a  force  equal  and  opposite  to  that  of 
A  CB,  and  since  AB  may  be  treated  as  a  flat  plate,  uniformly 
electrified,  this  force  is  2irp  inwards. 

Again,  the  force  exerted  by  the  part  ACB  on  a  +  unit  at 
Q  is  the  same  as  that  which  it  exerts  on  P,  and  the  force  due 
to  AB  on  a  +  unit  at  Q  is  similarly  2irp  outwards. 

Hence,  the  total  force  on  a  +  unit  at  Q  is  2irp  due  to  AB, 
and  also  2irp  due  to  A  CB,  both  outwards,  or  the  whole  force 
on  a  +  unit  just  outside  the  conductor  is  47rp. 

Cor.  The  force  which  an  electrified  conductor  exerts  on 
any  portion  of  its  electrification  is  normal,  and  at  the  rate  of 
27T/o2  per  unit  of  area.     For  considering  the  element  AB,  the 

*  It  must  be  understood  in  this  and  other  cases  where  we  are  considering 
the  strength  of  a  field  that  the  +  unit  is  imaginary,  for  were  it  placed  at  the 
point  it  would  induce  a  distribution  of  electricity  over  the  surface  in  addition 
to  that  whose  effect  we  are  considering. 
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force  due  to  AGB  on  a  -f  unit  at  any  point  on  AB  is  Zirp,  and 
the  quantity  of  electricity  on  AB  is  pa,  if  a  be  the  area  of 
the  element  AB.  Hence  the  whole  force  on  the  electrification 
of  AB  is  27rp2<T.  Hence  the  force  exerted  on  the  electrifica- 
tion of  A  B  is  at  the  rate  of  2irp2  per  unit  area. 

63.  Prop.  III.  If  a  tube  of  force  cut  through  two  oppositely- 
electrified  surfaces  the  quantities  of  electricity  on  its  two  ends 
are  equal  and  of  opposite  sign. 

For  supposing  F,  a  to  represent  the  force  per  +  unit  and 
area  of  section  at  one  surface,  and  F',  a'  the  force  per  +  unit, 
measured  in  same  direction,  and  section  of  tube  at  the  other 
surface, 

Fa  =  F'a'. 
But  F=  4<7rp,  if  p  be  the  density  on  one  surface, 

F'  —  —  4urp ',  if  p  be  the  density  on  the  other  surface  ; 

. '.  4)7rpa  =  —  kirp'a' ; 

.  .  p(T  =  —  pa, 

or  q  =  -  q, 

where  q,  q'  are  the  quantities  of  electricity  on  the  two  surfaces 

respectively. 

64.  Prop.  IV.  A  closed  conducting  shell  screens  completely 
from  each  other  the  fields  of  force  due  to  electrical  separations 
made  on  opposite  sides  of  it. 

Suppose  in  the  figure  we  have  a  hollow  conducting  body, 
and  let  there  be  within  its 
inner  surface  def  one  system 
of  electrified  bodies  a,  b,  c, 
and  also  without  its  outer 
surface  DEF  another  system  ©  A 
A,  B,  a 

The  system  A,  B,  G  will 
bring  the  surface  DEF  to  a  ^%£^       ^J0^  ® C 

constant  potential  and  both  -  j? 

the   substance   of    the    con-  0B  Fi    16> 

ductor  and  the  space  inside 

it  will  be  at  that  same  potential.  Hence  there  is  no  field 
due  to  A,  B,  G  within  the  conductor. 
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The  system  a,  b,  c  will  bring  the  surface  def  to  a  constant 
potential  and  the  whole  conductor  and  space  outside  it  will 
as  far  as  they  are  concerned  be  at  that  same  potential.  Also 
if  the  electrical  separations  be  made  within  def  the  total 
electrification  of  a,  b,  c  and  the  surface  def  will  be  nil,  and 
there  will  be  no  complementary  charge  on  DEF.  Hence  the 
field  of  force  due  to  a,  b,  c  will  be  enclosed  by  the  surface  def 
and  will  have  no  existence  outside  it. 

Hence  we  have  two  fields  of  force  quite  independent  of 
each  other ;  that  due  to  a,  b,  c  inside  the  hollow  conductor 
and  that  due  to  A,  B,  G  outside  it. 

Cor.  If  the  conducting  shell  be  connected  with  the  earth 
it  will  be  always  at  zero  potential  and  the  two  electrical 
systems  a,  b,  c  and  A,  B,C  within  and  without  will  be  wholly 
screened  from  each  other  whether  their  total  amounts  vanish 
or  not. 

65.  We  can  now  explain  why  the  potential  of  the  earth 
both  for  practical  and  theoretical  purposes  may  be  most 
conveniently  chosen  as  our  zero  of  potential.  Since  all 
electrical  experiments  (except  those  on  atmospheric  elec- 
tricity) are  performed  in  rooms  which  are  simply  hollows  in 
a  large  conductor  (the  Earth),  all  our  fields  of  force  will 
(Prop.  IV.)  consist  of  the  space  between  our  instruments  and 
the  walls  of  the  room  where  the  experiments  are  made,  these 
walls  being  conducting  and  being  cut  at  right  angles  by  the 
lines  of  force  which  terminate  in  them.  Hence  no  work  will 
be  done  by  the  electrical  system  inside  the  room  if  the 
+  unit  be  carried  about  outside  the  room,  and  the  work  done 
in  carrying  it  from  the  walls  to  a  point  inside  the  room  is 
exactly  the  same  as  that  which  would  be  done  in  carrying  it 

from  infinity  to  the  same  point.     The  expression  2-  (see 

Art.  60),  supposing  the  summation  to  include  the  comple- 
mentary distribution  on  the  walls  of  the  room,  will  be  the 
difference  of  potential  between  the  walls  of  the  room  and  the 
point  under  consideration.  Making  the  earth  our  provisional 
zero  we  may  therefore  apply  with  the  highest  accuracy  all 
our  formulae  derived  from  the  hypothesis  of  an  absolute  zero 
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at  an  infinite  distance  from  all  electrification.  Of  course 
external  to  the  room  there  may  be  a  field  due  to  the  earth's 
electrification,  but  the  last  proposition  shows  that  this  field 
is  quite  independent  of  that  inside  the  room,  only  raising  or 
lowering  the  potential  of  the  room  and  everything  in  it  by  a 
certain  amount,  so  that  as  far  as  the  electrical  actions  inside 
the  room  are  concerned  we  may  treat  our  electrical  separation 
as  the  only  one  in  the  universe*. 

66.  A  body  will  have  positive  or  negative  potential 
according  as  it  is  positive  or  negative  relatively  to  the  earth. 
This  must  be  clearly  distinguished  from  a  positive  or  negative 
electrification,  since  a  negatively  electrified  body  may  have 
positive  potential  owing  to  being  placed  in  a  region  where 
there  is,  owing  to  other  electricity,  a  numerically  higher 
positive  potential  than  its  own  negative  potential,  and  vice 
versa.  A  positively  or  negatively  electrified  body  is  one 
which  when  separated  to  a  great  distance  from  all  other 
conductors  is  respectively  positive  or  negative  to  the  earth. 

67.  If  we  have  an  electric  system  in  a  room  which  is 
very  large  compared  to  the  greatest  dimensions  of  the  system, 
we  may  often  neglect  entirely  for  points  near  the  system  the 
action  of  the  complementary  charge  on  the  walls  of  the  room, 

the  potential  2  -  only  including  the  charge  of  the  system 

itself.     In  this  case  the  body  is  said  to  be  freely  electrified. 

*  The  analogy  noted  above  between  potential  and  temperature  is  very 
noticeable  in  relation  to  electrostatic  potential.  Just  as  temperature  at  a 
point  expresses  a  certain  condition  in  relation  to  heat,  so  electrostatic  poten- 
tial at  a  point  expresses  the  condition  at  that  point  in  relation  to  electricity. 
Just  as  we  should  pass  through  our  lives  without  any  sensible  knowledge  of 
temperature  if  we  always  lived  in  a  medium  whose  temperature  was  the  same 
or  sensibly  the  same  as  that  of  our  own  bodies,  so  we  do  pass  through  our 
lives  without  any  sensible  knowledge  of  potential,  because  we  and  our  sur- 
roundings are  always  at  the  same  potential  as  the  earth.  If  our  bodies  are 
ever  in  a  region  where  there  is  a  rapid  change  of  potential,  we  become  aware 
of  it  by  the  erection  of  our  hairs,  by  a  tickling  sensation  on  our  skin,  and  by 
giving  off  of  sparks  when  we  approach  bodies  at  a  different  potential  to  our 
own,  and  by  a  shock  through  our  nervous  and  muscular  system  (which  often 
results  in  death)  if  for  an  instant  different  parts  of  our  bodies  are  at  a  large 
difference  of  potential.  It  is  only  the  property  that  all  conductors  are  equi- 
potential  throughout  that  makes  the  appeal  to  the  senses  less  understood  in 
electricity  than  in  heat. 
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68.  Prop.  V.  If  one  distribution  of  electricity  make  the 
potential  V0  at  a  given  point,  and  another  distribution  over  the 
same  system  make  the  potential  Vlf  the  potential  due  to  the  two 
distributions  will  be  V0  +  Vv 

For  if  there  be  quantities  of  electricity  at  a  point  distant 
r  from  the  given  point,  q0  and  qx  corresponding  to  the  poten- 
tials V0  and  Vi ,  the  term  in  the  total  potential  corresponding 

to  these  will  be  — — —  or  -  +  —  ,  and  since  this  will  be  true 
v  r      r 

for  each  element,  it  will  be  true  for  the  sum,  and  we  shall 

have  the  whole  potential 

r  r  r 

Cor.  If  the  potential  of  a  conductor  due  to  a  certain 
quantity  Q  of  electricity  be  V,  the  potential  due  to  nQ 
distributed  according  to  the  same  law  will  be  nV. 

69.  Prop.  VI.  There  cannot  be  two  different  laws  of  distri- 
bution of  electricity  on  a  given  conductor. 

1.  For  a  free  distribution.  If  possible,  let  there  be  two 
such  laws,  then  they  must  both  produce  a  constant  potential 
within  the  conductor.  Hence,  if  distributions  according  to 
the  two  laws  be  superimposed  on  each  other,  the  combined 
distribution  will  produce  a  constant  potential  within  the 
conductor.  Let  now  equal  amounts  of  positive  and  negative 
electricity  be  spread  over  the  surface  according  respectively 
to  the  two  laws  of  distribution  referred  to.  At  parts  they 
neutralize  each  other,  and  at  parts  there  is  an  excess  of 
positive  electricity,  in  others  an  excess  of  negative  electricity. 
Hence  a  free  distribution,  partly  positive  and  partly  negative, 
produces  a  constant  potential  within  the  conductor,  a  result 
obviously  absurd. 

2.  For  an  induced  electrification.  If  we  reverse  the  sign 
of  electrification  in  each  body,  distributing  the  positive  elec- 
tricity according  to  one  law  and  the  negative  according  to 
another,  we  shall  have  a  system  of  bodies,  the  total  electrifi- 
cation of  each  being  nil,  with  electrifications  partly  positive 
and  partly  negative  over  the  surface  of  each.  This  is  clearly 
an  impossible  distribution,  since  each  body  would  instantly 
become  neutral. 
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70.  We  will  now  investigate  the  relation  between  the 
charge  and  potential  of  a  conductor.  To  do  this  we  first 
define  capacity. 

Def.  Capacity.  The  quantity  of  electricity  ivhich  will 
bring  a  conductor  from  zero  to  unit  potential,  is  defined  to  be 
the  capacity  of  the  conductor. 

It  is  clear  that  the  capacity  of  a  conductor  depends  not 
only  on  the  conductor  itself,  but  on  all  surrounding  electrified 
and  unelectrified  bodies. 

Prop.  VII.  If  0  be  the  capacity  of  a  conductor  removed  from 
all  other  conductors,  which  is  raised  from  zero  to  potential  V  by  a 
charge  Q  of  electricity,  Q  =  C V. 

For  since  the  electrification  of  the  conductor  can  be  only 
according  to  one  law,  it  is  clear  that  each  increment  of  the 
charge  is  spread  over  the  conductor  according  to  the  same 
law,  and  the  density  at  each  point  is  altered  in  the  same 

ratio.     Hence  the  sum  2  -  or  the  potential  will  be  altered  in 

the  same  ratio,  or  the  change  in  V  is  always  proportional  to 
the  change  in  Q.  But  when  V=l,  Q  =  G.  Hence  Q  =  CV 
always. 

Cor.  It  follows  that  if  a  conductor  be  in  a  region  at 
potential  V0,  and  be  brought  up  to  potential  V,  the  quantity 
of  the  charge  is  G(V—  F0),  since  the  potential  without  any 
free  charge  is  V0.  The  potential  of  a  body  so  electrified, 
examined  by  an  electrometer  entirely  in  the  region  at  V0, 
will  be  V—  V0}  but  examined  by  an  electrometer  with  one 
pole  to  earth  it  will  be  V. 

71.  Prop.  VIII.  If  a  distribution  of  electricity  over  a  closed 
surface  produce  a  force  at  every  point  of  the  surface  perpen- 
dicular to  it,  this  distribution  will  produce  a  constant  potential 
at  every  point  within  the  surface. 

Since  the  resultant  force  at  any  point  has  no  component 
along  the  surface,  the  rate  of  change  of  potential  along  the 
surface  vanishes,  and  the  surface  is  a  surface  of  constant 
potential. 

If  the  potential  at  every  point  within  the  surface  be  not 
the  same,  draw  within  it  a  system  of  equipotential  surfaces 
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and  tubes  of  force.  The  equipotential  surfaces  can  in  no 
case  cut  the  surface  of  the  conductor,  since  the  lines  of  force 
are  everywhere  perpendicular  to  it.  Hence,  as  we  proceed 
inwards,  the  successive  surfaces  must  constantly  diminish  in 
area,  and  at  last  vanish.  Conceive  now  any  tube  of  force 
proceeding  from  the  surface  inwards.  Throughout  it  Fa  is 
constant,  and  at  some  point  within  the  surface  a  must 
vanish,  and  at  this  point  F  must  be  infinite.  But  F  can 
only  be  infinite  at  a  point  indefinitely  near  to  another  point, 
having  a  finite  quantity  of  electricity,  and  by  supposition 
such  a  point  does  not  exist  within  the  surface. 

Hence  we  see  that  the  distribution  on  the  conductor  is  a 
possible  one,  and  Prop.  VI.  shows  that  it  is  the  only  one. 

72.    Prop.  IX.    If  an  equipotential  surface  belonging  to  any 
electrical  system  be  drawn,  and  a  distribution  of  electricity  be 
made  over  that  surface  such  that  the  density  at  each  point  is 
p 
■t-  ,  where  F  is  the  resultant  force  of  the  system  at  that  point, 

then  this  electrification  will  be  in  equilibrium  and  will  produce 
on  all  external  electrified  particles  the  same  force  as  the  given 
electrical  system  or  part  of  the  system  enveloped  by  the  surface. 

For  let  A,  B,  (7,...  be  a  system  of  electrified  particles,  and 
let  PQR  be  an  equipotential  sur- 
•w     face  which  we  will  first  suppose 
to  enclose  the  system. 

Replace  for  a  moment  PQR 
by  a  conducting  surface  com- 
municating with  the  earth  which 
therefore  neutralizes  any  distri- 
bution on  the  outside  surface 
PQR.  The  distribution  on  the 
inner  surface  PQR  will  screen  an 
external  +  unit  at  W  from  the  action  of  A,  B,  (7,...  (Prop.  IV. 
Cor.).  This  can  only  happen  through  a  distribution  of 
electricity  on  PQR,  which  produces  on  IF  a  force  exactly 
equal  and  opposite  to  that  produced  by  A,  B,  C,...  (Prop.  I. 
Cor.  1.). 

Let  now  W  be  close  to   the   surface,   say   at   P.     The 
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resultant  force  F  of  A,  B,  C,...  will  here  be  perpendicular  to 
the  surface.  Hence  the  resultant  force  due  to  the  induced 
charge  will  also  be  perpendicular  to  the  surface  and  will 
equal  —  F,  and  this  will  be  true  for  each  point  on  the  surface  : 
and  therefore  by  the  last  proposition  this  induced  distribu- 
tion is  according  to  the  same  law  as  a  free  distribution.  But 
for  a  free  distribution  of  density  p  the  force  just  outside  is 
47rp,  hence  for  the  electrical  force  just  inside 

V       A  F 

—  b  —  <kirp,  or  p  =  —  — — . 

r  r  4-7T 

This  gives  us  the  density  of  the  induced  distribution. 

If  we  now  distribute  electricity  over  PQR,  whose  density 

at  each  point  is  +  ^— ,  we  clearly  get  a  distribution  which 

produces  on  W  a  force  the  same  in  amount  and  direction  as 
the  original  distribution  A,  B,  C,...  and  this  distribution  is  a 
free  distribution. 

Hence  we  may  remove  the  original  system  A,B,  C,...  and 
replace  it  as  far  as  actions  outside  are  concerned  by  the  equi- 
potential  surface  electrified,  so  that  its  electrical  density  at 

F 
each  point  is  —  • 

Next  suppose  the  equipotential  surface  to  pass  between 
two  parts  of  the  system,  and  let  A,  B  represent  the  two  parts 
which  are  external  and  internal  respectively.  If  the  surface 
be  replaced  by  a  conducting  surface  which  is  to  Earth,  there 
will  be  two  independent  distributions,  that  induced  by  B  on 
the  inside  and  that  induced  by  A  on  the  outside.  Consider  the 
distribution  induced  by  B.  It  must  neutralize  the  action  of 
B  on  all  external  electrified  particles.  Hence  this  distribution 
reversed  in  sign  will  give  the  same  strength  of  field  as  B 
at  all  external  points.  This  distribution  together  with  A 
will  therefore  give  the  same  strength  of  field  at  all  external 
points  as  the  whole  system  A,  B,  i.e.  it  will  give  a  force  every- 
where perpendicular  to  the  electrified  surface.  Hence  (Art. 
71)  this  distribution  is  equipotential  and  (Art.  62)  the  density 
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rr 

at  each  point  is  measured  by  j-  ,  where  F  is  the  resultant 
force  at  the  point  on  the  surface  measured  outwards. 

Cor.  1.  The  total  amount  of  electricity  in  the  distribution 
will  be  equal  to  that  in  the  part  of  the  system  enveloped  by 
the  surface. 

F 

Cor.  2.     In  the  second  case  since  the  distribution  -j— 

47T 

produces  equal  potential  throughout  the  conductor,  it  must 
be  the  distribution  induced  by  A  on  the  conducting  surface. 
Hence  the  distributions  due  to  A's  and  B's  induction  are  at 
every  point  on  the  surface  equal  and  opposite. 

Cor.  3.  It  follows  that  if  we  have  any  non-conducting  mass 
and  any  system  of  electrified  conductors  distributed  within 
it,  the  resultant  force  on  any  external  electricity  can  be  re- 
presented by  a  distribution  of  electricity,  partly  positive  and 
partly  negative,  on  the  bounding  surface  of  the  non-conductor. 
For  if  we  for  a  moment  conceive  the  bounding  surface 
conducting  and  connected  with  the  earth,  a  charge  will  be 
induced  which  screens  the  electrified  bodies  inside  from 
all  external  action.  If  this  charge  be  reversed  in  respect  of 
positive  and  negative  and  spread  over  the  surface  of  the  non- 
conductor, this  distribution  satisfies  the  condition  of  the 
problem. 

73.  We  have  shown  (Art.  72)  that  when  an  equipotential 
surface  passes  between  two  parts  A,  B  of  a  system  so  as  to 
envelope  B,  a  distribution  of  electricity  whose  law  of  density 

EI 

is  j-  gives  at  every  external  point  a  strength  of  field  equal 

to  that  of  B.  For  this  reason  B  is  called  the  electrical  image 
of  the  electrified  surface  at  all  external  points.     Similarly  a 

F 
distribution  whose  density  is  —  j—  gives  a  force  equal  to  A 

at  all  points  within  the  surface,  and  A  is  therefore  the 
electrical  image  of  this  distribution  at  all  internal  points. 

Def.  Electrical  Images.  An  electrical  image  of  a 
distribution  of  electricity  on  a  given  surface  is  a  point  or 
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series  of  points  on  one  side  of  the  electrified  surface,  which 
if  charged  tvith  certain  quantities  of  electricity  and  substituted 
for  the  electrified  surface  would  produce  on  the  other  side  of 
that  surface  the  same  electrical  action  as  the  actual  electrifi- 
cation does  produce. 

If  we  apply  this  to  a  single  electrified  particle  we  see  that 
(its  equipotential  surfaces  being  spheres)  we  may  substitute 
for  the  electrified  particle  an  equal  distribution  over  any 
spherical  surface  which  has  the  given  particle  for  centre,  and 
the  action  of  the  electrified  sphere  at  all  external  points  will 
be  identical  with  that  of  the  electrified  particle.  This  gives 
us  an  indirect  proof  of  the  proposition  that  the  attraction  of 
a  freely  electrified  sphere  on  any  external  electricity  is  the 
same  as  if  the  whole  electrification  of  the  sphere  were 
condensed  at  its  centre*. 

We  defer  till  next  chapter  the  consideration  of  some 
problems  in  electrical  images,  a  method  due  to  Sir  W.  Thomson, 
and  one  which  has  in  his  hands  led  to  the  resolution  of  many 
problems  of  the  highest  order  of  difficulty.  (See  papers  on 
Electrostatics  and  Magnetism.) 

74.  Prop.  X.  To  determine  the  law  of  density  over  a  freely 
electrified  surface. 

We  have  already  indicated  (Prop.  I.  Cor.  2)  the  means  by 
which  this  can  be  done,  but  in  almost  every  particular  case 
the  analysis  baffles  us. 

The  only  method  practically  useful  is  indirect  and  depends 
on  the  principle  of  electrical  images.  We  draw  a  number  of 
equipotential  surfaces  for  systems  of  particles  with  different 
relative  amounts  of  electricity.  From  such  surfaces  we  select 
one  which  most  nearly  corresponds  to  the  conductor  in  ques- 

*  This  also  gives  an  indirect  proof  of  the  geometrical  theorem  that  the 
area  of  a  sphere  is  47r  times  the  square  on  its  radius.  For  let  a  sphere  of 
radius  R  be  charged  with  a  quantity  Q  of  electricity,  the  strength  of  field 

just  outside  the  sphere  is  -^  and  this  equals  irrp,  where  p  is  the  density. 

Q 

Hence  P=  j—™'-  but.  the  density  of  a  uniform  distribution  is  the  quotient  of 

the  charge  by  the  area.     Hence  the  area  is  47rJR2. 

5—2 
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tion.  Calculating  the  force  at  each  point  on  the  surface  and 
dividing  by  47r,  we  get  the  law  of  density  at  each  point  of 
the  free  electrification. 

We  can  however  lay  down  one  general  rule,  that  the 
electrical  density  of  a  free  electrification  is  always  greatest 
at  places  of  greatest  curvature. 

If  we  compare  a  tube  of  force  starting  from  a  small 
area  at  a  very  convex  portion  of  the  surface 
(Fig.  18)  with  another  tube  starting  from  an 
equal  base  on  a  less  convex  portion,  we  see 
that  the  more  convex  the  surface,  the  more 
rapidly  the  tube  widens  out.  As  we  recede 
from  the  surface  the  law  of  Force  approxi- 
mates to  that  of  inverse  square  of  distances  (Art.  56)  and  all 
tubes  therefore  widen  as  the  direct  squares  of  distances,  that  is, 
all  at  the  same  rate  as  you  retreat  from  the  electrified  system. 
At  the  same  time  the  equipotential  surfaces  approximate  to 
spheres  and  the  value  of  F  over  each  sphere  becomes  uniform. 
Thus  we  see  that  at  great  distances,  sections  of  the  two 
tubes  remain  unequal  while  the  average  value  of  F  over 
each  becomes  the  same.  Hence  Fa  must  always  be  greater 
for  the  tube  starting  from  the  place  of  high  than  for  that 
starting  from  the  place  of  low  curvature,  or  in  other  words, 
F  is  high  where  the  curvature  is  high.  And,  since  F=4nrp 
just  outside  the  surface,  where  F  is  high  p  also  is  high. 

It  also  appears  that  at  an  edge  or  point  the  density  is 
infinite,  for  (Fig.  19)  we  have  a  tube  with  a 
zero  base  rapidly  widening  out  to  a  finite  area. 
For  Fa  to  be  constant  throughout  such  a 
tube,  either  F  is  infinite  when  a  =  0,  or  F 
vanishes  whenever  a  is  finite,  which  clearly 
Fig.  19.  is  not  the  case.     As  a  matter  of  fact  there 

is  no  such  thing  in  nature  as  a  point  or  an 
edge,  the  parts  we  call  such  being  in  reality  rounded  off. 
Even  if  a  point  did  exist  we  know  that  the  density  could 
not  be  infinite,  since  the  air  would,  under  high  tension, 
cease  to  be  an  insulator,  and  would  conduct  away  the 
electricity.  This  does,  in  fact,  explain  the  glow  always 
seen  in  the  dark  at  sharp  points  when  electrified. 


TO    STATICAL   ELECTRICITY.  69 

75.  We  have  hitherto  referred  to  electrical  actions  as 
taking  place  in  air,  and  assuming  that  the  effects  might  be 
represented  by  action  at  a  distance,  have  made  no  reference 
to  the  dielectric  across  which  these  actions  take  place.  This 
was  the  universally  accepted  view  on  the  subject  till  Faraday 
by  a  series  of  experiments  established  the  theoretical  result 
that  all  actions  apparently  at  a  distance  are  the  outcome  of 
actions  taking  place  in  the  intervening  dielectric,  and  also  that 
the  nature  of  the  dielectric  influences  the  amount  of  these 
actions. 

To  explain  Faraday's  Theory  of  Inductive  Action  we  must 
conceive  the  air  or  other  dielectric  to  consist  of  a  number  of 
conducting  molecules,  separated  from  each  other  by  layers  of 
insulating  material.  We  may  perhaps  represent  the  medium 
as  consisting  of  a  number  of  small  metallic  shot  bedded  in 
and  kept  apart  from  each  other  by  shellac.  If  now  we  con- 
ceive a  positively  electrified  conductor  surrounded  by  such  a 
medium,  the  effect  of  the  electrification  is  to  separate  the 
electricities  in  the  layer  next  the  body,  each  shot  acquiring  a 
positive  and  a  negative  pole,  the  negative  pole  being  directed 
towards  the  conductor.  This  layer  of  shot  produces  an 
exactly  similar  electrical  separation  in  the  layer  next  to  it, 
and  so  on  through  the  whole  dielectric,  the  poles  of  the  con- 
secutive molecules  always  being  along  the  lines  of  force.  The 
degree  of  electrical  separation  in  each  molecule  depends  on 
the  amount  of  the  original  electrification,  to  which  the  whole 
amount  separated  over  any  equipotential  surface  is  equal. 

It  is  easily  shown  that  the  amount  of  electrical  separation 
across  any  equipotential  surface  bounded  by  a  given  tube  of 

force  is  measured  by  +  j-  F  per  unit  area.  For  if  the  sur- 
face become  conducting  and  Q  be  the  quantity  of  electricity 
on  the  base  of  any  tube  of  force  originating  in  the  conductor, 
—  Q  will  be  (Art.  63)  separated  inwards  and  +  Q  therefore 
outwards.     But  if  p  be  the  density  of  the  electrification  on 

Fa 

the  base  of  any  tube  of  area  a,  Q  =  P<t  =  -. —  (Art.  62) ;  and 

47T 

since  the  product  Fa  is  constant  throughout  the  tube,  F  and 
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er  may  be  measured  for  any  equipotential  surface  the  tube 
cuts.  Assuming  the  same  separation  to  take  place  in  the 
dielectric  as  in  the  conducting  surface  its  amount   will   be 

F° 

+  - —  over  any  small  area  a. 

We  may  express  this  by  saying  that  the  quantity 
separated  per  unit  of  area  across  any  equipotential  surface 

F 

is  ±  j- ,  an  expression  we  have  already  found  (Art.  62)  for 

the  density  of  a  free  electrification. 

The  medium  is  by  this  means  put  in  a  state  of  strain,  the 
lines  of  strain  being  the  lines  of  force.  The  medium  when 
strained  tends  to  return  to  the  normal  state  by  a  discharge  of 
electricity  from  molecule  to  molecule,  and  the  greater  or  less 
facility  with  which  this  is  effected  constitutes  better  or  worse 
conduction.  A  good  conductor  cannot  withstand  a  very 
small  strain,  while  a  good  insulator  only  yields  to  a  very 
violent  strain.  All  bodies  in  nature  fall  between  the  limits 
of  a  perfect  conductor  and  a  perfect  insulator. 

We  proceed  to  consider  the  effect  of  changing  the  dielec- 
tric on  the  electrical  actions  of  a  system. 

76.  Prop.  XI.  In  any  given  system  charged  with  a  given 
quantity  of  electricity,  the  effect  of  changing  the  dielectric  is 
to  alter  the  potential  of  all  bodies  in  the  system  in  a  certain 
ratio. 

Take  the  simplest  case,  that  of  a  conductor  immersed  in 
a  medium  and  freely  electrified. 

Supposing  the  medium  to  extend 
to  an  indefinite  distance  round  the 
conductor,  the  whole  effect  of  the 
system  of  electrified  molecules  com- 
posing the  medium  may  be  repre- 
sented by  a  distribution  of  electricity 
over  the  inner  surface  of  the  die- 
lectric (Prop.  IX.  Cor.). 

Again,  assuming  the  dielectric  to  be  electrically  homo- 
geneous (isotropic),  or  to  have  no  electric  polarity,  we   see 
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that  a  change  in  the  dielectric  cannot  produce  any  change 
in  the  form  of  the  system  of  equipotential  surfaces. 

The  only  effect  therefore  of  changing  the  dielectric  is  to 
alter,  in  a  certain  ratio,  the  effective  electrification  at  each 
point.  Thus  if  p  be  the  density  at  any  point  on  an  electri- 
fied conductor,  conceived  apart  from  any  medium,  the  effec- 
tive density  on  that  point,  when  immersed  in  one  medium 

A,  becomes  -^,  and  when  in  another  medium  B,  it  becomes 

■£-, ,  where  K  and  K'  are  constants  depending  only  on  the 
media. 

Again,  since  the  potential  at  any  point  is  2  - ,  which  is 
the  same  as  £  — ,  where  p  is  the  density  on  a  small  area  a,  it 

is  clear  that  the  potential  V  when  in  medium  A  becomes  ^ 

V 
and  when  in  medium  B,  -^ . 

This  proves  the  proposition  for  a  conductor  freely  electri- 
fied in  space,  and  the  same  method  of  proof  can  clearly  be 
extended  to  any  system  of  electrified  bodies  whatever,  since 
in  that  case  the  whole  system  of  equipotential  surfaces  must 
remain  the  same,  and  that  can  only  occur  when  the  electri- 
fication is  everywhere  altered  in  the  same  ratio. 

77.  If  we  have  the  same  conductor  immersed  first  in  a 
medium  A  and  then  in  a  medium  B  and  brought  from  zero 
up  to  the  same  potential  V,  the  quantities  of  electricity  are 
in  the  ratio  K  to  K'.     For  in  the  medium  A  the  effective 

quantity  is  ^  and  therefore  -^.=  CV  and  Q  =  CKV.     Simi- 
larly in  the  medium  B,  Q'=CK'  V.    Hence  as  Q  :  Q'  ::  K  :  K'. 

The  ratio  K  to  K'  for  the  two  media  A  and  B  is  called 
the  ratio  of  their  specific  inductive  capacities.  Since  we  know 
nothing  of  the  behaviour  of  a  conductor  removed  from  any 
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medium  we  can  only  compare  different  media.  Our  standard 
of  reference  is  air,  and  its  specific  inductive  capacity  is  taken 
as  a  unit  and  the  capacities  of  all  other  media  compared 
with  it. 

Faraday  has  shown  experimentally  that  the  specific  induc- 
tive capacity  of  all  gases  whatever  at  all  temperatures  and 
pressures  is  the  same,  and  it  is  this  circumstance,  combined 
with  its  excellence  as  an  insulator,  which  makes  air  so  con- 
venient as  a  standard.  He  also  found  that  for  all  the  solid  and 
liquid  dielectrics  he  experimented  on,  the  specific  inductive 
capacity  was  greater  than  for  air. 

Def.  Specific  inductive  capacity  of  any  dielectric  is 
the  ratio  of  the  charge  on  a  conductor  immersed  in  it  to  the 
charge  on  the  same  conductor  raised  to  the  same  potential 
in  air. 

In  our  future  investigations  we  shall,  unless  the  contrary 
is  stated,  assume  all  actions  to  take  place  in  air,  our  formulae 
then  being  identical  with  those  proved  for  action  at  a  distance, 
and  in  any  case  where  the  dielectric  is  different  from  air  we 
shall  simply  have  to  multiply  the  capacity  of  each  conductor 
by  the  specific  inductive  capacity  of  the  dielectric  in  question. 

78.  Prop.  XII.  To  calculate  the  energy  exerted  in  charging 
any  conductor. 

By  definition  the  potential  is  the  work  done  in  bringing 
a  +  unit  of  electricity  from  zero  up  to  the  given  potential, 
and  if  Q  units  of  electricity  be  brought  up  from  potential 
zero  to  potential  V,  the  energy  exerted  is  QV.  This  however 
is  only  true  on  the  supposition  that  the  whole  amount  of 
electricity  at  potential  V  is  so  large  that  the  addition  of  the 
quantity  Q  does  not  sensibly  raise  the  potential.  If,  how- 
ever, Q  represent  the  whole  charge  we  should  infer  that  the 
energy  would  be  hQV,  since  at  the  beginning  the  potential 
is  at  zero  at  the  end  at  V,  and  consequently  the  average 
potential  is  \  V  and  the  whole  energy  exerted  ^  Q  V. 

We  may  show  the  same  result  by  the  graphical  method 
(Art.  6,  Fig.  2)  representing  quantities  by  abscissas  and 
potentials  by  ordinates.     Since  the  rise  in  potential  is  in  a 
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constant  proportion  to  rise  in  quantity  the  extremities  of  the 
ordinates  are  on  a  straight  line.  If  we  now  suppose  the 
charge  made  by  successive  small  quantities  and  construct  the 
corresponding  parallelograms,  it  is  clear  that  the  area  of  each 
parallelogram  represents  the  amount  of  energy  expended  in 
raising  the  quantity  represented  by  its  base  to  the  potential 
represented  by  its  height.  Hence  the  whole  energy  is  repre- 
sented by  the  area  of  the  trapezium  which  here  becomes  a 
triangle  whose  base  is  Q,  height  Fand  area  \QV. 

We  give  still  another  proof  of  an  algebraical  kind  of  this 
very  important  proposition. 

Let  the  whole  charge  Q  be  communicated  to  a  conductor 
of  capacity  C  by  n  different  charges  each  equal  in  amount  to 
q,  so  that  Q  —  nq. 

The  potential  communicated  to  the  conductor  by  the 

first  charge  q  is  ^ .     On  bringing  up  the  second  charge  q  the 

q2 
work  done  is  ^  and  the  conductor  acquires  the  potential 

-i .     On  bringing  up  the  third  charge  the  potential  becomes 

-Jf ,  and  the  work  done  in  bringing  it  up  is  -—-  and  so  on. 

Hence  the  total  energy  expended  in  bringing  up  succes- 
sive charges  each  equal  to  q  is 

£  +  ^£  +  ,  {n-l)tf  _q*  (n-l) 

0"*"  G  + +       G  G      2 

-»*y('-3-»&('-3-wH 

Q,  V  being  the  final  charge  and  potential  respectively.  Now 
if  the  successive  charges  be  made  sufficiently  small,  and  the 

number  of  them  sufficiently  great,  -  may  be  neglected,  and 

we  get  as  before  for  the  whole  energy  expended  in  charging 
the  conductor  %QV. 
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The  principle  of  the  conservation  of  energy  shows  us  that 
the  energy  which  runs  down  in  the  discharge  is  equal  to  the 
energy  which  is  exerted  in  the  charge,  or  we  may  prove  it  in- 
dependently by  assuming  the  discharge  to  take  place  by  a 
series  of  n  discharges  of  quantity  q. 

The  sum  of  the  energy  which  runs  down  in  the  successive 
discharges  will  be 

G      q+     C      ?+"-+  c  q 


_{n-\)f     (n-2)g»  f 

G        "*"        C     -^'--t-G' 

the  same  series  as  above. 

Hence  we  see  that  the  energy  of  charge  or  discharge  is 
measured  by  \QV. 

79.  If  we  have  any  system  of  conductors  charged  with 
given  quantities  of  electricity,  the  energy  expended  in 
charging  the  whole  system  is  the  sum  of  the  energies 
exerted  in  charging  the  separate  conductors. 

It  might  at  first  sight  appear  that  the  order  in  which  the 
different  conductors  of  a  system  are  charged  would  affect  the 
energy,  since  each  charge  alters  not  only  the  potential  of  the 
body  in  question  but  inductively  that  of  all  other  bodies  in  the 
system.  The  conservation  of  energy  shows  however  that  the 
order  of  charge  or  discharge  must  be  on  the  whole  immaterial, 
as  otherwise  by  continually  charging  a  system  in  one  order  and 
discharging  it  in  a  different  order  there  would  be  a  gain  of 
energy.  The  same  principle  shows  us  that  if  we  charge  a 
system  of  conductors,  insulate  them  and  move  them  about  in 
any  way  relatively  to  each  other,  the  whole  work  done  against 
electrical  forces  is  the  excess  of  the  energy  after  the  move- 
ments have  taken  place  over  the  energy  of  the  system  when 
first  electrified.  We  shall  illustrate  the  use  of  this  principle 
hereafter. 

80.    Prop.  XIII.    To  investigate  the  electrification  of  two  con- 
ductors subject  to  each  other's  inductive  influence. 

We  will  call  the  conductors  Ax  and  A*     Let  them  be 
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insulated  and  uncharged  at  first.  Suppose  now  Ax  charged 
with  a  unit  of  positive  electricity,  and  let  its  potential  be 
called  pxx,  and  let  the  potential  of  A2  by  induction  of '  Ax  be 
pX2.  We  will  call  pxx  the  coefficient  of  potential  of  Ax  on 
itself  and  pX2  the  coefficient  of  potential  of  A x  on  A 2.  If 
there  be  a  charge  Qx  on  Ax  the  potential  of  A1=pnQ1  and 
that  of  A2  =  pX2Qx. 

Next  let  A 2  receive  a  charge  of  one  unit  of  positive 
electricity  and  let  its  potential  be  p22  and  let  the  potential  of 
Ax  by  induction  be  p21.  Then  if  A2  have  a  charge  Q2  the 
potential  of  A2=p22Q2  and  that  of  Ax=p21Q2. 

If  the  two  conductors  be  then  at  potentials  Vx  and  V2  we 
have  by  superposition  of  electrifications  (Art.  68), 

Vx=pxxQx+p2XQ2) 

V2=p12Q!+p22Q2, 

which  give  the  potentials  in  terms  of  the  quantities  of  the 
several  electrifications. 

We  can  now  solve  these  equations  and  obtain  the  charge 
of  each  conductor  in  terms  of  the  potentials.  We  have  by 
ordinary  algebra 

ft  = & -v1+ & .v2, 

P22  ■  pn  ~  P12  •  Pa  P12  •  P21  ~  P22  •  Pn 

and 

Q2= ^ .V1+ & .F2. 

^12  •  P21  ~  p22  •  ^11  p22  •  i?U  -  Pl2  •  £>2! 

We  will  write  these  equations  in  the  form 

Qi  =  qn.Vi  +  qzL.V2, 

Q2  =  qv2  •  Vi  +  q™  •  V* 
Here  qn  is  clearly  the  quantity  of  electricity  which  will 
bring  Ax  to  unit  potential  when  A2  is  at  zero,  and  may  be 
defined  as  the  coefficient  of  self-induction  of  Ax  or  (Art.  70) 
the  capacity  of  Ax,  q22  being  similarly  the  coefficient  of  self- 
induction  or  the  capacity  of  A2:  qX2  will  be  the  charge  induced 
on  A2  kept  at  zero  potential  when  Ax  is  at  unit  potential, 
and  may  be  called  the  coefficient  of  induction  of  Ax  on  A2,  q2X 
being  similarly  the  coefficient  of  induction  of  A,  on  Ax. 
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81.  Prop.  XIV.  To  find  the  energy  of  the  electrification  of 
the  system  of  two  conductors. 

If  we  have  Ax  charged  with  a  quantity  Qx  and  at  potential 
Vx  its  energy  is  ^QiVx.  Similarly  the  energy  of  A2  with 
charge  Q2  and  potential  V.>  is  jQaFj.  Hence  the  energy 
expressed  in  terms  of  the  quantity  of  charge 

-$Qi(  PnQi + pA)  +  i  Q2  ( PuQi + pJiJ 
=  iPnQx2  +  i  (i?2i  +  Pu)  QiQ3  +  ipJis. 

Similarly  if  expressed  in  terms  of  the  potential  the  energy 

=  hqnV? + 1  (q.2l  +  </12)  v.r,  +  ^.r,1. 

82.  Prop.  XV.    To  prove  that  p12  =  p21  and  q12  =  q21. 

The  first  of  these  easily  follows  by  considering  the 
energy  added  to  the  system  by  bringing  up  a  small  addition 
a?x  to  the  charge  of  Ax. 

Using  the  formula  of  preceding  proposition  the  energy 
after  the  addition  of  xx  to  the  charge 

=  ipn  (Qi  +  atf  +  \  (jpu  +p„)  (Qx  +  xx)  (Q2  +  tpJtf. 

Expanding  and  neglecting  xx2  and  subtracting  the  original 
energy  we  have  the  increment  in  energy 

=  {PnQi  +  i  (Pn  +P-21)  Qa}  «?i. 

But  this  must  equal  the  work  done  in  bringing  xx  up  io  Ax 
at  potential  Vx 

=  Vxxx 

=  {puQi+2hiQ>z\xi- 

On  comparing  these  identical  expressions  for  the  increase  of 
energy  we  see 

P21=h(Pv2+P2l)', 
•'•    P-21=Pl2- 

And  on  comparing  the  values  of  qu  and  q21  in  terms  of  p's  it 
is  at  once  seen  that 

Interpreting  these  results  we  see  that  for  any  two  con- 
ductors Ax>  A2:  (1)  the  potential  of  A1  due  to  unit  charge 
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on  A2  equals  the  potential  of  A2  due  to  unit  charge  onij: 
(2)  the  charge  induced  in  A2  kept  at  zero,  by  Ax  at  unit 
potential  equals  the  charge  induced  in  Ax  kept  at  zero  by 
A2  at  unit  potential. 

These  reciprocal  theorems  in  electrification  are  due  to 
Sir  W.  Thomson  and  Helmholtz. 

Although  we  are  unable  without  higher  mathematical 
analysis  to  express  the  values  of  these  coefficients  except  in 
the  simplest  cases,  we  can  prove  one  or  two  properties  as  to 
their  relative  values. 

83.  Prop.  XVI.  To  prove  that  p12  is  positive  but  less  than 
either  pn  or  p22. 

For  let  Ax  be  charged  with  a  unit  of  electricity,  A2  being 
uncharged.  The  potential  of  A x  is  by  definition  pn  and  that 
of  A2  is  p12.  But  since  lines  of  force  proceed  from  Ax  to  all 
points  of  space  some  fall  on  A2,  and  since  along  a  line  of  force 
potential  constantly  decreases,  the  potential  of  A  2  is  less  than 
that  of  A-l  or  p12<pn,  and  because  lines  of  force  proceed 
from  A2  into  space,  p12  or  the  potential  of  A2  is  positive. 
Similarly  p21  (which  equals  p12)  <  p22. 

84.  Prop.  XVII.  To  prove  that  qu  and  q22  are  positive  but 
that  q12  is  always  negative,  and  that  numerically  q12  is  less  than 
CLii  or  q22. 

Observing  the  values  of  qs  in  terms  of  p's  in  Prop.  XIII. 
we  see  that  the  signs  of  qn,  q22  are  determined  by  the  sign 
of  P11P22  —  (Pw)2,  while  that  of  q12  is  determined  by  that  of 
(£>i2)2  —  PuPm  5  and  by  last  proposition  the  former  of  these  is 
necessarily  positive  and  the  latter  necessarily  negative.  This 
result  might  have  been  predicted  from  the  general  principle 
of  induction. 

It  will  also  be  noticed  that  qn  -and  q22  have  for  their 
numerators  p22  and  pn  respectively,  while  ql2  has  p12  for  its 
numerator,  the  denominators  being  numerically  the  same 
throughout.  Hence  in  virtue  of  the  relation  proved  in  last 
Article  ql2  is  less  numerically  than  qn  or  qa . 
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The  method  above  adopted  can  clearly  be  extended  to  any 
system  of  conductors  whatever.  For  this  the  student  is 
referred  to  Prof.  Clerk  Maxwell's  Electricity  and  Magnetism, 
Chap,  in.,  Art.  85,  &c. 

85.  Prop.  XVIII.  To  investigate  the  electrification  of  a 
condenser  consisting  of  two  surfaces,  one  entirely  surrounding 
the  other,  and  brought  to  different  potentials. 

This  is  a  particular  case  of  the  general  problem  of  two 
conductors  solved  in  the  last  proposition. 

Suppose  A1  entirely  to  surround  A2  and  apply  the 
formulae 

Ql  =  #11^1  +  #21^2, 

Q*  =  q*Vi  +  qnV%. 

The  following  are  the  interpretations  and  relations  of  the 
coefficients  of  induction  in  this  case : 

#22  =  charge  on  A2  at  unit  potential  when  Ax  is  at  zero 
potential  =  G,  which  is  called  the  capacity  of  the 
condenser. 

#12  =  #21  =  charge  induced  on  A±  when  A2  is  at  unit 
potential.  This  will  (Art.  63)  =  —  #22  or  —  C  since 
all  the  lines  of  force  from  A2  intersect  Ax. 

qn  =  charge  on  Ax  at  unit  potential  when  A2  is  at  zero 
potential.  This  would  be  equal  to  q22,  but  for  the 
induction  from  Ax  outwards.  This  induction  out- 
wards will  be  equal  to  the  capacity  of  A^  for  a  free 
charge.     Hence 

#n  =  #22  +  C  =  G  +  C 
Substituting 

Q1  =  0(F1-Fs)  +  C'F1> 

qs — G(rt-v,). 

The   bound    charge   is   therefore    G (Vx—  V2)   and   the   free 
charge  G/V1. 
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The  energy  of  the  electrification 

These  two  terms  are  respectively  the  energy  of  the  bound 
and  free  charge. 

To  find  the  force  between  the  two  sheets  of  the  condenser, 
we  must  first  find  the  work  done  in  making  any  small 
movement.  During  any  movement  V1}  V2  and  G'  will  be 
unaltered,  if  we  suppose  the  surfaces  kept  at  fixed  potentials. 
The  only  variable  will  be  G  the  capacity  of  the  bound  charge. 
Hence  the  work  done  in  moving  A2  inside  Ax  from  a  position 
in  which  the  capacity  is  G  to  another  in  which  it  is  G1 

=  i(o-G1)(vl-viy 

=  Fxx, 

if  F  be  the  force  against  which  the  movement  is  made  and 
x  the  distance  through  which  A2  is  moved ; 

•••   F=iG^.(V1-Kf. 

X 

G  —  G 

The  term depends  purely  on  the  geometry  of  the 

x 

conductors  and  is  the  rate  of  change  of  the  capacity  as  the 

relative  movement  of  the  sheets  is  made. 

Thus  the  force  helping  or  resisting  movement  in  any 
direction  is  half  the  product  of  the  rate  of  change  of  capacity 
in  making  the  movement  and  the  square  of  the  potential 
difference. 


CHAPTER  IV. 

PROBLEMS   IN   STATICAL   ELECTRICITY. 

86.  We  have  in  the  preceding  chapter  given  demon- 
strations of  the  most  important  theorems  on  which  the 
science  of  Statical  Electricity  rests,  and  we  now  append  a 
series  of  problems,  many  of  which  are  of  the  greatest  im- 
portance to  the  practical  electrician,  while  others  are  intro- 
duced with  a  view  of  suggesting  to  the  student  methods  by 
which  other  similar  problems  may  be  successfully  attacked. 

87.    Prop.  I.     To  find  the  potential  at  any  point  within  a 
sphere  freely  electrified  with  a  known  quantity  of  electricity. 

Let  R  be  the  radius  of  the  sphere,  and  Q  the  quantity 
of  electricity.  Since  the  electrification  is  free,  we  may 
neglect  all  terms  depending  on  the  complementary  distri- 
bution. 

Since  all  parts  of  the  electrification   are   at  the   same 

distance  R  from  the  centre,  the  potential  2  -  becomes  at  the 

centre  -~  =  ^ .     But  the  potential  at  the  centre  is  the  same 

as  that  throughout  the  sphere. 

Hence   if  V  be  the  potential  at  any  point  within  the 

sphere  V  =  ^> 

To  find  the  capacity  of  the  sphere,  we  have  only  to 
remember  that  if  V=  1,  Q=  G\ 

...  l=^or  G=R. 

Hence  the  capacity  is  numerically  equal  to  the  radius. 
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We  might  therefore  define  unit  capacity  as  the  capacity 
of  a  sphere  whose  radius  is  one  centimetre  electrified  freely 
to  unit  potential. 

88.  We  now  give  a  direct  proof  of  the  above  pro- 
position. Let  APB  be  a  spherical  shell  freely  electrified  with 
a  charge  whose  density  at  any  point  is  p. 

Let   0  be  any  point  inside  the  sphere,  and  A  OB  the 
diameter.     We  may  conceive  the 
sphere  as  generated  by  the  revo- 
lution of  a  circle  APB  round  the 
diameter  AB. 

If  we  take  two  points  PQ  very 
near  each  other  on  the  circle,  and 
draw  perpendiculars  PM,  QN  to 
the  diameter,  it  is  clear  that  PQ 
by  its  revolution  traces  out  an 
annulus,  whose  radius  is  PM,  and 
breadth  PQ,  every  point  on  which  will  be  assumed  equi- 
distant from  0. 

Join  OP,  OQ,  OP;  draw  QS  perpendicular  to  OP,  and 
join  PQ,  producing  it  to  cut  AB  produced  in  T. 

Area  of  the  annulus  traced  by  the  revolution  of  PQ 
about  AB  =  2ttPM.PQ; 

PM  PQ 

.'.  potential  at  0  due  to  the  annulus  =  2irp . 


Fig.  21. 


=  27r/3.PQsinP0(7=27r/3. 


PS 


cos  QPO 


-*  •  sin 


OP 
POO 


=  27rp.PS. 


sin  POO 


=  2>jrp.~PS, 


sin  OPO     —r-f 

if  a  =  radius  of  sphere,  and/=  00. 

Now  since  OQS  is  a  right-angled  triangle,  whose  vertical 
angle  is  exceedingly  small,  no  appreciable  error  will  be 
committed  if  we  assume  OQ  =  OS,  and  make  PS=OP  -  OQ. 

Hence  the  potential  at  0  due  to  the  annulus 

=  2itPj(0P-0Q). 


C.  E. 


Iu3£ 
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If  we  add  these  successive  differences  for  all  the  annuli 
of  which  we  may  suppose  the  sphere  composed,  we  have  for 
the  potential  at  0  due  to  the  whole  shell 

V=2irp.-   (OB-OA) 

=  —Z-(a+f-a-f) 

=  4>7rpa, 

which  is  independent  of  f,  and  therefore  constant   for  all 
internal  points. 

89.  We  can  now  deduce  the  area  of  the  sphere  by 
summing  the  areas  of  the  elementary  annuli.  The  area  of 
the  annulus  formed  by  the  revolution  of  PQ 

=  2ttPM.PQ 

=  2ttOP.  sin  POG.PQ 

=  2ttOP.  sin  POC.—^r^ 
cos  QPO 

=  2tt -OP  (OP -  OQ),  by  Art.  88. 

We  may  assume  without  error  20 P  =  OP  +  OQ  ; 

. • .  area  of  annulus  =  it  -~  (OP2  —  OQ2). 

Adding  up  all  the  annuli,  the  whole  area 

=  y-(OB2~OA2) 


=  j(a+f\2-a-f\2)  =  47ra2. 


Hence  if  the  electrical  distribution  have  a  uniform  density 
p,  the  whole  quantity 

Q  =  4nra2p ; 

...  V=4,7rap  =  Q, 
which  agrees  with  the  former  result. 
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90.  Prop.  II.  To  show  that  the  potential  due  to  a  uniformly 
electrified  spherical  shell  at  any  point  without  it,  is  the  same 
as  if  the  whole  quantity  were  collected  at  its  centre. 

Making  the  same  construction  as  before,  remembering 
that  0  is  now  external,  we  have  by  Art.  88, 


Fig.  22. 


potential  at  0  due  to  the  annulus 


2irpPM.PQ 


OP 


=  2irp.  PQ  sin  POC 
PS 


=  2irp 


cos  OPQ 


sin  POC 


=  2ttPPS  .  " 


sin  POC 


2irpa 


j0=27rpj.PS 


(OP-OQ). 


Summing  up  the  successive  differences,  we  have 

potential  at  0  due  to  the  sphere  =  — i-  (OB—  OA) 
_2irpa 


y-(f+a-f-a) 
_  4<7rpa?  _  Q 

remembering  that  Q  =  ^ira^p. 


6—2 
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Hence  the  potential  due  to  the  shell  is  the  same  as  if 
the   whole  quantity  were  collected  at  its  centre. 

Cor.  It  follows  that  the  attraction  of  a  uniformly  elec- 
trified spherical  shell  on  any  external  electricity  is  the  same 
as  if  the  whole  quantity  on  the  sphere  were  collected  at  its 
centre.  For  since  the  potentials  are  the  same  at  every 
external  point,  the  rate  of  change  of  potential  in  any  direc- 
tion must  also  be  the  same,  and  this  measures  the  electrical 
force,  which  is  consequently  the  same  as  if  the  whole  quantity 
of  electricity  were  accumulated  at  the  centre. 

91.  Prop.  III.  The  average  potential  over  any  sphere  in 
space  is  the  same  as  the  potential  at  its  centre,  supposing  all 
electricity  external  to  the  sphere.    (Gauss.) 

By  the  term  '  average  potential,'  we  understand  that  the 
sphere's  surface  is  cut  up  into  a  large  number  of  equal  areas ; 
the  average  potentials  over  all  the  areas  added,  and  the 
result  divided  by  the  number  of  the  areas.  If  the  areas  are 
not  equal,  we  must  multiply  each  potential  by  the  area  over 
which  it  is  calculated,  and  divide  by  the  sum  of  all  the  areas. 
We  adopt  the  latter  method,  and  with  our  usual  notation  we 

define  the  average  potential  over  the  sphere  by  -= —  ,  where 

V  is  the  potential  at  any  point,  and  a  the  elementary  area 
over  which  V  is  taken.  Consider  one  electrified  particle  and 
let  its  quantity  of  electricity  be  denoted  by  m. 

Then,  in  Fig.  22,  the  potential  over  the  annulus  PQ 
whose  area  is  2ttPQ  .  PM,  due  to  a  quantity  m  at  the  point 

0,  may  be  taken  as  (yp ; 

2irPM.PQ.rn 


.\Vt 


27rm . 


OP 
PM.PQ 


OP      * 

And  by  last  Article, 

PM.PQ 

2irm  .  — ^jp — =  potential   at    0   due    to  a  distribution   of 

density  m  over  the  annulus. 
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Hence  summing  over  the  whole  sphere 

=  1^  (Prop.  II.), 
and  So-  =  47ra2 ; 

•O   XT 

.'.  -y —  =  -p  =  potential  at  centre  due  to  quantity  m  at  0, 

which  proves  the  proposition  as  far  as  a  single  electrified 
particle  is  concerned.  In  the  same  way  the  proposition  will 
be  true  for  any  system  of  electrified  particles  taken  separately, 
and  therefore  when  added  together. 

92.  Prop.  IV.  The  potential  anywhere  within  an  unelectrified 
conducting  sphere  is  the  same  as  the  potential  at  its  centre  due 
to  the  inducing  electrical  system. 

The  potential  at  the  centre  is  made  up  of  the  potential 
of  the  inducing  system,  and  of  the  induced  distribution  on 
the  sphere.  But  since  the  sphere's  electrification  is  only 
induced,  there  must  be  equal  amounts  of  positive  and  nega- 
tive electricity  equally  distant  from  the  centre.  Hence  the 
potential  due  to  the  induced  charge  is  nil,  and  the  only 
potential  at  the  centre  is  that  due  to  the  inducing  system. 
But  by  Art.  61,  in  every  case  the  potential  throughout  the 
sphere  is  the  same  as  at  its  centre. 

Cor.  1.  If  the  sphere  were  first  raised  to  a  given 
potential,  and  then  introduced  into  the  electrical  system,  the 
potential  of  the  sphere  would  be  raised  by  the  potential  at 
its  centre  due  to  the  electrical  system. 

Cor.  2.  It  also  follows  that  if  a  sphere  of  radius  a  be 
charged  with  a  quantity  Q,  and  placed  near  a  system  of 
external  electrified  particles,  containing  quantities  mx,  m2... 
of  electricity,  and  at  distances  fi,f%.\.  from  the  centre  of  the 
sphere,  the  potential  will  be  given  by 

«        / 
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and  supposing  the  sphere  brought  to  potential  V,  the  quantity 
of  its  electrification  is  given  by 

Q  =  a.V-a%j. 

Cor.  3.  This  principle  may  be  extended  to  any  con- 
ductor. Let  A  be  the  charged  body,  and  B  an  unelectrified 
body  near  it.     The   force  due  to  B's  electrification  at  any 

point   within   it,   is    equal    and 
A  B  opposite   to   the   force   due   to 

+"5^"~^t:  — -  ■*•  \+      that  of  A.     Hence  the  equipo- 

+(         L     -V lj  f  •«•  -«-  tential  surfaces  due  to  B's  elec- 

^t^t  trification  and  to  A's,  coincide 

in  position,  but  are  not  of  the 
same   absolute    value.     Again, 
considering   Bs    electrification 
Fi    23.  alone,  its  potential  would  clearly 

be  negative  near  b  and  positive 
near  c.  We  see  therefore  that  the  potential  of  B  is  inter- 
mediate between  the  potentials  at  b  and  c  due  to  A,  and  the 
function  of  the  induced  negative  charge  at  b  is  to  keep  the 
potential  down,  and  that  of  the  positive  charge  at  c  to  keep 
the  potential  up  to  the  mean  value. 

We  cannot  assume  however  that  the  potential  of  B 
will  be  negative  or  positive  as  its  electrification  is  negative 
or  positive,  so  that  the  surface  of  zero  potential  of  J9's 
electrification  passes  through  the  line  of  neutral  electrifica- 
tion. 

93.  Prop.  V.  To  investigate  the  potential  of  a  system 
consisting  of  a  sphere  and  a  concentric  spherical  shell  insu- 
lated from  it,  both  being  charged  with  known  quantities  of 
electricity. 

Let  0  be  the  common  centre,  A  the  sphere  charged  with 
a  quantity  Q  of  electricity,  B  the  inner  and  C  the  outer 
surface  of  the  spherical  shell,  which  is  charged  with  Q'  units 
of  electricity. 
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Now  we  have  to  consider  not  only  the  distribution  of  Q 
on  A,  and  Q'  on  C,  but  also  the 
charge  induced  on  B,  which  will  be, 
by  Art.  64,  equal  and  opposite  to  Q 
(i.e.  =  —  Q),  the  distribution  comple- 
mentary to  this  going  to  the  outer 
surface  C  and  making  a  quantity 
Q  +  Q'onC. 

Then  potential  throughout  A  is 
same  as  potential  at  0,  and 

Q_      Q   .Q  +  Q'  Fig.  24. 

~0A     0B+    OG    ' 


The  potential  just  outside  G  is  the  same  as  if  all  the 
electricity  were  collected  at  0  and  .'.  =     ^~    =  Vc  suppose. 

If  VA  be  the  potential  within  A,  VA  —  Vc  is  the  differ- 
ence of  potential  between  the  two  coats  of  the  condenser 
formed  by  A  and  B. 

Q       Q      Q     Q 


Hence   V '  -  V„  =  -^  -  -^ 


OA      OB     R     E 


suppose. 


Again,  if  VA  —  Vc=  1,  Q  =  G,  the  capacity  of  the  condenser 
for  a  bound  charge 

^       BBf 
■'■C  =  W^R- 

Thus  we  see  that  if  R'  —  R  be  sufficiently  diminished  the 
capacity  becomes  as  great  as  we  please,  and  the  arrangement 
is  therefore  called  a  condenser. 

There  is  in  addition  a  free  charge  on  the  outer  coat 
which  has  for  its  capacity  the  radius  OG. 


94.    Prop.  VI.    To  find  the  capacity  of  a  condenser  consisting 
of  two  parallel  plates  electrified  to  given  potentials. 

Let  A,  B  be  the  two  plates,  of  which  A  is  at  potential  Vlt 
and  B  at  potential  V*. 
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Neglecting  a  portion  of  the  plates  near  the  edge,  we  see 
that  we  have  three  electrical  systems  to  con- 
B  sider,  the  outer  surfaces  $/  and  S.2'  of  A  and  B 
being  freely  electrified,  while  the  inner  surfaces 
act  on  each  other ;  these  systems  being  screened 
from  each  other  by  the  substance  of  the  con- 
ducting plates.  We  at  present  consider  the 
bound  charge  only,  produced  by  the  action  on 
each  other  of  the  surfaces  Sx  and  S2,  which  are 

Fi    2  at  potentials  Vx  and  F2. 

Neglecting  a  portion  round  the  edge,  the 
lines  of  force  which  cut  both  surfaces  at  right  angles  are  a 
system  of  parallel  lines :  the  tubes  of  force  formed  by  them 
are  cylinders :  and  in  virtue  of  the  relation  Fa  =  constant, 
and  a  =  a  constant,  F  must  be  constant  everywhere  between 
A  and  B. 

Again,  the  potential  between  A  and  B  changes  from  Vx 

to  F2. 

V  —  V 
Hence  the  rate  of  change  of  potential  is  — ^— — - ,  where  t 

t 

is  the  distance  between  S1  and  S2,  and  this  represents  the 

strength  of  field  at  any  point  between  these  surfaces. 

Again,  if  p  be  the  density  at  any  point  on  an  electrified 
surface,  the  strength  of  field  j  ust  outside  it  =  4-7775 ; 


t 


or 


Vi-V* 

4<7rt 


and  if  S  be  the  area  of  the  surface,  Q  =  pS; 


.:Q  = 


477-/; 


But  if        V1—V2  =  l,  Q  =  C,  the  capacity ; 

Again,  since  tubes  of  force  pass  from  Sx  to  $2  there  must 
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be  equal  quantities  of  electricity,  of  opposite  signs,  on  the 
two  surfaces. 

Hence  the  quantity  on  B=—Q=—  — *  .  . 

If  the  dielectric  between  $x  and  S2  be  not  air  but  some 
substance  whose  inductive  capacity  is  represented  by  K, 

™  KS  S  8  /   A       ,        hrK    \ 

where  t'  —  -^  =  thickness  '  reduced  to  air.' 

To  complete  the  investigation  we  ought  to  find  the 
amount  of  the  free  charge  on  the  two  surfaces  $/  and  $/; 
this  can  only  be  done  in  a  few  particular  cases.  If  however 
their  capacities  be  Cx  and  C2,  the  quantities  of  the  free 
charges  will  be  Cx  Vx  and  G2  V2  respectively. 

The  same  theory  can  be  applied  to  every  form  of  con- 
denser, provided  the  thickness  be  small  and  the  two  surfaces 
everywhere  parallel. 

In  the  common  form  of  Leyden  jar,  where  the  outer  coat 
is  connected  with  the  earth,  and  the  inner  coat  is  nearly 
a  closed  surface,  the  free  charge  is  only  the  charge  of  the 
knob  and  wire,  which  project  from  the  inner  coat  and  are 
used  for  charging  it. 

95.    Prop.  VII.    To  find  the  attraction  between  the  opposite 
plates  of  the  condenser  in  the  last  Article. 

Let  A  be  a  moveable  and  B  a  fixed  plate. 

Then  if  p  be  the  density  at  any  point  on  A , 

— -t *tp;, 

and  since  the  density  on  B  is  —  p,  the  strength  of  field  due 
to  B  near  an  element  of  A  is  2np  (Art.  36) ;  assuming  the 
diameter  of  B  very  large  compared  with  the  distance  between 
the  plates. 
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If  S  be  the  area  of  A>  the  quantity  of  A's  electrification 
is  pS  and  the  force  on  A  is  lirp  x  pS  =  2irp2S 

Cor.  The  difference  of  potential  deduced  from  an  observed 
force  F  is  given  by 

the  formula  employed  in  absolute  and  attracted  disc-electro- 
meters. 

Note.  We  have  already  (Art.  85)  shown  that  the  force 
between  the  two  plates  of  any  condenser  per  unit  difference 
of  potential  is  half  the  rate  of  change  of  capacity.     It  can 

easily  be  seen  that  — -  is  half  the  rate  of  change  of  the 

/  Of        N 

capacity  f  j — -  J ,  as  t  the  distance  is  varied. 

96.  Prop.  VIII.  Two  fixed  plates  are  kept  at  potentials  Vx 
and  V3  and  a  third  moveable  plate  kept  at  potential  V2  is  placed 
symmetrically  between  them.  To  find  the  resultant  force  on  the 
middle  plate. 

Supposing  F2  to  be  greater  than  Vx  and  V3,  and  V1  >Vr 

By  the  last  proposition  for  the  attraction 

ABC         °f^™-B. 

i?\  =  -A;  ( V2  -  Vy,  where  S  =  area  of  B : 

OTTV 

also  the  attraction  of  C  on  B, 

Hence  resultant  force  on  B  towards  C,  the 
plate  of  lower  potential, 

8 


% 


Fig.  26. 


=  F, 


Ji-g^KF.-Fjp-fF.-rj 


-^(r.-B}=)cr.-»a 
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The  reasoning  of  Art.  85  proves  that  if  A,  C  be  equal 
and  symmetrically  placed  with  regard  to  B,  a  similar  formula 
can  be  employed.  For  moving  B  to  one  side  or  the  other  of 
the  position  of  perfect  symmetry  the  rates  of  change  of 
capacity  of  the  systems  A,  B,  and  B,  C  will  be  equal  but 
of  opposite  sign.  If  this  rate  of  variation  of  capacity  be 
denoted  by  2/c,  Fx  =  k(V2- V,)2,  F2  =  tc(V2-  V3)\  and  hence 

the  resultant  force  =  2/c  (  V1  -  V3)  (V2-  ^g7"8) 

=  2«V2(V1-V3) 

if  the  potential  of  V2  be  very  high  compared  with  V1  and  Vs. 
The  conditions  of  this  problem  are  satisfied  by  the  quadrant 
electrometer  in  which  the  needle  B  hangs  symmetrically 
between  A  and  C  which  are  in  the  shape  of  two  hollow  quad- 
rants of  a  circle  separated  by  a  narrow  air  space. 

97.    Prop.  IX.    To  calculate  the  energy  of  the  discharge  of  a 
Leyden  jar  or  condenser. 

This  might  be  written  down  from  the  expression  for  the 
energy  of  a  condenser  (Art.  85).  We  give  now  a  separate 
investigation. 

Referring  to  Prop.  VI.  we  see  that  we  have  a  quantity 

- — —  at  potential  Vu  and  a  quantity  —  —  at 

potential  V2.  Hence  (Art.  78)  the  whole  energy  of  the  bound 
charge 

"  2  _     4tt<      '  Vl     2        M        Vi 

=  i1Zii5LS  =  4e(71-F2). 

To  this  must  be  added  the  energy  of  the  free  charge  which 
consists  of  two  coats  of  capacities  G1}  G2  suppose,  at  potentials 
V,  and  V2.     The  energy  therefore  is  J Gx  V,2  +  J C2  V2. 

This  formula  also  supplies  us  with  the  heating  power  of 


92  PROBLEMS   IN   STATICAL   ELECTRICITY. 

the  discharge,  since  when  work  is  done  in  no  other  form  by 
an  electrical  discharge  its  energy  is  converted  into  heat.  To 
give  the  result  in  absolute  thermal  units  we  must  divide  by 
Joule's  mechanical  equivalent  of  heat. 

98.  The  whole  energy  expressed  in  the  above  formula 
can  never  be  obtained  in  practice  when  the  dielectric  is 
different  from  air,  owing  to  apparent  absorption  by  the 
dielectric  of  part  of  the  charge.  Although  this  portion  of 
the  charge  can  be  regained  as  the  residual  charge  it  is  ob- 
vious there  will  be  a  loss  of  energy  when  the  discharge  takes 
place  in  two  portions  instead  of  all  at  once.  In  fact,  if  V  be 
the  potential  and  Q  the  quantity  of  the  first  discharge,  and  v 
the  potential  and  q  the  quantity  of  the  residual  discharge, 
the  energy  obtained  on  the  double  discharge  =\{VQ  +  vq), 
while  the  whole  energy  is  \  ( V  +  v)  (Q  +  q). 

99.  Prop.  X.  A  Leyden  jar  having  capacity  for  bound  charge 
C  has  an  inner  coat  whose  free  capacity  is  Cx  and  an  outer  coat 
whose  free  capacity  is  C2.  The  jar  is  charged  to  potential  V  and 
insulated  and  the  knob  is  then  connected  with  the  ground.  To 
find  the  potential  of  the  outer  coat  and  the  charge  of  the  jar. 

Let  the  quantity  of  electricity  on  inner  coat 

=  Q1  =  (C  +  C1)V, 

and  the  quantity  on  outer  coat  =  Q2  =  —  CV. 

When  the  inner  coat  is  connected  with  the  ground  the 
charge  of  the  outer  coat  is  divided  between  bound  and  free 
charge  in  the  ratio  G  :  C2. 

.-.  Bound  charge  of  outer  coat 

Q-2=  —  trt  i  n\tn  i  n\  vi- 


{G+CX)(G+G2) 

ft  cv 


G 
Free  charge  of  outer  coat  =  p    *p  Q*  5 


Potential  of  outer  coat  — 
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Also  the  amount  of  electricity  on  inner  coat 

-(C+01)(0+03)Wl' 

f  G2  ) 

.-.  LosS={l-(0+Ci)(0+02)|Q1. 

100.  Prop.  XI.  A  Leyden  jar  is  charged  and  insulated.  Suc- 
cessive contacts  are  made  with  the  inner  and  outer  coats.  Find 
the  amount  of  electricity  removed  by  n  contacts  with  inner  or 
outer  coat. 

Using  the  notation  of  the  preceding  Article,  and  writing 

G  G 

-~ — yy  =  m  and  7= — ~-  =  m',  we  see  that  when  the  outer  coat 

is  to  earth,  the  charge  on  inner  coat  is  divided  in  the  ratio 
m  :  1  —  m  between  bound  and  free  charge.  Also  when  the 
knob  is  to  earth  the  charge  on  outer  coat  is  divided  in  the 
ratio  rn!  :  1  —  m.     We  see  therefore 

At  first  contact  with  knob : 

Free  charge  on  outer  coat  =  (1  —  m')  Q2, 
Bound  charge =  m'Q2  =  —  m??^/Q1. 

At  first  contact  with  outer  coat : 

Free  charge  on  inner  coat  =  (1  —  m)  mm'Qlt 
Bound  charge =  m2m/Q1  =  -  mm'Q2. 

At  second  contact  with  knob : 

Free  charge  on  outer  coat  =  (1  —  m) mm!Q2, 
Bound mm2Q1  =  —  m2m'2Q2. 

By  similar  reasoning  after  n  contacts  with  knob  : 
Free  charge  on  outer  coat  =  (1  -m)  mn"1mfn~1Q2> 
Bound =mn-17n'nQ2  =  -mnm'nQl. 

Hence  the  amount  removed  by  n  contacts  with  knob 

=  Qx (1  -  mnmn), 

the  quantity  removed  by  n  contacts  with  outer  coat 

=  Q2(\-mnmn). 

But  generally  Gx  and  G2  are  very  small  compared  with  G, 
and  therefore  m,  m!  are  fractions  very  near  unity.    Hence  we 
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see  that  a  large  fraction  of  the  charge  remains  after  numerous 
contacts,  and  it  would  require  an  infinite  number  of  contacts 
to  discharge  the  jar. 

101.  Prop.  XII.  Two  Leyden  jars  are  charged  to  different 
potentials  and  afterwards  have  their  knobs  brought  into  contact, 
the  outer  coats  being  kept  in  connection  with  the  earth.  To  find 
the  potential  of  each  jar  after  contact. 

Let  Glt  G2  be  the  capacities,  and  Vlt  V2  the  potentials  of 
the  jars,  and  let  V  be  their  common  potential  after  contact. 
Then  since  the  whole  amount  on  the  inner  coats  is  unaltered 

(01+(72)F=aiF1  +  aF2; 

.  v_c1v1+cav, 

"  G,+  G2     ' 

an  equation  for  V. 

Cor.  It  follows  that  there  will  always  be  a  loss  of  energy 
when  two  jars  at  different  potentials  are  united. 

For  energy  before  contact  =  J  (GxV^  +  G2V22)f 
and  energy  after  contact  =  J  (Gx  +  C2)  f    *    *      J   -2  J  . 

Now  {G.V*  +  GV.*)  (G,  +  G2)  >  or  <  (C1V1  +  02F2)2, 

as  G&iV^  +  Vf)  >  or  <  2C1C2V1V2> 

or  as  (V1-  V2y>  or  <  0. 

The  left-hand  side  is  obviously  the  greater,  and  hence  the 
sum  of  the  energies  of  the  separate  jars  is  greater  than  that 
of  the  two  combined. 

102.  It  was  by  a  particular  experimental  application  of 
the  above  that  Faraday  determined  the  specific  inductive 
capacity  of  different  substances.  He  constructed  two  exactly 
similar  Leyden  jars,  the  coatings  of  which  were  so  arranged 
that  the  dielectric  could  be  changed  at  pleasure.  One  of  the 
ars  had  air  for  its  dielectric,  and  the  other  the  substance  to 
e  experimented  upon. 

Let  now  K  be  the  unknown  specific  inductive  capacity ; 
then  if  G  be  the  capacity  of  the  jar  with  air,  GK  is  the 
capacity  with  the  other  substance  as  dielectric. 


t 
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Let  now  the  jar  with  air  be  raised  to  potential  V.  On 
dividing  the  charge  with  the  other  jar,  which  is  uncharged, 
the  potential  V  evidently  becomes 

GV      =_T_. 
C(l+K)     1+K' 
.-.  F'(l  +  iT)=F, 

V-V 


or 


K 


V 


Now  V  and  V  are  determined  by  experiment,  after  the 
operations  indicated,  and  the  value  of  K  for  the  substance  in 
question  becomes  known. 

103.  Prop.  XIII.  To  show  that  the  whole  charge  in  a  battery 
of  similar  jars  charged  by  cascade  only  equals  the  charge  of  a 
single  jar. 

Let  A,  B,  G  be  such  a  series  of  jars  of  which  the  first  is 
brought  up  to  potential  V,  and  the  last  is  to  earth. 


Fig.  27. 

Let  the  potential  of  the  knob  of  B  and  of  the  outer  coat- 
ing of  A  be  V1. 

Let  the  potential  of  the  knob  of  G  and  of  the  outer  coat- 
ing of  B  be  V2. 

And  let  G  be  the  capacity  of  each  jar. 

Then  the  equal  quantities  in  the  three  jars  are 

ciy-v,),  oiy.-v,),  cv,. 

Hence  the  whole  charge  in  the  battery 

=  C(V-V1)  +  G(V1-V2)+GV2 

=  cv 

=  charge  of  single  jar  charged  alone  to  the  same 
potential. 
The  same  method  applies  to  any  number  of  jars. 
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104.  Prop.  XIV.  To  find  the  work  done  by  a  conducting  plate 
communicating  with  the  earth  which  is  allowed  to  move  up 
parallel  to  another  equal  plate  which  is  kept  at  constant  potential. 

The  principle  of  Art.  78  might  here  be  employed,  since  it 
is  clear  the  work  done  is  stored  up  in  the  form  of  electrical 
energy,  and  the  energy  obtained  on  discharging  the  con- 
denser is  the  equivalent  of  the  work  so  stored  up. 

In  this  case  we  give  an  independent  investigation. 

Let  A  be  the  plate  kept  at  constant  potential,  and  B  that 
connected  with  the  earth. 


_EV.</./ 


Fig.  28. 


qv 


V*S 


By  Prop.  VII.  the  force  onB=  _    ~p2 . 
The  average  force  through  the  element  PQ  is 


V*S 


8tt.OP.OQ' 

Hence  the  work  done  by  the  plate  in  coming  up  from 
PtoQ 

V*S.PQ 


8tt.OP.OQ 
V*S   OP-OQ 


8tt  \OQ     OP) 


8tt  '  OP.OQ 

Adding  up  the  work  done  on  successive  elements  of  the 
path  we  see  that  if  t  be  the  ultimate  distance, 

F2'     *     iQV, 


whole  work 


8tt     t 


as  might  have  been  anticipated. 

105.  We  now  give  an  example  in  which  the  work  done 
is  deduced  from  the  change  in  energy  of  the  system. 

Before  proceeding  to  the  particular  problem  it  may  be 
well  to  point  out  that  an  electrified  body  moving  through 
space  under  electrical  forces  has  no  kinetic  energy  in  virtue 
of  its  movement,  since  kinetic  energy  is  proportional  to  the 
mass  moved,  and  the  electricity  has  itself  no  mass.     When 
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work  is  done  on  an  electrical  system,  though  none  of  it  is 
converted  into  kinetic  energy,  the  potential  energy  of  the 
electrical  system  is  increased  by  an  amount  equal  to  the 
work  done,  owing  to  a  redistribution  of  the  electricity  in  the 
system. 

Prop.  XV.  Two  plates  are  placed  parallel  to  each  other, 
charged  as  a  condenser,  insulated,  and  separated  to  an  infinite 
distance.    To  find  the  work  done  in  the  removal. 

Let  G  be  the  capacity  of  the  bound  charge,  and  G'  the 
capacity  of  free  charge  on  the  condenser.  The  free  capacity 
varies  with  every  new  position  of  the  plates ;  we  shall  how- 
ever assume  here  that  when  both  sides  of  the  plates  are 
electrified  freely  the  capacity  of  the  free  charge  becomes 
doubled,  i.e.  when  the  plates  are  entirely  removed  from  each 
other's  influence  the  capacity  of  each  becomes  20'. 

This  assumption  would  be  correct  supposing  the  two  plates 
to  begin  with  were  indefinitely  near  together,  since  in  that 
case  their  external  surfaces  would  be  electrified  as  a  single 
plate ;  but  after  separation  they  would  be  electrified  as  two 
separate  plates,  each  of  the  same  size  as  the  former.  We  can 
therefore  only  assume  the  result  as  more  than  approximately 
true  in  practice  when  the  distance  between  the  plates  is  very 
small. 

After  charging,  the  amount  on  the  positive  plate  is 
(C  +  C')V, 
and  its  energy  of  discharge  is  \  V2  (0  +  0'). 

The  quantity  on  the  negative  plate  is  —  GV,  and  its 
potential  zero. 

Hence  the  energy  of  the  whole  system  =^V-(C  +  0'). 

After  removal  the  quantity  on  each  plate  is  unaltered,  but 
the  capacity,  as  assumed  above,  is  2(7'. 

Q   I    Qt 

Hence  potential  of  positive  plate  =      (i,    V, 

and  the  energy  of  its  discharge  =  7^7 , 

C2V" 
and  the  energy  of  negative  plate  =    .  ~,  . 

C.  E.  7 
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Hence  the  gain  of  energy 

4(7  2 

=  work  done  in  separation  of  plates. 

106.  The  next  two  propositions  will  be  found  useful  in 
considering  some  cases  of  induced  electricity. 

Def.  A  System  of  Equipotential  Surfaces  denotes 
a  system  of  surfaces  such  that  the  difference  of  potential 
between  any  two  consecutive  surfaces  of  the  system  is  constant 

107.    Prop.  XVI.   In  a  system  of  equipotential  surfaces  the  dis- 
tance of  consecutive  surfaces  increases  as  the  potential  diminishes. 

Let  d  be  the  distance  of  two  consecutive  surfaces  measured 
along  a  line  of  force,  and  F  the  average  value  of  the  force  in 
direction  of  a  line  of  force.  Then  between  each  successive 
pair  of  surfaces  Fd  is  constant,  and  it  is  clear  that  as 
F  diminishes  d  increases;  or  the  distance  of  consecutive 
surfaces  grows  greater  as  the  force  grows  less.  Now  it  is 
clear  that  force  and  potential  increase  or  diminish  together 
as  we  draw  nearer  to  or  recede  further  from  attracting  matter, 
and  the  distance  of  consecutive  surfaces  consequently  in- 
creases as  the  potential  diminishes. 

Cor.  There  will  be  an  induced  current  in  any  conductor 
moving  near  an  electrified  system.  For  draw  any  system  of 
equipotential  surfaces,  and  let  a  conductor  move  from  the 
position  AB  to  A'B'. 


HL 1A 


Fig.  29. 

It  is  clear  that  the  difference  of  potential  between  A  and 
B  is  one  unit,  while  that  between  A',  B'  is  two  units.    Hence 


PROBLEMS   IN   STATICAL   ELECTRICITY.  99 

as  the  body  moves  into  regions  of  greater  potential,  the 
difference  of  potential  of  its  ends  constantly  increases,  and 
to  equalize  this  increasing  inequality,  a  flow  of  electricity 
follows  in  the  direction  for  +  electricity  from  B  to  A,  as  long 
as  the  movement  across  equipotential  surfaces  lasts. 

108.  Prop.  XVII.  To  calculate  the  rate  of  motion  of  any 
point  on  an  equipotential  surface  of  given  value  as  the  electrifi- 
cation of  the  system  proceeds. 

Let  AB  be  an  equipotential  surface  of  value  V  when  the 
charge  of  the  system  is  M,  and  let  A' B'  be  the  equipotential 
surface  of  same  value  when  the  system  has  received  a  small 
increase  q. 

If  m  be  an  element  of  the  electrification  distant  r  from 
Q,  the  potential  at  the  point  Q 

=%™  =  r. 

r 

If  now  the  charge  M  receive  a  small  increment 

q,  the  density  at  each  point  alters  in  ratio  j^.. 

Hence  the  potential  at  Q  rises  by  ~~r  V. 

But  the  potential  at  P  is  now  V. 

Hence  the  work  done  on  a  +  unit  carried  from  P  to  Q 

M    ' 

and  this  also  equals  Fn,  where  F  is  the  resultant  force,  and 
n  the  length  PQ ; 

Hence  the  rate  of  motion  of  the  surface  at  P  varies  jointly 
as  the  potential  and  the  rate  of  electrification,  and  varies 
inversely  jointly  as  the  whole  charge  and  the  force  at  the 
point. 

7—2 
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Cor.  1.     Since    V  is   represented   by   2  — ,  and   F  by 

X  —  cos  </>,  where  <f>  is  the  angle  between  the  normal  to  the 

V 

surface  and  r,  it  is  clear  that  -^  or 

r 


%  -~  COS  (/> 


will  on  the  whole  increase  as  r  on  the  whole  increases,  i.e.  as 
V  diminishes.  Hence,  on  the  whole,  the  lower  equipotential 
surfaces  move  during  electrification  more  rapidly  than  the 
surfaces  at  which  the  potential  has  a  higher  value. 

Cor.  2.  It  follows  from  the  last  Cor.  that  there  will  be 
an  induced  current  in  a  conductor  during  the  electrification 
of  any  neighbouring  conductor.  For  in  Fig.  29  the  potential 
surfaces  at  A  are  moving  more  rapidly  than  those  at  B. 
Hence  the  difference  of  potential  at  A  and  B  is  constantly 
increasing,  or  B's  potential  relatively  to  A  constantly  rising, 
which  determines  a  flow  of  electricity  from  B  to  A. 

109.  In  the  next  few  Articles  we  give  the  investigation 
of  two  cases  of  electrification,  the  first  that  of  a  thin  circular 
plate,  the  second  that  of  a  very  thin  and  long  cylinder.  We 
may  regard  both  these  cases  as  the  limiting  form  of  a  sphe- 
roid, which  in  the  first  case  becomes  extremely  oblate,  and 
in  the  second  case  extremely  prolate.  We  require  therefore 
the  following  preliminary  proposition. 

Prop.  XVIII.  To  show  that  the  attraction  of  a  homogeneous 
shell  bounded  by  two  similar  and  similarly  situated  spheroids  on 
an  internal  point  vanishes. 

Let  0  be  the  internal  point,  and  let  any  cone  of  small 
vertical  angle  cut  off  from  the  bounding  surfaces  the  elements 
Pm  and  Nq. 

Since  any  section  of  the  shell  consists  of  two  similar 
ellipses,  the  same  diameter  will  bisect  PQ  and pq ;  .'.  Pp  =  Qq, 
and  similarly  Mm  =  Nn. 
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Fig.  31. 


Hence  the  two  small  frusta  Pm  Qn  are  of  the  same 
thickness,  and  since  the  vertical 
angle  is  small,  their  masses  are 
proportional  to  OP2  and  OQ2,  and 
their  attractions  on  0  are  inversely 
in  this  ratio,  and  are  therefore  equal 
and  in  opposite  directions.  The 
same  is  true  for  each  pair  of  small 
elements  similarly  described,  and 
the  whole  shell  consequently  exerts  no  attraction  on  0. 

This  proof  is  derived  from  Todhunter's  Analytical  Statics. 

110.    Prop.  XIX.    To  find  the  law  of  density  on  a  freely  elec- 
trified spheroid. 

By  the  last  proposition  the  law  of  density  is  the  same  as 
the  law  of  thickness  of  a  very  thin  material  shell  bounded  by 
two  similar  and  similarly  situated  spheroids. 

Let  A  A'  be  the  major  axis  of  generating  ellipse,  and 
PPi  be  the  thickness  of  the  shell 
at  the  point  P,  then  PPX  pro- 
duced is  the  normal  to  the 
ellipse  at  P.  Draw  PN,  PXQM 
perpendicular  to  AA'.  Join  PQ, 
and  produce  it  to  T,  then  PQT 
is  the  tangent  to  the  ellipse  at 
P,  and  P1}  Q  are  corresponding 
points  on  the  two  similar  ellipses. 

Then  we  have 


Fig.  32. 


PP1  =  pxQ  cos  PPXQ  =  P,Q  cos  GPN=  PXQ . 


PJX 
PO' 


Again 


PJI2  =  K,  (a'*  -GM% 


where  a\  V  =  the  semi-major  and  minor  axes  of  the  outer 

b2 
ellipse,  and  QM 2  =  —  (a2 -CM2), 

if  a,  b  denote  the  semi-axes  of  the  inner  ellipse. 
On  subtracting,  since 

-m  =  K ,         P,M2  -  QM2  =  K  (a'2  -  a2)  =  b'2  -  b2 ; 

a2     a2  ^  a2X 
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.".  PiQ  (iW+  QM)  =  (&'  +  b)  (V  -  b) ; 
/.  PN.P1Q  =  b(b'-b), 
remembering  that  the  shell  is  indefinitely  thin. 

Hence  thickness  at  P=b-^>. 

If  we  substitute  for  the  material  shell  an  electrical  distri- 
bution and  if  p0  represent  the  density  at  B  the  extremity  of 
minor  axis, 

density  at  P  =  ~k  =    .  - , 

where  x  =  CM,  and  e  =  eccentricity  of  ellipse. 

To  find  the  whole  quantity  of  the  electrification,  the 
quantity  on  an  element  formed  by  revolution  of  PQ  round 
the  minor  axis 

=  2„CN.PQ.^  =  2^Po.%fQ. 

But  CG  =  e*CN;  .-.  CN=^2; 

,  ,         Stt&po    NG.PQ 

.  .  quantity  on  elementary  annul  us  =    — --  .  — p^ — 


2irbp0 


.PQ sin  GPN 


1-e* 
=  ^(PN-QM), 
adding  the  successive  values  of  this  difference, 

the  whole  amount  of  electricity  =  —       \    ~  ^7ra2/°o. 

111.  Prop.  XX.  To  find  the  capacity  of  a  freely  electrified 
thin  circular  plate. 

To  deduce  the  electrification  of  a  circular  plate,  we 
notice  that  a  thin  circular  plate  is  the  limiting  form  of  an 
oblate  spheroid  whose  minor  axis  is  indefinitely  short,  while 
the  major  axis  is  finite  and  equal  to  a. 

In  virtue  of  the  relation  62  =  a2  (1  —  e2),  we  see  that  in 
this  case  we  must  make  e  =  1. 
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Hence   for   the   density  at   any  point  in    terms    of  the 
density  p0  at  the  centre,  we  have 


ap0 


=  P> 


Va2  -  xl 
where  a  =  radius,  and  x  =  distance  of  point  from  the  centre. 

Also  the  whole  quantity  is  4nra?p0,  which  shows  that  the 
average  density  is  twice  the  density  at  the  centre. 

112.  To  calculate  the  potential  of  a  thin  circular  plate 
freely  electrified,  we  have  only  to  calculate  the  potential  at 
the  centre  of  a  distribution  whose  law  is  given  above. 

Conceive  the  plate  cut  up  into  a  very  large  number  of 


Fig.  33. 

narrow  annuli,  and  let  OA  cut  one  in  M,  JSr.     Draw  MP,  NQ 

perpendicular  to   OA,  and   QR  perpendicular  to   PM,  and 

join  OP. 

Then  the  potential  at  0  of  the  ring  MN  of  the  electrification 

2ttOM.MN  aPo  a  MN 

-2irap0.-p^ 


27rap0 . 


OM 

PQ 

a 


>JOP*-OM* 

2wap0 .  Z  POQ, 


PQ 


since  the  triangles  PRQ,  0PM  are  similar  and  —  is  the 

circular  measure  of  the  angle  POQ. 

Hence  adding  all  the  small  angles  POQ  corresponding  to 
successive  annuli  whose  widths  lie  on  OA,  we  have  for  the 
surface  : 


Potential  =  2 


Trapo 


IT 


irapQ. 
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But  we  have  only  yet  considered  one  surface  of  the  plate 
which  will  be  electrified  on  both  surfaces. 

Hence  Potential  of  Plate  V—  27r2ap0,  and  Q  =  ^iraip0, 

when  7=1,  Q  =  C, 


V=£-Q- 


7T 

Hence 

capacity  of  plate  :  capacity  of  sphere  of  same  radius  : :  2  :  ir. 
If  however  the  plate  forms  one  conductor  of  a  condenser, 

the  capacity  will  only  be  -  ,  since  the  free  charge  exists  on 

one  side  only  (see  Art.  105). 

113.    Prop.  XXI.    To  find  the  capacity  of  a  very  long  and  thin 
cylinder. 

It  is  clear  that,  neglecting  the  ends,  the  electrification  of 
the  cylinder  will  be  sensibly  of  uniform  density.  We  might 
see  this  by  viewing  the  cylinder  as  the  limit  of  a  very  prolate 
spheroid,  whose  major  axis  is  very  large  compared  to  its 
minor  axis.  We  shall  assume  the  potential  everywhere  within 
the  cylinder  the  same  as  at  the  middle  point  of  its  axis. 

Let  0  be  the  middle  of  the  axis,  and  a  the  radius  of  the 
cylinder.     Taking  an  element  PQ 

^r l^^ffcA T\        round  the  cylinder,  the  quantity 

A\ )       °        \  il :JB     of  electricity  on  its  surface  is 

^g.  34.  2iraPQ.p, 

and  the  potential  at  0  of  this  element 
_  2irapPQ 
"      OQ     ' 
Draw  00  perpendicular  to  the  surface  of  the  cylinder, 
and  PS  perpendicular  to   OQ.     Then    QSP   and    QCO   are 
similar  triangles. 

Hence  QP  :  QS ::  QO  :  CQ  ; 

.\  0Q.QS  =  CQ.PQ; 

PQQSPQ+QS 
"  OQ     CQ-OQ  +  CQ' 
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Now  since  when  x  is  a  very  small  fraction, 
log  (1 -#)  =  -#, 
we  shall  commit  no  appreciable  error  in  putting 

OQ        i0gV        OQ+CQJ 
,     OP  +  CP 

=  -hg0QTCQ 

=  log  (OQ  +  OQ)  -  log  (OP  +  CP), 

which  is  a  form  adapted  to  our  method  of  summation. 

The  potential  of  the  annulus  PQ  of  the  electrification  will 
now 

=  2irap  (log  (OQ  +  OQ)  -  log  (OP  +  OP)}, 

adding  all  the  elementary  differences  we  have  for  the  poten- 
tial at  0  of  the  charge  on  the  cylinder, 

Inrap  (log  (OB  +  BO)  -  log  00}, 

and  if  I  be  the  length  of  the  cylinder,  and  a  its  radius,  I  being 
assumed  great  compared  to  a,  this  reduces  to 

4urap  log  -  =  V  suppose, 

Qj 

and  if  Q  be  the  quantity  of  electricity,  Q  =  2irap .  I ; 

21og- 


If  V=  1,  Q  =  C,  the  capacity ; 

21og- 

Cor.  1.     If  I  be  very  large  compared  to  a,  log  -  must  be 

very  large,  and  therefore  the  capacity  of  the  wire  is  small. 
We  assume  therefore  that  if  two  pieces  of  apparatus  be  con- 
nected by  a  very  fine  wire,  we  may  neglect  the  electrification 
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of  the  wire,  and  that  the  charge  is  simply  divided  in  the 
ratio  of  the  capacities  of  the  apparatus. 

Cor.  2.  If  there  be  another  cylinder  outside  the  one 
we  are  considering,  separated  from  it  by  air,  we  have  for  the 
potential  of  the  Leyden  jar  so  formed, 


F=i^rlo^'j=Tlog 

,.0- 


2< 


a'  being  the  radius  of  the  outer  cylinder. 

If  the  dielectric  be  different  from  air  and  have  a  specific 
inductive  capacity  K  (Art.  77), 

G=K— — u 
2  log- 

a  formula  useful  in  calculating  the  charge  of  a  marine  cable. 

114.    We  next  proceed  to  illustrate  by  example  the  method 
of  electrical  images  explained  in  the  last  chapter  (Art.  73). 

Prop.  XXII.  To  find  the  distribution  of  electricity  on  an 
infinite  conducting  plate  connected  with  the  earth  and  under 
the  influence  of  an  electrified  point. 

Let  A  be  the  electrified  point  containing  m  units  of 
electricity,  and  DE  the  conducting  plate. 
Draw  AF  perpendicular  to  DE,  and  pro- 
duce it  to  B,  so  that  FB  =  FA  =p.  If  we 
imagine  a  quantity  —  m  of  electricity  at  B, 
it  is  clear  that  for  the  system  m  at  A  and 
—  m  at  B,  DE  will  be  a  surface  at  zero- 
potential.    For  the  potential  at  any  point 

7YL        in 
D  is   rrT  —  7yn  =  0;    because    DB  =  DA 

Hence  we  may  substitute  for  the  electri- 
fication of  the  plate  the  charged  point  B  as  far  as  places  to 
the  left  of  DE  are  concerned. 
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To  find  the  density  at  any  point  on  the  plate,  we  have 
(Art.  72)  only  to  find  the  resultant  force  due  to  the  electrified 
points  A  and  B,  and  divide  by  4-7T. 

This  resultant  will  be  normal  to  the  plate,  and  consists  of 
two  components,  one  repulsive  along  AD,  and  one  attractive 
along  DB.     Hence, 

Resultant  force  =  ^rpr-cos  BDG  +  -r^cos  HDG 
BD1  AD2- 

=  AlJ>COsDAF=A&'AD==Al}i> 

and  is  directed  to  the  right  of  DE.     Hence  the  density  will 
be  negative,  and  at  point  D 

2mp  mp 

^wAD*  "  ~  2ttAIP  ' 
or  the  density  varies  inversely  as  the  cube  of  the  distance 
from  the  electrified  point. 

This  method  can  be  applied  to  the  electrification,  under 
the  influence  of  an  electrified  particle,  of  any  system  of  planes, 
by  means  of  the  optical  principle  of  successive  images,  and 
the  electrification  can  be  represented  in  finite  terms  when- 
ever the  number  of  such  images  is  finite :  we  give  a  few 
cases  as  examples  : — 

115.  Example  1.  Two  planes  at  right  angles  to  each 
other.     Let  OA,  OB  be  conducting  planes  at  right  angles  to 


Fig.  36. 
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each  other,  P  a  point  electrified  with  one  unit  of  +  electricity. 
The  successive  images  of  P  are  P2  in  OA,  P2  in  OB,  and  P3 
the  image  of  both  P2  in  OA  and  Pl  in  OB.  Let  there  be 
quantities  of  electricity  —  1  at  Pl  and  P%  and  +  1  at  P3.  Then 
the  potential  at  any  point  on  either  plane  due  to  P  and  its 
system  of  images  vanishes,  and  the  potential  at  any  point 
within  the  angle  BOA  will  be  that  due  to  P  combined  with 
the  system  of  images  Plf  P2,  P3. 

The  density  of  the  electrification  at  any  point  Q  in  OA 
will  be  that  due  to  the  superposition  of  the  systems  (P,  Px) 
and  (P2,  P3).     Therefore  by  preceding  article, 

n__Wj L 

p~     27r\QP*     QP2a 
p  being  the  distance  of  P  from  OA. 

116.  Example  2.  Three  planes  mutually  at  right  angles. 
Let  OA,  OB  be  two  of  the  intersections  of  these  planes  and 
OG,  perpendicular  to  the  plane  of  the  paper,  the  third  inter- 
section ;  P  not  being  now  in  the  plane  of  the  paper.  There 
will  in  this  case  be  the  system  of  images  Plf  P2,  P3  due  to 
the  planes  CO  A,  COB  and  the  images  of  P,  Pif  P2,  P3  in  the 
plane  AOB.  The  density  at  any  point  Q  in  the  plane  A  OB 
will  be  given  by 

-      P.  (   l  1  *  1 

p~     2tt{qP*     QPf  +  QPf     QPi 

p  being  the  distance  of  P  from  the  plane  AOB. 

117.  Example  3.  Two  parallel  planes  with  an  electrified 
point  between  them.  In  this  case  the  number  of  images  is 
infinite,  and  it  will  not  be  generally  possible  to  represent  the 
density  in  finite  terms.  In  any  practical  case  the  influence 
of  all  images  after  the  first  few  could  be  neglected.  The 
positions  of  the  images  are  easily  found.  Let  A,  B  be  the 
plates,  and  P  the  point  between  them  distant  a,  b  from  them 
respectively,  at  which  we  will  suppose  a  unit  of  electricity 
placed. 

Let  Pj  be  the  image  of  P  in  A,  P2  that  of  P1  in  B, 
P3  that  of  P2  in  A  and  so  on.     The  set  of  images  Plt  P3... 
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to  the  right  of  A  will  be  negative,  and  the  set  P2,  P4... 
to  the  left  of  B  will  be  positive,  the  quantity  in  all  cases 
being  unity. 


A   B4 


J>3 


Fig.  37. 

We  have 

PPX  =  2a,PP2  =  PP1  +26, PP3=  PP2  +  2a,  PP4=PP3  +  26,  &c. 

.-.    PP1  =  2a,   PP.2  =  2a  +  2b,  PPs  =  4>a  +  2b,   PP4  =  4a  +  46. 

Hence  generally 

PP2X  =  2x(a  +  b),   PP2X.X  =  2a  +  2  (x  - 1)  (a  +  b), 

where  x  may  have  any  value  between  1  and  x . 

If  we  start  with  the  image  of  P  in  B,  which  we  will  call 
Qu  we  shall  have  the  set  of  images  Qlf  Q3...  to  the  left  of  B 
and  negative,  and  the  set  Q.i}  Q4...  to  the  right  of  A  and 
positive.     Their  positions  being  given  by 

PQ2X  =  2x  (a  +  6),    PQ^X  =  2b  +  2(x-  1)  (a  +  b). 

Hence  on  the  whole  we  have  to  the  right  of  A , 
The  set  of  —  images  at  distances  from  P  2a+2(x—l)(a  +  b) 
and  the  set  of  +  images  „  2x  (a  +  b) 

To  the  left  of  B, 

The  set  of  —  images  at  distances  from  P   2b  +  2  (x  —  1)  (a  +  b) 

and  the  set  of  +  images  „  2x  (a  +  b) 

x  in  all  cases  being  any  integer  from  1  to  x  ,  and  the  quan- 
tity of  electricity  in  each  image  being  ±  1. 
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118.  Prop.  XXIII.  To  find  the  distribution  of  electricity  on  a 
sphere  at  zero  potential  under  the  influence  of  an  electrified  point 
within  or  without  it. 

We  may  deduce  the  electrical  influence  of  a  point  on  a 
sphere  by  considering  two  points  having  charges  ex  and  —  e2 
of  electricity  placed  at  points  A,  B.  We  shall  have  for  the 
potential  at  any  point  distant  rx  and  ra  from  A,  B  respec- 
tively 

01  ^S 

n      r2  ' 
Hence  for  surface  of  zero-potential 

01  02 

—  =  — ,  or  r,  :  r„  : :  ex  :  e,. 

Or,  the  distances  of  any  point  on  the  surface  from  A  and 
B  are  in  the  constant  ratio  ex  to  e2. 

We  can  easily  show  that  the  locus  of  a  point  satisfying 
this  condition  is  a  sphere. 

P 


For  let  P  be  a  point  on  the  locus,  and  ex  greater  numeri- 
cally than  e.2.  Divide  AB  internally  and  externally  in  C 
and  D,  so  that 

AG  :  GB  ::  AD  :  DB  ::  ex  :  e2 (i). 

Hence  AP  :  PB  ::  AG  :  GP  ;     .\  PC  bisects  APB, 

and  AP  :  PB  ::  AD  :  DB  ;     .'.  PD  bisects  APB  externally  ; 

.*.  GPD  is  a  right  angle. 

Hence  the  locus  of  P  on  the  plane  of  the  paper  will  be 
a  circle  whose  diameter  is  CD :  and  the  same  property  will 
be  true  for  each  point  on  the  sphere  whose  diameter  is  CD 
and  centre  E,  the  middle  point  of  CD. 


PROBLEMS   IN   STATICAL   ELECTRICITY.  Ill 

119.  To  determine  the  position  and  dimensions  of  the 
sphere  we  have  the  following  relations. 

From  (i)  we  have 

AG  +  CB:  GBv.ex  +  e2\e2\ 

:.  CB=  -f±-  AB,  and  AG  =  -^~  AB (ii). 

ex  +  e,  ex  +  e. 

Again  from  (i), 

AD-DB  :  DB  v.ex-e,\  e2, 

.-.  DB=  -*—ABt  and  AD=—^-AB (iii). 

^1  —  ^2  01  —   02 

Also  GD  =  CB  +  BD  =  -^-  AB  +  -^-  AB  =  ~^\.AB. 

e1  +  e2  ex  —  e2  ex2  —  e2 

Hence  radius  of  circle  =     ,  *  2  -  .AB (iv). 

And  EB  =  CE-CB  =  -^^2.AB-  ^-AB  =  -^-2AB 

@l"         @2~  @i  "T"  @2  Q\     —  @2" 

=  ^EG. 

Similarly  EA=^EG] 

:.  EB.EA  =  EC\ 

A  and  B  are  called  conjugate  points  with  reference  to  the 
sphere. 

120.  To  find  the  density  at  any  point,  we  have  (Art.  72), 
to  find  the  resultant  force  at  that  point  on  the  spherical 
surface,  and  as  before  divide  it  by  47r. 

The  forces  at  P  are  clearly  -\  along  AP,  and  — 0  along 

7*2  r2 

PB,  and  their  resultant  is  along  PE,  since  it  is  normal  to 
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the  equipotential  surface.     Let  F  be  the  magnitude  of  the 
resultant,  then  completing  the  parallelogram  EKPL, 


Fig.  39. 
F :  component  in  AP  ::  PE  :  PK, 
w     PE  '* 

and  because  PB,  KE  are  parallel, 

PK  :  BE  ::  AP  :  AB, 

,     .    A.  _     AB.PE    ex  ef-eS    ex 

substituting;    F=      BE   -.- -=a.     ^2      .  — , 

if  a  be  the  radius  of  the  sphere. 

Since   this   resultant  is  inwards,  we   must  express    the 
density  by 

ex  (e±2  -  e22)    a_ 

and  we  conclude  that  a  distribution  whose  density  is  given 
by  the  above  law  produces  within  the  sphere  a  force  equal 
and  opposite  to  ex  at  A,  and  is  therefore  the  distribution 
induced  by  ex  placed  at  A. 

Again,  if  the  density  at  P  be  expressed  by 


+ 


4nrei2       r£ 
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we  conclude  that  this  distribution  produces  without  the  sphere 
a  force  equal  and  opposite  to  that  of  —  e2  at  B,  and  is  there- 
fore the  distribution  induced  by  —  e.2  at  B. 

The  whole  quantity  of  the  distribution  being  in  either 

case  ±  e2. 

a2 
(i)     In  the  first  case  let  AE  =f,  then  BE  = 


f 


and  f=  —  a. 

J      e. 


Hence  the  law  of  density  becomes,  on  substitution  for  e.2 

and  reduction, 

ei(/2-a2)t 

4ura .  rx8 

a2 
(ii)     In  the  second  case  let  BE  =  f,  then  AE—  -j-, , 

and  j  =  —  a. 
Hence  substituting  for  ex  the  law  of  density  is 

47rar23 

121.  We  see  now  that  we  can  include  both  cases  in  the 
following  statement : 

If  there  be  taken  on  the  radius  of  a  sphere  two  conjugate 
points,  and  a  quantity  of  electricity  e  be  placed  at  one  of 
them  whose  distance  from  the  centre  is  /,  it  will  induce  a 
distribution  over  the  sphere  whose  law  of  density  is 

kirar3,    ' 

where  r  =  distance  from  the  electrified  point 

and  a  =  radius  of  sphere, 

and  the  resultant  effect  of  this  distribution  on  all  points  on 
the  same  side  of  the  spherical  surface  is  the  same  as  of  a 
particle  at  the  conjugate  point  having  a  charge  represented 

C.  E.  8 
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by  _  cl  e  •  the  whole  quantity  of  the  distribution  being,  when 
the  electrified  point  is  within  the  sphere,  -  e,  and  when 
without  the  sphere,  —  -^e. 

122.  The  following  direct  geometrical  proof  of  the  pro- 
position of  the  preceding  article  is  a  modification  of  that 
originally  given  by  Sir  William  Thomson. 

Prop.  XXIV.  A  distribution  of  matter  is  made  over  a  spherical 
surface  whose  density  at  any  point  varies  inversely  as  the  cube 
of  its  distance  from  a  fixed  point,  show  that  the  potential  of  the 
distribution  at  any  point  on  the  opposite  side  of  the  spherical 
surface  is  the  same  as  that  due  to  a  certain  quantity  of  matter  at 
the  given  fixed  point. 

Suppose  S  the  given  fixed  point  in  Fig.  (a)  external,  and 
in  Fig.  (6)  internal,  and  let  P  be  a  point,  on  the  opposite  side 
of  the  spherical  surface,  at  which  we  shall  estimate  the 
potential. 


Fig.  40. 

Let  in  Fig.  (a)  the  distance  of  S  from  the  centre  be  /, 
and  in  Fig.  (b)  /'. 

Join  SP  and  produce  it  to  T  so  that 

Fig.  (a)     SP.ST=f*-a*, 

Fig.  (b)     SP.ST=a*-f\ 
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Through  S  draw  any  line  meeting  the  sphere  in  E  and 
K,  join  PE  and  TK ; 

.'.  SE.SK  =  SP.  ST  in  both  figures ; 

.*.  the  triangles  SEP,  STK  are  similar. 

Conceive  now  the  line  KES  to  move  so  as  to  trace  out  a 
small  cone  whose  vertex  is  S,  and  which  cuts  the  spherical 
surface  in  elementary  areas  E  and  K.  It  is  clear  that  E  and 
K  are  corresponding  elements,  so  that  the  whole  surface  is 
exhausted  simultaneously  by  a  series  of  elements  E  and  K. 

Now  the  potential  at  the  point  P  due  to  the  element  E 
of  the  distribution  {E  being  used  to  denote  its  area), 

mass  of  E 


EP       ' 

and  density  over  E  =  ^^ ,  where  A  is  a  constant ; 

\E 

.*.  potential  at  P  due  to  E  =  ^p — „-=-. 

Again,  since  the  tangent  planes  at  E,  K  are  equally  in- 
clined to  SEK, 

E:K::SE*:SK>; 

•  potential  due  to  E  =  Ep  jg  ^  =  ^p^/w)  ; 

also  by  similar  triangles  EP  :  SP  ::  TK  :  SK, 
.-.  EP.SK  =  SP.TK, 

.'.  potential  due  to  E  =  Sp/^__a^    TR\ 

.'.  potential  at  P  due  to  whole  sphere  =  ~-r, ,  „, r .  X  vjttp. 

SP  (/2  —  a2)        2a 

But  X  Yjf  represents  the  potential  at  T  of  a  uniform  dis- 
tribution whose  density  is  X,  which  by  Prop.  1  is  4>7r\a,  since 
T  is  necessarily  an  internal  point. 

8—2 
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/L77-A.  Li> 
Hence  the  potential  at  P,  due  to  the  sphere  =  - ->2  ^    -\  Qp 

—  potential  at  P,  due  to  a  mass  7^ at  S, 

j  ~a 

or  substituting  electric  distribution  for  matter,  and  reversing 
the  sign  of  the  distribution  on  the  sphere, 

Potential  due    to   quantity   -^ at  8+  Potential  due  to 

the  distribution  of  density  -  ~^-  =  0,  at  any  point  P  on  the 

opposite  side  of  the  surface  to  8. 

And  this  is  the  condition  which  must  be  satisfied  by  the 
distribution  induced  by  an  electrified  particle  at  S  (Art.  72). 

If  we  put  m  =  ji 2 ,  we  get 

Potential  due  to  m  placed  at  8  +  Potential  due  to  distribution 

(  f2  ~  a2)  m 
of  density  —  Jj r~r  =  0,  at  any  point  on  the  opposite 

side  of  the  surface. 

To  find  the  whole  quantity  distributed  over  the  sphere 
we  see 

quantity  on  element  E  =  gp-^.^p  =  (f*~a*)SK' 

.      ,.     .,        ,  1     v  \K 

:.  quantity  distributed  =  >2^    2  2,  -~~ , 

and  2  c/>r  =  potential   at    8  of  a   uniform    distribution   of 

density  X. 

In  Figure  (a)  8  is  external, 

S\K  _    47m2 
:"*8K~X    f   ' 

and  the  whole  amount  of  distribution 


/(/2-a2) 


7W- 


PROBLEMS   IN   STATICAL   ELECTRICITY. 


117 


_  X .  4<7ra 


In  Figure  (b)  S  is  internal,  and 

*CXK       ^      A 

oik 

:.  whole  amount  of  distribution 

as  has  been  already  shown. 

By  choosing  conjugate  points,  it  is  easy  to  show  that  the 
two  distributions,  one  derived  from  the  external  and  the 
other  from  the  internal  point,  are  identical,  and  the  pro- 
position of  Art.  121  follows  immediately. 

123.  Prop.  XXV.  To  find  the  quantity  of  the  electricity  in- 
duced on  two  concentric  spherical  surfaces  each  at  zero  potential, 
having  an  electrified  point  between  them. 

This  can  clearly  be  solved  by  means  of  the  principle  of 
successive  images  illustrated  above  in  the  case  of  plane  sur- 
faces (see  Art.  117). 


Fig.  41. 

Let  OAB  be  a  common  radius  on  which  P  the  point 
charged  suppose  with  a  unit  of  electricity  lies. 

The  positions  of  the  successive  images  beginning  with  that 
in  the  surface  A,  which  we  will  call  Plf  are  given  by  the 
formulae 

OP, .  OP  =  OA*  :  0P2 .  0P1  =  OR'  :  0P3 .  0P2  =  0A\  &c, 
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or  generally, 

0I\M  .  0P.2X  =  OA*  :  0P2X  .  OP^  =  0B\ 

The  quantity  of  electricity  in  the  successive  images  will 

be  given  (Art.  121)  by  the  formula  Pr  =  —  yyp — -^V-i,  where 

B  is  the  radius  of  the  circle  with  respect  to  which  the  image 
is  taken.     Hence  the  quantity 

atP—  ^ 

—  OP ' 

atP2  =  +  g|.^  =  ^;  '.•OPl.OP  =  OA% 

OA.OB.OA  OA   OA 

at  P,  -     ^p^  ^  0p^  0p  -     QB'OP} 

&c.          =          &c. 
_  0^.  05 04 

at  iV-,  -      ^p^  _  0p^_3) (0p2  >  0Pi)  _  0p 

_  oax  .  op*-1  _  _  /Oiiy  05 

-  -  OB2x-2  m  op  -      {OBJ   '  OP  ' 


at  P,x  =  + 


OB .  OA  .  05 OJ.  /05  y 

(op^vop^  . . .. . .  (oa  .  op)   Um ; 


the  images  of  type  P2a;_i  being  negative  and  within  J.,  those 
of  type  P2X  being  positive  and  outside  B. 

Beginning  with  Qx  the  image  of  P  in  B,  and  proceeding 
as  above,  we  shall  have  a  series  of  images  of  types, 

0  ~(°Ar.Q  --(0Br  9A 

H™-\0B)  '  fe-1_     \0A)  'OP' 

those  of  type  Q.2X  being  positive  and  within  A,  those  of  type 
Q2X-1  negative  and  outside  B. 

The  quantity  of  electricity  induced  on  A  will  be  found 
by  summing  the  quantities  of  all  the  images  within  A. 
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T,.  ^/OAy  OB      ^/OAy 

This  sum    =-\(m)  -QP'  +  Siloff) 


/05 
VOP 

■  i)  ST 

O^L 

/0A\* 
[OBJ 

P5 

05 

PB 

0A 

OP* 

()i 

OP 

'  AB 

1 

05 

The  series  for  the  images  outside  B  is  divergent.     The 
sum  however  must  be  finite,  and  by  Art.  54, 

PB  0A\        PA    OB 


~     V     AB'0PJ~     OP'AB 

Cor.  Supposing  the  spheres  of  infinite  radius  we  get  the 
induction  on  two  parallel  plates  A,  B  due  to  an  electrified 

DD  PA 

point  between  them,  equal  to  —  -p^  on  A  and  —  j-~  on  B. 

124.  A  very  large  and  important  class  of  electrical 
problems  are  solved  by  the  method  of  electrical  images 
combined  with  the  principle  known  to  mathematicians  as 
that  of  geometrical  inversion.  We  must  therefore  give  first 
the  fundamental  properties  of  geometrical  inversion. 

Def.  Centre  of  Inversion.  Geometrical  Image  or 
image  by  inversion.  Let  O  be  a  fixed  point,  the  centre  of 
inversion,  and  let  A  be  any  point  in  space.  Join  OA  and  in 
it  take  another  point  a  such  that  OA .  Oa  =  R2,  then  a  is  said 
to  be  the  geometrical  image  of  A,  and  R  is  called  the  radius  of 
the  circle  of  inversion. 

We  see  that  to  every  curve  or  surface  in  space  will  corre- 
spond another  curve  or  surface  which  will  be  called  its  image 
by  inversion,  being  the  locus  of  the  images  by  inversion  of 
the  points  on  the  curve  or  surface. 

125.  The  following  properties  of  inversion  will  be  found 
useful. 


120 
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Prop.  A.    If  0  be  the  centre  of  inversion,  AB  any  two  points, 
a,  b  their  images,  then  the  triangles  OAB,  Oba  are  similar. 

For,  since  OA  .  Oct  =  OB.Ob  =  R\ 


Fig.  42. 

OA  :  OB  ::  Ob  :  Oa, 

and  the  angle  at  0  is  common,  therefore  the  triangles  are 
similar. 

Cor.     AB  :  ab  =  0A  :  Ob  =  OB  :  Oa=OA.OB  :  £2 

126.  Prop.  B.  The  angle  at  which  two  curves  or  surfaces 
cut  is  unaltered  by  inversion. 

For  let  AB,  AG  represent  the  elements  of  two  arcs 
cutting  at  A,  supposing  them  both  in  the  plane  of  the  paper, 
the  only  case  that  occurs  in  our  work. 


Then 


o  b 

Fig.  43. 

zOAB  =  zOba;  and  zOAC  =  zOca; 
.-.  Z  BAO  =  Z  Oba-Oca  =  zbac. 


127.  Prop.  C.  Corresponding  elements  of  arc  in  a  curve  and 
its  image  are  in  the  ratio  OA2 :  R2  and  corresponding  elements 
of  surface  in  the  ratio  OA4  :  R4. 

For,  by  Prop.  A.  Cor., 

AB  :  ab  ::  OA  .  OB  :  R\ 
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But  since  A,  B  nearly  coincide  OA  .OB—  OA2  nearly ; 
.-.  ABiab::  OA2 :  R\ 

Again,  elements  of  surface  are  ultimately  proportional  to 
rectangles  under  elements  of  arc,  and  hence  will  be  in  the 
duplicate  ratio  of  arcs  or  as  OA4  :  R4,  or  as  R4  :  Oct4. 

128.  Prop.  D.  The  image  of  a  plane  is  a  sphere  passing 
through  the  centre  of  inversion. 

Let  OA  be  the  perpendicular  on  the  plane  and  P  any 
point  on  it.     Then  if  a,  p  be  the  images  of  A,  P, 


Fig.  44. 

Z  Opa  =  Z  OAP  =  a  right  angle , 
.*.  locus  of  p  is  a  sphere  on  Oa  as  diameter. 

129.    Prop.  E.    The  image  of  a  sphere  is  another  sphere,  the 

two  spheres  having  the  point  of  inversion  for  centre  of  similitude. 

Let  OECE'  be  drawn  through  the  centre  0  of  the  sphere, 


Fig.  45. 
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and  let  OAA'  be  any  other  line  cutting  the  sphere.  Then 
using  in  all  cases  small  letters  for  the  images  of  corresponding 
capital  letters, 

OA  .  Oa  =  R\  and  OA.OA'  =  OC*  -  CE*  =/a  -  a?,  suppose ; 

Oa         R2  ,    .    .,    .     Oa         R* 

•••  OA'  =/^ '  and  Similar1^  OA  =/^ ' 

Hence  the  locus  of  a  is  similar  to  that  of  A,  or  the  image 
is  another  sphere,  the  convex  part  of  the  image  corresponding 
to  the  concave  part  of  the  sphere,  and  vice  versa. 

If  Oc  —f  and  ce  =  a,  we  shall  have 

/      a     p-a}' 

130.  To  apply  this  geometry  to  electrical  problems,  we 
must  define  the  electrical  image  of  an  electric  distribution. 

Def.  Electrical  Image  by  Inversion.  Let  there  be 
at  a  point  B  a  quantity  e  of  electricity,  then  the  quantity  e' 
placed  at  b,  the  geometrical  image  of  B,  will  be  called  the 

electrical  image  by  inversion  of  e  if  —  —  7yr>  =  ~w  >  R  being 

the  radius  of  the  sphere  of  inversion. 

This  of  course  is  only  an  extension  of  the  electrical  images 
discussed  above,  Art.  121.  We  can  now  prove  the  following 
important  proposition. 

131.  Prop.  XXVI.  Relation  between  the  potential  of  any 
electrical  distribution  and  that  of  its  image. 

Let  B  (Fig.  42)  be  an  element  of  an  electric  distribution 
whose  quantity  is  e ;  b  its  electrical  image  at  which  is  a  quan- 
Ob 


tity  e'  ( =  -p  e  )  ,  and  let  A  be  any  point,  and  a  its  image. 

Then  if  V,  V  be  respectively  the  potential,  due  to  B,  at 
A,  and  the  potential,  due  to  b,  at  a,  we  have 
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ir  ir>        e       e'         V'     e'  AB     Ob       B?      ,_ 

RV 

.*.  V  =  n     =  potential  at  a  of  a  quantity  RV  at  0. 

The  same  proposition  will  be  true  for  each  element  of 
any  distribution.  Hence  by  the  principle  of  superposition  if 
V  be  the  potential  at  A  of  any  electrical  system  B,  then  the 
potential  of  the  image  of  B  at  the  image  of  A  will  equal 
the  potential  of  a  quantity  RV  placed  at  the  centre  of 
inversion. 

Cor.  1.  If  we  place  at  0  the  centre  of  inversion  a  quan- 
tity of  electricity,  —  RV,  then  the  potential  at  a  of  the 
system  b,  and  of  a  quantity  —  RV  at  0,  will  be  zero.  If  B 
represent  therefore  any  electrified  conductor,  and  A  a  point 
inside  it  or  on  its  surface,  we  obtain  from  it  at  once  the  dis- 
tribution induced  by  an  electrified  point  0  on  the  image  of 
B  kept  at  zero  potential. 

Cor.  2.  If  we  have  given  the  distribution  of  electricity 
on  any  conductor  B  at  zero  potential  under  the  influence  of 
an  electrified  particle  at  0 :  by  inverting  the  system  relatively 
to  0,  the  image  of  0  is  at  an  infinite  distance,  and  can  there- 
fore be  neglected,  while  the  added  charge  at  0  will  be  zero 
because  B  is  at  zero  potential.  We  have  left  therefore  the 
distribution  on  the  image  of  B  freely  electrified. 

Cor.  3.     If  <x,  a  be  corresponding  elements  of  area  of  B, 

D4 

and  its  image  b,  we  have  (Prop.  C)  —  =  yry-4 ,  and  if  e,  e!  be 

e      R 

quantities  of  electricity  at  B  and  b,  —  =  -r ,  hence  if  p,  p   be 

densities  at  corresponding  points  on  an  electrical  distribution 
and  its  image  we  have 

£  =  i.     Z  -  j?3 

pea       Ob3 ' 

We  proceed  to  apply  the  principle  of  inversion  to  the 
solution  of  certain  problems. 
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132.  Prop.  XXVII.  To  find  the  electrification  of  a  sphere  at 
zero  potential  under  the  influence  of  an  electrified  particle. 

1st.     Let  the  particle  be  external. 

Take  a  sphere  freely  electrified  in  space  to  potential  V, 
and  invert  it,  making  any  external  point  centre  of  inversion. 
We  will  use  the  notation  and  figure  of  Prop.  E.    The  original 

electrical  density  was  j~      at  A  suppose  : 

Rs       V  VR3 

.\  density  on  the  image  =  y^-?  x  -4 —  =  -. 7— . 

J  &        Oa3     4ttci      ^iraOa3 

If  e  be  the  quantity  of  electricity  at  ceutre  of  inversion 

e  =  -  VR- 

...density  on  image  =  i^3. 
But  * 


a     f2-a2' 

R2       ,  f*-a?       ,  f2-a2     f'2-o!2 
a  a?  a2  a 

.'.  electrical  density  = ^ — -, — ^ ,  if  r  (—  Oa)  be  the 

distance  of  the  electrified  point. 

2nd.     Let  the  influencing  point  be  internal. 

To  arrive  at  this,  we  will  invert  the  distribution  of  the 
preceding  case,  making  the  electrified  sphere  the  sphere  of 
inversion.  The  distribution  on  the  sphere  is  unchanged, 
since  the  sphere  is  its  own  image ;  the  image  of  the  electrified 

point   is  a  point  distant  -p  {=g')  from  the  centre,  and  its 

charge  is  — ,  e  (=  e').  Hence  the  system  consisting  of  e'  at 
distance  g'  from  centre,  and  the  distribution  according  to 
density  law ^ — ,  3      ,  will  give   zero    potential   at   all 
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external  points.     The  total  quantity  of  distribution 

,  _g'    __a' 
~e~a'e'f6' 

Substituting  for/7  and  e  their  values  in  terms  of  e',  g  we 

find  the  density  induced  by  e'  at  a  distance  g'  from  the  centre 

e'  (a'2  —  a'2) 

= r — ; — rr^ ,  where  r  is  the  distance  from  the  influencing 

4}7ra  .  r3 

particle  of  the   element  of  the   distribution,  remembering 

(Art.  118)  that  -  =  ^  =  1. 

r     f      a 

133.  Prop.  XXVIII.  To  find  the  electrical  distribution  on  a 
conductor  in  the  form  of  two  spherical  surfaces  which  cut  at 
right  angles. 

We  shall  obtain  this  system  by  the  inversion  of  the 
system  (Art.  115)  of  two  conducting  planes  at  right  angles  to 
each  other,  since  each  plane  inverts  into  a  sphere  and  the 
angle  between  the  spheres  is  the  same  as  between  the 
planes. 

Let  P,  the  electrified  particle,  be  the  centre  of  inversion, 


Fig.  46. 
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and  the  radius  of  the  sphere  of  inversion  unity.  The  radii 
of  spheres  which  are  the  images  of  OA,  OB  will  be 

i(=«)and^(=/3), 

a,  b  being  the  distances  of  P  from  OA,  OB. 

The  distances  of  px,  p»,  p3  the  images  of  Plt  P2,  P3  from 
P  will  be 

*-£<-*  2*-i<-*>  and  P/,,=  ^i=(=v-^=)> 

and  the  quantities  of  electricity  will  (Art.  130)  be  equal  to 
their  distances  from  P  (R  by  supposition  being  unity) ;  the 
signs  being  —  for  p2  and  px,  and  -f  for  p3 ;  and  this  system  of 
images  will  be  equivalent  to  the  electrified  conductor  at  all 
external  points.  Also  the  potential  at  P  due  to  each  image 
will  be  numerically  unity,  and  therefore  the  potential  at  P 
due  to  the  whole  system  of  images  will  be  —  1. 

The  quantity  of  electricity  on  the  conductor  will  equal 
the  sum  of  the  quantities  in  the  images  p1}  p2,  p3 

a/3 


-a-/3  + 


Va'J+/32' 


Hence  the  capacity  of  the   conductor  or  the   quantity 
which  will  keep  it  at  unit  potential 


Va2  +  /32 

134.    Prop.  XXIX.    To  find  the  electrification  of  a  conductor 
in  the  form  of  three  spheres  cutting  mutually  at  right  angles. 

This  will  be  obtained  by  the  inversion  of  the  system 
(Art.  116)  of  three  conducting  planes,  mutually  at  right 
angles. 

The  distances  from  P  of  the  seven  images  in  the  planes 
AB,  BO,  OA  are  easily  seen  to  be  (if  a,  b,  c  be  the  distances 
of  P  from  the  planes) 
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(a)     2a,    26,   2c  at  which  are  quantities  —  1, 

(6)     Islet1  +  62,    2V62  4-  c2,    2Vc2  +  a2  at  which   are   quan- 
tities +  1, 

(c)     2\/a2  +  62  +  c2  at  which  is  a  quantity  —  1. 

The   radii   of  the  spheres  formed   by  inversion  of  the 
system  of  planes  in  a  sphere  of  radius  unity 

i_    JL    L 

~2a'    26'    2c* 

The  distances  of  the  electrical  images  of  the  above  system 
(a),  (6),  (c),  will  be 

n  _!_    _i_    _i_ 

W  2a'    2b'    2c' 


(o) 


2vW&2'    2V62  +  c2'    2Vc2+a2' 

1 

2Va2  +  62  +  c2' 


At  these  the  quantities  of  electricity  will  be  numerically  the 
same  as  their  distances,  the  first  row  (a)  being  — ,  the  second 
(b)  +,  and  the  third  (c)  — . 

Hence  the  quantity  of  electricity  corresponding  to  unit 
potential 


-JL+ 

1        1 

26  +  2c  ~ 

1 

1 

1 

1 

2a 

2Va2- 

h  62     2V62 

fa 

V/32  +  72 

+  c2     2Vc2  - 

-     yet 

V72  +  a2 

1 

ha2 

—  a  +  i 

!  +  62  +  c2 

3  +  7-T 
vc 

t2  +  /32 

a/37 

Va2/32  -I-  /3y  +  72a2 
if  a,  ft,  7  be  the  radii  of  the  spheres. 
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135.  Prop.  XXX.  To  find  the  electrification  of  a  system  con- 
sisting of  two  spheres  touching  each  other. 

This  problem  will  be  the  electrical  inversion  of  the  case 
(Art.  117)  of  two  parallel  planes  with  an  electrified  point 
between  them,  the  centre  of  inversion  being  the  electrified 
point. 

The  images  to  the  right  of  A  (Fig.  37)  will  have  their 
images  within  the  sphere  A',  which  is  the  image  by  inversion 
of  A ;  while  those  to  the  left  will  fall  in  the  sphere  B'\  and  as 
before  the  capacity  of  each  sphere  will  be  given  by  changing 
the  sign  of  the  sum  of  the  quantities  at  each  electric  image. 

Thus  if  GA  be  the  capacity  of  A' 
n       y°°         * y°° 


2x(a  +  b)        l  2a+2(x-l)(a  +  b)' 

the  symbol  SJ°  denoting  that  the  terms  formed  by  giving  x 
all  values  from  1  to  cc  are  to  be  added ; 


a  +  b  ~2  x{2a  +  2(x-l)(a  +  b)} 
and  similarly 


a  +  b    l  x{2b  +  2(x-l)(a  +  b)}' 
f  a,  /3  be  the  radii  of  the  two  spheres  a  =  tt-  ,  /3  =  -^  , 


a  +  0     '  a  {#(«*  +  £) 


These  summations  cannot  be  generally  effected.     The  two 
simplest  cases  are  (1)  where  the  spheres  are  equal, 

=  a(l-£  +  |-i  +  &c.)  =  «log.2. 
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(2)  When   j3  is  very  small  compared  with  a.     CA  appears 
to  be  indeterminate,  but  can  be  found  thus, 


n  a2/3  voo  1  a2 p 

ua  =  — - 


Us; 


a/3     voo         1 


a  +  /3     a  +  £     J  #(a?-l)' 
neglecting  /3  compared  with  (x—  l)a  when  a?  >  1. 

Hence  to  the  same  degree  of  approximation  GA  =  a,  the 
same  as  if  the  small  sphere  were  not  present.  Using  the 
same  approximation, 

8'2       1 


/32/l       1       1       0    \      /32    7T2 
a  \12      22     32  /      a      6 


as  is  proved  in  Trigonometry. 

To  compare  the  densities  on  the  two  spheres  divide  the 
charge  of  each  by  its  area  and  we  have 

a  1 

pa~47ra2~47ra' 

7T2/32  7T 

•'.  —  =  7t  =  1645  nearly. 

We  may  assume  therefore  that  when  a  small  sphere  is  made 
to  touch  any  electrified  conductor  it  carries  away  an  electri- 
fication whose  density  is  equal  to  1645  times  the  density  at 
the  point  of  contact. 

136.     By  inverting  the  system  (Art.  Ill)  consisting  of  a 
freely  electrified  plate  Sir  W.  Thomson  has  found  the  electrifi- 
es. E.  9 


130  PROBLEMS   IN   STATICAL   ELECTRICITY. 

cation  of  a  spherical  bowl,  due  to  the  induction  of  an  electri- 
fied particle  anywhere  on  its  surface  produced.  By  inverting 
the  electrification  (Art.  123)  of  two  concentric  spherical 
surfaces  under  the  influence  of  a  point  between  them,  he 
has  deduced  the  electrification  of  two  spherical  conductors 
under  each  other's  induction.  For  these  and  other  problems, 
requiring  for  their  solution  higher  mathematical  analysis, 
we  refer  the  student  to  the  writings  of  Sir  W.  Thomson  or 
Clerk  Maxwell. 


Examples  on  Chapters  III.  and  IV.,  and  on  General 
Statical  Electricity. 

1.  Two  particles  are  charged  with  quantities  q1  and  q2 
of  electricity,  and  another  with  a  quantity  —  (g2  +  q2),  and 
are  placed  at  the  angular  points  of  a  triangle.  Show  that 
the  work  done  against  the  two  former  equals  that  done  by 
the  latter  in  bringing  a  +  unit  up  to  the  centre  of  the  cir- 
cumscribing circle. 

2.  Three  particles  are  charged  with  equal  quantities, 
two  +  and  one  — ,  of  electricity.  Show  that  the  centre  of  the 
inscribed  circle  of  the  triangle,  formed  by  the  three  particles, 
will  be  on  the  surface  of  zero  potential  if 

.      ,       TT-A  .       TT  +  B         .       7T  +  0        n 

4  sin  — -. —  .  sm  — - — .  sin  — - — =  1, 
4  4  4 

the  negatively  electrified  particle  being  at  A. 

3.  A  rhombus  is  constructed,  two  of  whose  angles  are 
60°,  and  a  +  unit  of  electricity  is  placed  at  each.  Two  -  units 
are  placed  at  one  of  the  other  angles.  Show  that  the  po- 
tential at  the  remaining  angle  is  zero. 

4.  A  funnel  drawn  out  into  a  capillary  tube  is  filled 
with  sulphuric  acid,  and  a  gold  leaf  electroscope  having  a 
gold  cap  is  placed  underneath  it.  A  rod  of  sealing-wax, 
which  has  been  rubbed  with  gun-cotton,  is  now  held  over 
the  funnel ;  the  acid  flows  out  on  to  the  cap  of  the  electro- 
scope and  the  leaves  diverge.     Explain  the  electrical  actions 
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which  produce  the  flow  of  liquid  and  the  divergence  of  the 
leaves. 

5.  An  insulated  metal  lamp  is  placed  in  a  room  in 
which  an  electrical  machine  is  at  work.  The  lamp  is  con- 
nected by  a  wire  with  a  gold  leaf  electroscope  in  an  adjoining 
room. 

(i)  Describe  the  indications  of  the  electroscope  after 
lighting  the  lamp  and  working  the  machine. 

(ii)  Describe  the  indications  of  the  electroscope  after 
the  lamp  is  blown  out  and  the  machine  stopped. 

(iii)  An  insulated  metal  cylinder  completely  encloses 
the  lamp,  and  is  connected  with  another  electroscope.  De- 
scribe the  indications  of  this  electroscope  while  the  machine 
is  in  action  and  the  lamp  burning,  and  also  after  the  lamp 
is  blown  out. 

6.  A  stick  of  sealing-wax  rubbed  with  flannel  is  held 
over  a  gold  leaf  electroscope,  and  the  cap  touched  for  a 
moment  with  the  finger. 

(i)     What  will  be  the  state  of  the  leaves  ? 

(ii)  If  the  stick  be  brought  nearer  the  cap,  what  will 
be  the  indication  ? 

(iii)  If  the  stick  be  moved  further  away,  what  will  be 
the  indication  ? 

(iv)  What  will  be  the  effect  of  holding  a  large  insu- 
lated plate  of  metal  between  the  sealing-wax  and  the  cap  ? 
What  effect  will  the  thickness  of  the  plate  have  ? 

(v)  What  will  be  the  effect  if  the  sheet  of  metal  be 
uninsulated  ? 

(vi)  What  will  be  the  effect  of  substituting  a  plate  of 
paraffin  for  the  metal  plate  1 

7.  There  are  two  similar  gold  leaf  electroscopes,  one 
with  a  point  attached  to  the  cap.  A  piece  of  sealing-wax 
rubbed  with  flannel  is  held  over  each  of  them  and  removed. 
Describe  the  indications  of  the  two  electroscopes  before  and 
after  the  removal  of  the  sealing-wax. 

8.  An  insulated  metal  cylinder,  positively  electrified,  is 
held  with  its  axis  vertical,  and  a  funnel  whose  nozzle  pro- 
jects along  the  axis  of  the  cylinder  to  near  its  middle  has 
water  poured  into  it. 

9—2 
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(i)  The  funnel  is  uninsulated,  determine  the  electrical 
state  of  the  issuing  water. 

(ii)  If  the  funnel  now  be  insulated  what  effect  will  be 
produced  on  the  electrification  of  the  issuing  jet  at  first,  and 
after  a  time  ? 

(iii)  In  question  (i),  after  the  water  has  run  through, 
the  funnel  is  insulated  and  removed,  what  will  be  the  nature 
of  its  electrification  ?  Will  it  differ  from  that  of  the  funnel 
in  question  (ii)  after  the  water  is  exhausted  ? 

(iv)  What  effect  will  be  produced  on  the  issuing  jet, 
by  connecting  the  funnel  with  the  cylinder  ? 

(v)  In  (i)  the  issuing  stream  of  water  flows  into 
another  funnel,  which  is  contained  inside  a  second  insulated 
cylinder  and  connected  with  it.  What  will  now  be  the  state 
of  the  issuing  stream,  and  what  would  be  the  electrical  state 
of  the  second  cylinder  supposed  neutral  at  first  ? 

(vi)  Will  the  potential  of  the  lower  cylinder  go  on 
increasing  without  limit ;  or  if  there  be  a  limit,  on  what  will 
it  depend  ? 

(vii)  Show  how  an  arrangement  depending  on  the 
principle  of  the  preceding  questions  could  be  constructed,  by 
which  a  small  charge  given  to  a  Leyden  jar  could  be  aug- 
mented to  a  high  degree. 

9.  A  positively  electrified  particle  repels  every  other 
positively  electrified  particle,  but  two  conductors  charged 
with  positive  electricity  do  not  necessarily  repel  each  other. 
Explain  this  apparent  paradox. 

10.  Show  that  two  equal  conductors  similarly  placed 
with  respect  to  each  other,  both  raised  to  the  same  potential, 
and  insulated,  always  repel  each  other. 

11.  Show  that  if  the  potentials  of  the  twro  conductors  in 
the  last  question  differ  ever  so  little,  they  will,  at  great 
distances,  repel  each  other,  but  at  very  near  distances 
(supposing  no  spark  to  pass)  they  will  attract  each  other. 

12.  Two  very  thin  parallel  plates  are  pressed  closely 
together,  insulated  and  electrified.  Show  that  the  work  done 
by  them  during  separation  equals  half  the  whole  energy  of 
the  electrification. 
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13.  Two  thin  parallel  plates  are  electrified  to  the  same 
potential,  draw  a  rough  diagram  of  the  lines  of  force. 

14.  The  two  thin  plates  in  the  preceding  question  are 
electrified  to  slightly  different  positive  potentials.  Draw  the 
lines  of  force,  and  show  that  when  very  near  together  there 
will  be  an  attractive  force,  and  when  very  far  apart  a 
repulsive  force  between  them. 

Using  the  notation  of  Art.  84,  the  energy  of  the  system  is 

Then  if  CXi  Gx  be  the  rate  of  change  of  the  capacities 
0,  C  as  x  the  distance  of  the  plates  is  increased,  the  force 
helping  separation  will  be 

40,(7,- F^  +  JOB/(F1"+ FA 

Now  (Art.  94)  0=  -^-,  and  therefore  (Art.  95)  Gx=- 


4>7TX  X  '       X  47T#2' 

The  value  of  C  we  do  not  know,  but  it  certainly  increases 
with  x  (Art.  105).  Hence  for  the  force  separating  the  plates 
we  have 

This  shows  that  if  V1  -  V2  be  not  zero,  the  force  must 
certainly  be  attractive  if  the  plates  are  near  enough. 

Again,  the  first  term  becomes  as  small  as  we  please  by 
increasing  x  and  the  force  will  then  be  repulsive.  Also  if 
V1  —  V2  be  small  the  first  term  will  become  insignificant 
even  for  such  moderate  values  of  x  that  the  assumed  form  of 
expression  for  the  capacity  still  remains  true.  Hence  we 
infer  that  in  bringing  the  plates  very  near  there  will  be  an 
attraction  between  them,  and  on  separating  them  far  enough 
apart  a  repulsion. 

15.  Two  spheres  of  radii  4  and  5  centimetres  are  con- 
nected by  a  long  and  fine  wire,  find  the  proportion  in  which 
a  charge  communicated  to  the  system  is  divided  between  the 
spheres. 

16.  A  sphere  of  radius  one  decimetre  is  connected  by  a 
long  wire  with  a  plate  one  decimetre  square,  which  has  at 
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distance  one  millimetre  frum  it  another  parallel  plate  con- 
nected with  the  earth.  Find  the  ratio  in  which  a  charge 
will  be  divided  between  the  plate  and  sphere.  Calculate 
also  the  numerical  capacity  of  the  whole  system. 

,                0.     10(tt  +  25) 
Ans.  7r  to  zo  ; -. 

IT 

17.  A  thin  circular  plate  whose  radius  is  one  decimetre 
is  charged  with  a  unit  of  electricity,  and  moved  till  distant 
one  millimetre  from  a  similar  plate  connected  with  the  earth. 
Compare  the  potential  of  the  plate  before  and  after  the 
movement  of  the  plate.  Ans.  2o7r  to  2  nearly. 

18.  Two  spheres,  each  one  decimetre  in  radius,  are 
connected  by  a  wire.  A  third  conducting  sphere  is  con- 
centric with  and  envelopes  one  of  the  spheres,  and  is  also 
connected  with  the  earth  :  the  distance  between  the  surfaces 
being  two  millimetres.  Show  in  what  proportion  a  charge 
communicated  to  the  system  is  divided.  Ans.  51  to  1. 

19.  A  Leyden  jar  one  millimetre  thick,  and  having 
1  sq.  decimetre  surface,  is  fully  charged  by  5  turns  of  an 
electrical  machine.  How  many  turns  are  necessary  to  charge 
a  battery  of  40  square  decimetres,  and  6  millimetres  thick  ? 

Ans.  33J. 

20.  With  same  data  as  ques.  19,  what  fraction  of  full 
charge  will  be  communicated  to  a  battery  of  20  sq.  deci- 
metres, '5  mil.  thick,  by  45  turns  of  the  machine  ?      Ans.  -£-$. 

21.  With  same  data  as  ques.  19,  a  battery  having  200 
sq.  decimetres  is  charged  by  500  turns  of  the  machine.  Find 
the  thickness.  Ans.  2  mm. 

22.  Compare  the  energy  of  discharge  of  two  batteries, 
one  of  20  sq.  decimetres,  and  the  other  of  80  sq.  decimetres, 
both  of  same  thickness,  and  charged  to  same  potential. 

23.  Compare  in  last  question  the  energy  of  discharge 
of  the  two  batteries,  supposing  one  charged  with  80,  and  the 
other  with  150  turns  of  the  machine,  neither  being  supposed 
fully  charged.  Ans.  25G  to  225. 
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24.  Compare  the  energy  of  discharge  in  two  batteries, 
one  of  15  sq.  decimetres  and  the  other  of  60  sq.  decimetres, 
each  charged  by  the  same  number  of  turns  of  the  machine, 
the  thickness  being  the  same  in  both.  Ans.  4  to  1 . 

25.  Compare  the  capacities  of  two  batteries,  one  of 
40  sq.  decimetres,  1  mil.  thick,  the  other  of  100  sq.  deci- 
metres, 1*5  mil.  thick.  Ans.  3  to  5. 

26.  Compare  the  potentials  of  two  batteries,  one  of 
30  sq.  decimetres  surface,  1-J-  mil.  thick,  the  other  of  80  sq. 
decimetres  surface,  *8  mil.  thick,  charged  with  equal  amounts 
of  electricity.  Ans,  5  to  1. 

27.  Compare  the  potentials  of  the  two  batteries  in  the 
last  question,  supposing  one  charged  with  10  turns  of  the 
machine,  and  the  other  with  40  turns,  supposing  neither 
fully  charged.  Ans.  5  to  4. 

28.  Compare  the  amounts  of  heat  evolved  in  the  dis- 
charge of  the  two  batteries  of  the  last  question.  Ans.  5  to  16. 

29.  A  battery  of  20  sq.  decimetres  charged  with  40 
turns  of  the  electrical  machine  will  just  puncture  glass 
*3  mil.  thick.  What  extent  of  coated  surface  of  the  same 
thickness,  charged  to  the  same  potential,  will  pierce  a  sheet 
of  glass  3  mil.  thick  ? 

30.  Two  parallel  conducting  plates  are  connected,  one 
with  the  earth,  and  the  other  with  a  source  of  electricity  of 
constant  potential.  A  positively  electrified  particle  falls 
from  the  positive  to  the  negative  plate.     Show  that 

(i)  The  particle  falls  under  a  uniform  acceleration 
which  varies  inversely  as  the  distance  of  the  plates. 

(ii)  The  time  of  falling  is  directly  proportional  to  the 
distance  between  the  plates. 

(iii)  The  velocity  acquired  in  falling  is  independent  of 
the  distance. 

31.  A  gold  leaf  electroscope  is  connected  by  a  long  wire 
with  various  points  in  succession  on  an  electrified  conductor, 
the  distribution  being  (1)  free,  (2)  induced.  What  difference 
(if  any)  will  there  be  in  its  indications  ? 
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82.  In  what  respects  will  the  indications  of  the  pre- 
ceding question  differ  (1)  from  those  obtained  by  touching 
the  various  points  with  a  proof  plane  and  bringing  it  near 
the  electroscope,  (2)  from  the  results  obtained  by  suspending 
pith  balls  at  various  points  on  the  conductor  ? 

33.  The  plates  of  a  condensing  electroscope  are  con- 
nected by  a  long  fine  wire,  electrified  and  separated.  Will 
there  be  any  change  observed  in  the  divergence  of  the  leaves 
during  separation  ? 

34.  How  are  the  potentials  of  the  surfaces  of  a  charged 
and  insulated  Leyden  jar  affected  by  letting  down  into  it  a 
conductor — 

(i)      Connected  with  the  earth  ? 

(ii)     Completely  insulated  ? 

(iii)    Completely  insulated,  but  left  with  one  half  ex- 
tending outside  the  jar  ? 

35.  Two  plates,  having  gold  leaves  attached  to  their 
faces,  are  charged  as  a  Leyden  jar,  and  insulated.  The  dis- 
tance between  the  plates  is  now  varied.  Discuss  fully  the 
changes  in  the  state  of  the  gold  leaves  as  the  distance  is 
varied. 

36.  A  Leyden  jar  is  charged  and  placed  on  the  cap  of  a 
gold  leaf  electroscope.  A  small  bod}7,  neutral  or  electrified, 
is  brought  near  the  knob  of  the  jar  and  then  removed. 
Describe  and  explain  all  the  indications  of  the  electroscope 
(1)  when  the  body  is  neutral,  (2)  when  positive,  (3)  when 
negative. 

37.  What  differences  would  there  be  in  the  preceding 
question,  if  the  body  be  allowed  to  touch  the  knob  of  the  jar? 

38.  A  series  of  n  jars,  whose  capacities  are  C\,  G2,  C3)... 
are  charged  by  cascade  and  fitted  up  as  a  battery.  Show  that 
if  we  neglect  the  free  charges,  and  V  denote  the  potential  of 
the  source,  and  Q  the  charge  of  the  battery, 

nV      1       1       1 


Q       L1     62     C3 
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39.  Hence  show  that  the  charge  of  a  battery  charged 
by  cascade  is  greater  than  that  of  the  jar  of  lowest  and  less 
than  that  of  the  jar  of  highest  capacity,  charged  from  the 
same  source. 

40.  Three  jars  are  connected  by  fine  wires  and  charged 
by  cascade.  Show  how  to  calculate  the  electrification  of  the 
system,  making  allowance  for  the  free  charge. 

Arts.     If  Glt  G2,  Gz  be  the  capacities  for  bound  charge, 

h,  in,  h  be  free  capacities  of  charges  on  inner  coats, 

0i,  o.,,  o3  be  free  capacities  of  charges  on  outer  coats, 

and  Vbe  potential  of  source,  the  potentials  of  the  inner  coats 
of  the  second  and  third  jars  are  respectively 


(C2  +  C1  +  4  +  o1)(0J  +  Ca  +  ;3  +  o2)-(722 

GA 


V, 
V. 


(<72  +  Gx  +  %  +  o,)  (0,  +  G2  +  is  +  o2)  -  C22 

41.  A  number  of  conductors  of  capacities  Glt  G2)...  are 
raised  to  potentials  Vlt  V2)...  respectively,  and  afterwards 
connected  by  fine  wires  so  as  to  form  one  conductor.  Show 
that  the  potential  of  the  conductor  is  given  by 

1GV 
XG  ' 

42.  Show  that  in  the  preceding  system  the  energy  of  the 
whole  conductor  is  to  the  energy  of  the  separate  conductors 
as  {1  {GV)Y  is  to  XG  x  2  {GV% 

43.  Two  equal  jars  are  charged  one  positively  and  one 
negatively  to  the  same  potentials.  The  inner  and  outer 
coats  are  then  connected  by  wires.  What  will  be  the  state 
of  each  jar  ? 

44.  In  the  preceding  question,  does  electricity  pass 
from  one  outer  coat  to  the  other  when  both  are  at  zero 
potential  ? 

45.  In  the  last  question  but  one,  what  would  happen  if 
the  outer  coats  were  insulated  and  the  inner  coats  connected 
by  a  wire  ? 


138  PROBLEMS   IN   STATICAL   ELECTRICITY. 

46.  Two  insulated  spheres,  whose  radii  are  7\  and  r2,  are 
in  regions  of  potentials  Vx  and  V2  and  are  connected  by  a  fine 
wire : 

(i)     Find  the  potential  of  the  system, 
(ii)     Find  the  free  charges,  supposing  the  wire  to  be 
suddenly  cut  by  a  pair  of  scissors  with  glass  handles. 

47.  A  ball  is  insulated  and  held  within  a  Leyden  jar, 
being  connected  by  a  wire  with  an  electroscope  outside. 

(i)  What  will  be  the  indication  of  the  electroscope 
when  the  jar  is  first  charged  ? 

(ii)  What  would  be  the  simultaneous  indication  of 
another  electroscope  entirely  within  the  Leyden  jar  and 
connected  with  the  ball  ? 

(iii)  If  after  charging  the  jar  the  ball  be  touched  by 
the  finger,  what  will  be  the  indication  of  the  outside  electro- 
scope ? 

(iv)  How  will  the  indication  of  the  electroscope  be 
affected  if  the  jar  gradually  leak  ? 

(v)  If  the  Leyden  jar  be  charged  and  insulated  before 
the  introduction  of  the  ball,  how  will  the  introduction  of 
the  ball  affect  an  electroscope  connected  with  its  outer  sur- 
face ? 

48.  A  plate  of  radius  a  has  another  plate  of  the  same 
radius  at  a  small  distance  T  from  it. 

(i)  If  the  system  be  charged  as  a  Leyden  jar,  compare 
the  free  and  bound  charges.  Ans.    As  4T  to  air. 

(ii)  If  the  plates  of  the  Leyden  jar  be  insulated  and 
removed  to  a  distance  t,  find  the  potential  of  the  plates  and 
the  amount  of  the  free  and  bound  charges.  Discuss  both  the 
cases  in  which  t  is  greater  and  less  than  T. 

(iii)  The  plate  receives  a  charge  Q  of  electricity  and 
is  moved  till  it  is  distant  T  from  the  second  plate,  which  is 
connected  with  the  earth.  Find  the  potential  and  the  amounts 
of  the  free  and  bound  charges. 

7T  4>T 


Ans.    Potential  = 


a'  4sT  +  air ' 
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(iv)  If  a  =  1  decimetre  and  T  —  *01  cm.  and  the  system 
be  charged  as  a  Leyden  jar,  calculate  the  rise  in  potential  of 
each  plate  when  the  plates  are  entirely  separated.  How  is 
this  applied  in  the  condensing  electroscope  ? 

Ans.    Ratio  of  1  to  12dtt. 

(v)  The  two  plates  are  charged  as  a  Leyden  jar  and  the 
positive  plate  is  removed,  the  negative  plate  being  left  un- 
insulated.    Find  the  whole  work  done.     (See  Art.  105.) 

49.  A  Leyden  jar  is  charged  in  the  usual  manner  and 
insulated.  The  knob  is  now  touched  by  the  finger.  Find  the 
change  in  potential  of  the  two  coats  and  calculate  the  energy 
of  the  discharge. 

50.  Two  Leyden  jars  charged  to  different  potentials  have 
their  knobs  brought  for  an  instant  into  contact.  Calculate 
the  energy  of  the  spark  which  passes. 

51.  A  Leyden  jar  is  charged,  and  the  charge  divided 
with  another  equal  Leyden  jar,  which  is  uncharged.  Show 
that  one-half  the  whole  energy  of  the  system  runs  down  in 
the  spark. 

52.  Find  the  energy  expended  in  charging  a  conductor 
of  known  capacity  to  a  given  potential  by  means  of  a  unit 
jar,  whose  potential  of  discharge  is  known.  Show  that  it  will 
be  independent  of  the  capacity  of  the  unit  jar. 

53.  A  Leyden  jar  is  charged  and  fitted  up  with  (?i  —  1) 
uncharged  similar  jars  to  form  a  battery,  show  that  the  whole 

energy  is  only  -  of  the  energy  of  the  single  jar. 

54.  A  plate  is  placed  between  two  equal  and  parallel 
plates,  and  the  three  are  electrified  to  given  potentials,  the 
middle  plate  being  highest.  Find  the  position  of  equilibrium 
of  the  middle  plate. 

55.  If  the  middle  plate,  when  in  a  position  of  equilibrium, 
be  removed,  find  the  amount  of  its  charge. 

56.  Show  that  the  equilibrium  in  the  preceding  example 
is  unstable. 
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57.  Explain  the  necessity  of  a  bifilar  or  analogous  sus- 
pension in  the  needle  of  a  quadrant  electrometer. 

58.  Explain  the  experiment  of  '  Mahomed's  Coffin.'  A 
small  chip  of  gold  leaf,  pointed  at  one  end  and  blunt  at  the 
other,  is  thrown  into  the  air  near  the  knob  of  a  charged 
Leyden  jar,  and  is  observed  to  remain  freely  suspended  for 
some  time. 

59.  Show  how  to  find  the  potential  at  any  point  between 
two  parallel  plates  electrified  to  different  potentials. 

60.  A  small  sphere  is  insulated  and  placed  between  the 
parallel  plates  in  the  last  question,  show  how  to  determine 
its  potential. 

61.  If  a  small  insulated  sphere  be  placed  between  two 
concentric  spheres,  charged  as  a  Leyden  jar,  show  how  to 
find  its  potential. 

62.  Show  that  any  symmetrical  conductor,  placed  sym- 
metrically in  a  uniform  field  of  force,  will  have  the  same 
potential  as  that  at  its  centre,  supposing  the  conductor  re- 
moved. 

63.  A  sphere  of  radius  r  is  insulated  in  a  large  uncharged 
Leyden  jar  without  contact  with  the  walls.  It  is  connected 
by  a  long  wire  with  another  sphere  of  radius  R,  insulated  in  a 
region  of  zero  potential.  The  jar  is  charged,  and  its  potential 
rises  uniformly  at  the  rate  of  v  units  per  second  ;  find  the  rate 
of  flow  of  electricity  through  the  wire. 

Ans. ^  v  units  per  1  . 

r  +  R  l 

64.  Deduce  the  rate  of  flow  in  the  preceding  example, 
supposing  the  wire  to  have  its  distant  end  to  earth. 

65.  A  soap-bubble  is  blown  and  afterwards  electrified. 
Find  an  expression  for  the  radius  of  the  soap-bubble  that  the 
internal  pressure  on  the  soap-film  may  be  constant  as  the 
electrification  proceeds. 

An s.    p2  =  ^—  ( 1  —  —  I ,  where  n  is  the  constant  pressure, 

a  the  initial  radius,  r,  p  the  radius  and  electrical  density  at 
any  time  during  electrification. 
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66.  In  Holtzs  Machine  or  in  the  electrophones,  any  amount 
of  electricity  however  small  is  made  to  produce  an  amount 
of  electrical  separation  as  great  as  we  please.  Can  this  be 
reconciled  with  the  principle  of  conservation  of  energy  ? 

67.  An  unelectrified  conductor  at  zero  potential  on  being 
insulated  and  introduced  into  a  space  at  potential  V  assumes 
the  potential  of  the  space.  Show  how  this  can  be  reconciled 
with  the  principle  of  conservation  of  energy. 

68.  Point  out  how  the  same  principle  is  satisfied  in  the 
water-dropping  apparatus  described  in  ques.  8. 

69.  Show  that  in  a  system  of  equipotential  surfaces 
round  an  electrified  sphere,  the  distances  of  the  consecutive 
members  of  the  system  of  equipotential  surfaces  from  the 
centre  of  the  sphere  form  an  Harmonical  Progression. 

70.  If  any  system  of  equipotential  surfaces  be  freely 
electrified,  the  capacity  of  any  surface  varies  inversely  as  its 
potential,  supposing  each  surface  to  enclose  the  whole  elec- 
trical system. 

71.  Show  that  the  rate  of  movement  of  any  equipo- 
tential surface  as  the  electrification  proceeds  at  a  uniform 
rate,  varies  inversely  as  the  product  of  the  force  at  the  point 
on  the  surface  multiplied  by  the  capacity  of  the  surface  for  a 
free  electrification. 

72.  Show  that  in  the  case  of  an  electrified  sphere,  the 
rate  of  electrification  is  equal  to  the  velocity  of  any  equi- 
potential surface  multiplied  by  its  potential. 

73.  If  a  sphere  be  at  zero  potential,  and  have  its  centre 
at  a  distance  f(> radius)  from  a  particle  having  m  units  of 
electricity,  show  that  the  quantity  of  electricity  on  the  sphere 

is  — -j  ,  a  being  the  radius. 

74.  If  the  sphere  be  charged  ^vith  Q  units  of  electricity, 
and  brought  near  a  point  having  m  units  of  electricity,  find 
the  potential  within  the  sphere. 

a       Q    m 

Ans.  —  +  -p. . 
a      f 
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75.  If  a  hollow  sphere  be  charged  with  Q  units  of 
electricity,  and  have  a  particle  charged  with  —  q  units  in- 
troduced through  a  small  aperture,  find  the  position  of  the 
particle  that  the  potential  at  the  centre  may  be  zero. 

Ans.   Distance  from  centre  =  -^  . 

76.  A  sphere  near  an  electric  system  is  brought  to  zero 
potential  and  insulated.  On  being  removed  the  potential  of 
the  sphere  is  found  to  be  —  V.  Show  that  the  sphere  occupied 
such  a  position  that  the  potential  at  its  centre  due  to  the 
given  system  was  +  V. 

77.  Two  spheres  of  unequal  radii  are  charged  to  the 
same  potential,  insulated,  and  brought  near  to  each  other 
till  a  spark  passes.  Find  in  which  direction  the  spark  will 
pass  between  the  spheres. 

78.  To  find  the  work  done  in  moving  a  particle  charged 
with  a  given  quantity  of  electricity  from  any  given  point 
within  a  sphere  to  its  centre. 

Let  P  be  the  position  of  the  particle  charged  with  m 
units  of  electricity  and  CPT  a  diameter,  T  being  conjugate 
to  P.  Let  P',  T  be  a  pair  of  conjugate  points  on  the  same 
diameter  near  to  P,  T. 

The  force  on  ra  at  P  is   only  that  due    to   attraction 

of  —  -7  m  at  T ; 


.'.  Force 


a 

f  am2/ 


But  if  PQ,  P'Q'  be  drawn  perpendicular  to  CPT 
a*-f*  =  CQ*-CP2  =  PQ*; 

am*.  OP 

•'■  Force  =  -^-. 

Hence  average  force  over  PP'  =  —^    .  pq2    pm  • 
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.-.  Work  done  through  PP  =-^    .  PQs  x  p^2 

_am2    CP2-CP'2     am2    P'Q'2-PQ2 
2    '  PQ2 .  P'Q'2  ~    2    '   PQ2 .  P'Q'2 
_  am?  f   1_         1    \ 

"~2    IPQ2     P'Q'V 
Adding  the  whole  work  from  a  given  point  K  to  the  centre 
am2  (         1  1   \  f2m2 


2    \GA2-CK2     CAV      2ct(a2-/2)' 
supposing  C/T  =/. 

79.  A  sphere  is  at  zero  potential,  find  the  work  done  in 
removing  a  particle  charged  with  a  given  quantity  of  elec- 
tricity from  any  external  point  to  an  infinite  distance. 

.  am2 

Ans-  hj^y 

80.  A  sphere  is  charged  with  a  given  quantity  of 
electricity,  find  the  work  done  in  moving  a  particle  from 
any  given  external  point  to  an  infinite  distance. 

,  am2  Qm  /aj.       .     ~  ,    .       ,.        .  . 

2(f2-a2)  ~2ft(2f+a^>  ®  bein&  the  3lven  charge. 

81.  A  very  large  insulated  circular  plate  has  a  particle 
charged  with  m  units  of  electricity  very  near  to  its  centre, 
find  the  potential  of  the  plate. 

Ans.   -Q—  nearly. 

82.  A  sphere  having  a  charge  of  electricity  is  brought 
near  an  electrified  particle.  Find  an  expression  for  the 
density  of  the  electrification  at  any  given  point. 

Ans.  Let  Q  be  the  charge  of  the  sphere,  a  its  radius,  q 
the  charge  of  the  electrified  particle,  f  its  distance  from  the 
centre ;  then  the  density  at  a  point  distant  r  from  the  elec- 
trified particle  is 

«(/■-*),  Q+7" 

^Trar3  ^ira2 
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83.  An  insulated,  but  unelectrified  sphere,  is  brought 
near  an  electrified  particle.  Find  the  position  of  the  line  of 
neutral  electrification. 

Ans.  Using  the  same  notation  as  in  ques.  82,  the  dis- 
tance from  the  electrified  particle  is 

^/(/2-«2)- 

84.  A  uniformly  electrified  ring  is  placed  in  a  diametral 
plane  of  a  sphere  at  zero  potential  and  is  concentric  with  it, 
find  the  density  of  the  charge  at  either  pole. 

85.  If  a  ring,  having  the  same  radius  as  a  sphere,  be 
placed  in  a  tangent  plane  to  the  sphere,  so  that  the  point  of 
contact  is  the  centre  of  the  ring,  compare  the  electrical  den- 
sity at  the  centre  of  the  ring  and  at  the  opposite  extremity 
of  the  diameter,  the  potential  of  the  sphere  being  zero. 

86.  Given  the  amount  of  electrification  of  the  ring,  find 
the  amount  of  the  whole  induced  charge  in  each  of  the  two 
last  questions. 

87.  If  the  ring  be  placed  in  a  symmetrical  manner  in- 
side the  sphere,  find  the  density  at  the  two  poles. 

88.  A  closed  region,  whose  surface  is  a  bad  conductor, 
encloses  a  very  delicate  electrometer ;  electrified  bodies  are 
moving  about  with  great  velocity  outside  the  closed  region, 
will  the  electrometer  give  any  indication  ? 

89.  What  would  be  the  best  form  of  electrometer  for 
conducting  the  above  experiment,  and  in  what  manner  would 
you  fit  it  up  to  make  the  indications  as  great  as  possible  ? 

90.  If  the  movement  were  one  of  rotation  round  the 
closed  space,  so  as  to  keep  the  moving  bodies  on  the  whole 
at  a  constant  distance,  would  there  be  any  indications  ?  How 
would  an  observer,  placed  outside  the  region,  proceed  to 
make  observations  in  this  case  ? 

91.  If  you  were  in  a  closed  space,  having  only  a  small 
aperture,  how  would  you  proceed  to  determine  the  electrifica- 
tion of  the  space  ? 

92.  How  far  does  the  method  you  employ  in  the 
preceding  question  apply  to  determine  the  absolute  electri- 
fication of  the  earth  ? 
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93.  What  would  be  the  electrical  state  of  a  sky-rocket 
just  before  reachiug  the  earth  ? 

94.  A  balloon  is  allowed  to  ascend  from  the  earth 
carrying  a  burning  match,  which  is  kept  connected  with  one 
terminal  of  a  quadrant  electrometer  by  means  of  a  fine  in- 
sulated wire,  which  is  let  out  as  the  balloon  ascends.  During 
the  first  hundred  yards  the  potential  rises  gradually  at  the 
rate  of  1°  per  10  yards  of  ascent.  After  this  the  register  is 
constant  for  20  yards,  for  the  next  50  yards  it  falls  at  the 
rate  of  1°  per  15  yards,  and  again  rises  uniformly  at  the  rate 
of  1°  per  12  yards  of  ascent.  What  inferences  as  to  atmo- 
spheric electricity  would  be  drawn  from  these  observations  ? 

95.  Explain  why  in  a  Leyden  jar  the  loss  of  charge 
appears  more  rapid  a  few  minutes  after  first  charging  than 
it  does  afterwards. 

96.  A  Leyden  jar  is  charged  and  left  for  a  few  minutes, 
when  its  charge  is  divided  by  instantaneous  contact  with 
another  equal  jar.  State  what  will  be  the  condition  of  the 
two  jars  a  few  minutes  afterwards. 

97.  A  Leyden  jar  made  of  a  plate  of  shellac,  coated  on 
both  sides,  is  charged,  discharged  and  the  coats  removed. 
What  will  be  the  electric  state  of  the  surface  of  the  shellac, 
and  how  will  it  vary  with  time  ? 

98.  If  two  spheres,  placed  in  oil  of  turpentine,  be  charged 
to  given  potentials,  will  the  force  between  them  be  greater  or 
less  than  in  air  ? 

99.  If  two  spheres  be  charged  with  given  quantities 
of  electricity  and  placed  in  oil  of  turpentine,  will  the  force 
between  them  be  greater  or  less  than  in  air? 

100.  A  metal  sheet  is  placed  between  two  plates  of  non- 
conducting matter,  whose  inductive  capacities  are  K  and  K', 
and  their  thicknesses  t  and  t' ,  and  two  other  metal  sheets 
are  placed  outside  the  plates.  The  inner  sheet  is  kept  at 
potential  V,  while  the  outer  sheets  are  at  zero.  Compare  the 
charges  on  the  outer  sheets  on  being  insulated  and  removed. 

101.  Faraday  constructed  a  room  coated  externally  with 
tinfoil  and  furnished  with  an  aperture  or  window.     The  whole 

C.  E.  10 
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room  was  insulated  on  glass  legs,  and  could  be  powerfully 
charged  by  a  large  frictional  machine. 

(i)  On  charging  the  room,  what  effect  would  be  pro- 
duced on  electrometers  placed  inside  it  ? 

(ii)  How  would  a  person  inside  proceed  to  determine 
the  external  electrification  of  the  room  ? 

(iii)  If  a  frictional  machine  be  carried  inside  the  room 
and  worked,  the  rubber  being  connected  with  the  walls  of 
the  room,  how  will  a  gold  leaf  electroscope,  placed  outside  in 
contact  with  the  external  surface,  be  affected  ? 

(iv)  If  a  ball  be  charged  inside  the  room,  insulated  and 
carried  out,  what  effect  will  be  produced  on  the  electroscope  ? 

(v)  A  number  of  conductors  are  charged  from  the 
machine  within  the  room,  and  suspended  by  silk  threads 
within  the  room,  how  will  these  affect  the  external  electro- 
scope ? 

102.  A  ball  is  electrified  and  held  above  a  metal  plate, 
which  is  then  touched  by  the  finger,  what  indications  would 
be  obtained  by  testing  the  plate  at  various  points  above  and 
below  with  a  proof  plane  ? 

103.  A  metallic  ball  is  lifted  by  a  silk  fibre  on  to  the  top 
of  a  rod  of  sealing-wax,  the  lower  part  of  which  has  been 
rubbed  with  a  silk  handkerchief,  what  indications  would  be 
obtained  by  touching  it  at  various  points  with  a  proof  plane  ? 

104.  What  differences  would  there  be  in  the  last  ques- 
tion if  the  ball  had  been  placed  on  the  sealing-wax  by  hand  ? 

105.  Two  large  spaces  are  constructed,  wrhich  are  kept 
at  constant  potential,  one  A  at  potential  Vlf  the  other  B  at 
potential  V2>  supposing  V1>  V2.  Two  spheres  of  equal  radii 
are  placed  in  these  regions  insulated  from  them,  and  con- 
nected by  a  fine  wire  also  insulated. 

(i)  What  will  be  the  potential  and  the  amount  of  charge 
on  each  sphere  ? 

(ii)  What  would  be  the  indication  of  an  electroscope 
placed  in  space  A,  and  connected  with  its  sphere  ? 

(iii)  What  would  be  the  indication  of  an  electroscope 
placed  in  space  B,  and  connected  with  its  sphere  ? 
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(iv)  A  burning  metal  lamp  is  placed  on  the  sphere  in 
region  A,  how  will  the  indications  of  the  two  electroscopes 
be  affected  ? 

(v)  If  a  burning  metal  lamp  be  placed  on  each  sphere, 
how  will  the  indications  be  affected  ? 

(vi)  What  will  be  the  effect  on  the  indications  of  the 
electroscopes  if  the  wire  be  at  some  point  to  earth  ? 

106.  A  sphere  of  radius  one  centimetre  is  charged  with 
a  unit  of  electricity  and  placed  in  a  space  at  potential  10, 
what  will  be  the  potential  of  the  sphere  ? 

107.  A  sphere  of  radius  unity  is  introduced  into  a  place 
at  potential  5,  and  then  connected  with  the  earth.  What 
will  be  its  free  charge  on  being  insulated  and  removed  ? 

108.  A  conductor  whose  capacity  is  4,  is  introduced  into 
a  room  whose  potential  is  4,  and  the  conductor  is  then 
brought  to  potential  3,  insulated,  and  removed.  What  will 
be  the  amount  of  the  electrification  ? 

109.  A  conductor  whose  capacity  is  6,  is  charged  with 
1 2  units  of  —  electricity,  and  placed  in  a  region  at  potential 
3.     What  will  be  the  potential  of  the  conductor  ? 

110.  A  conductor  at  zero  potential  is  in  a  space  at  po- 
tential 8 ;  on  being  insulated  and  removed  it  has  24  units 
of  —  electricity.     What  is  its  capacity  ? 

111.  A  conductor  of  capacity  C  is  charged  with  Q  units 
of  electricity,  and  put  in  a  space  at  potential  V.  What  will 
be  the  potential  of  the  conductor  ? 

112.  A  conductor  is  brought  to  zero  potential  in  a  space 
at  potential  V.  On  being  insulated  and  removed  it  is  found 
to  have  —  Q  units  of  electricity.     What  is  its  capacity  ? 

113.  A  conductor  of  capacity  C  is  placed  in  a  region  at 
potential  V,  and  brought  to  potential  V.     Find  its  charge. 

114.  If  the  prime  and  negative  conductors  of  an  elec- 
trical machine  have  equal  capacities,  show  that  the  effective 
working  of  the  machine  is  at  first  diminished  by  one  half, 
when  the  negative  conductor  is  insulated. 

10—2 
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115.  If  the  capacities  in  the  last  question  are  in  the 
ratio  G1  to  C2,  find  the  ratio  in  which  the  effective  working 
is  at  first  diminished  by  insulating  the  negative  conductor. 

116.  If  an  electrical  machine  be  placed  in  the  open  air 
at  a  height  h  from  the  earth,  and  worked  (with  rubber  unin- 
sulated) till  the  prime  conductor  has  a  charge  e  of  electricity, 
when  the  earth  connection  is  broken ;  show  that  negative 
electricity  is  spread  over  the  earth  with  a  density  at  any 

point  represented  by  9— — ,  where  r  is  the  distance  of  the 

point  from  the  machine. 

11.7.  Show  also  that  the  change  produced  in  the  po- 
tential of  the  earth  is  to  the  potential  of  the  conductor 
as—hC  to  R2,  where  C  is  the  capacity  of  the  conductor  and 
R  the  radius  of  the  earth. 

118.  By  inverting  the  electrification  of  a  circular  disc 
with  respect  to  its  centre,  find  the  electrification  of  an  in- 
finite plate  connected  with  the  earth,  having  a  circular 
aperture,  under  the  influence  of  an  electrified  particle  at  the 
centre  of  the  aperture. 

Ans.  If  e  be  the  quantity  of  electricity  at  the  point, 
and  a  the  radius  of  the  aperture,  the  density  at  a  distance  r 
from  the  centre 

1  ae 
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119.  By  inverting  the  electrification  of  a  circular  disc 
with  respect  to  any  point  in  a  line  perpendicular  to  it 
through  its  centre,  find  the  electrification  of  a  bowl  in  the 
shape  of  a  spherical  segment,  having  an  influencing  particle 
at  its  opposite  pole. 

Ans.  If  e  be  the  quantity  of  electricity  at  0,  the  in- 
fluencing point,  P  the  point  on  the  bowl,  A,  A'  the  points  in 
which  a  diametral  section  through  OP  cuts  the  rim,  then 
the  density  at  P 

1      _e_  OA 
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CHAPTER   V. 

THEORY  OF   THE    VOLTAIC  CELL.       ■ 

137.  We  have  stated  that  when  two  conductors  brought 
by  means  of  an  electrical  machine  to  different  potentials  are 
joined  by  a  conducting  bridge,  an  equalization  of  potential 
takes  place  through  the  bridge,  which  we  may  represent  as 
a  flow  of  electricity  from  the  place  of  higher  to  that  of  lower 
potential,  or  briefly  as  a  current  of  electricity.  We  have, 
moreover,  calculated  the  mechanical  equivalent  of  such  a 
discharge,  the  energy  being  converted  into  heat  in  the  bridge, 
or  into  work  external  to  the  bridge  in  a  variety  of  ways. 
The  phenomena  belonging  to  the  bridge  while  the  current  is 
passing  form  the  special  subject  for  consideration  in  Voltaic 
Electricity  or  Galvanism. 

The  current  obtained  by  means  of  the  common  form  of 
friction-machine  is  a  single  instantaneous  discharge,  or  a  rapid 
succession  of  such  instantaneous  discharges,  and  therefore  ill 
adapted  for  the  production  of  the  class  of  phenomena  to 
which  we  have  alluded.  They  can  be  observed  to  perfection 
by  means  of  the  galvanic  battery,  in  which  the  electrical 
separation  takes  place  with  such  rapidity,  that  the  successive 
discharges,  if  they  exist,  cannot  be  separated  by  the  most 
delicate  tests.  We  must  bear  in  mind,  however,  that  the 
differences  of  potential  with  which  we  are  concerned  are 
extremely  minute  compared  with  those  obtained  in  the 
machine,  while  the  quantity  of  electricity  in  motion  is  in- 
comparably greater.  To  return  to  our  old  hydrostatical 
analogy,  the  machine  current  is  a  tiny  stream  tumbling 
down  a  precipitous  hill-side,  the  galvanic  current  is  a  vast 
lake  flowing  through  an  almost  level  valley. 
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138.  Before  proceeding  to  the  phenomena  themselves, 
we  shall  consider  the  connection  between  the  two  modes  of 
generating  electricity. 

In  all  frictional  electrical  machines  the  source  of  electricity 
is  ultimately  the  friction  of  two  bodies  of  different  sub- 
stances, which,  when  rubbed  together,  appear  to  exercise  an 
unequal  attraction  for  the  opposite  electricities,  which  were 
at  first  neutral  in  both  bodies.  The  result  of  this  unequal 
attraction  is  the  production  of  a  difference  of  potential  be- 
tween the  bodies,  this  difference,  while  they  are  in  contact, 
depending  on  the  nature  of  the  rubbing  surfaces,  and  on  the 
amount  of  rubbing. 

The  energy  represented  by  this  difference  of  potential 
is  derived  from  the  mechanical  rubbing,  as  also  are  the  heat 
and  change  in  character  of  the  two  surfaces  which  accom- 
pany it. 

For  the  development  of  the  current,  it  appears  necessary 
that  there  should  be  at  least  three  heterogeneous  bodies 
arranged  in  a  circuit,  one  of  such  bodies,  at  least,  capable 
under  some  conditions  of  being  decomposed  and  forming  a 
chemical  compound  with  one  of  the  other  two. 

139.  Suppose  A,  B,  G  to  be  three  such  bodies,  of  which 
A,  B  exercise  a  chemical  affinity  for  each  other.  The  de- 
velopment of  the  current  has  been  attributed  to  one  of  two 
causes : — 

(i)  To  the  differences  of  potential  produced  at  the  three 
places  of  contact,  A  with  B,  B  with  0,  and  G  with  A.  This 
is  Volta's  or  the  Contact  Theory. 

(ii)  To  the  chemical  attraction  between  A  and  B,  which 
throws  the  circuit  into  a  state  of  polarization ;  the  resulting 
chemical  action  being  accompanied  by  an  electrical  discharge 
round  the  circuit ;  the  current  being  the  result  of  a  rapid 
succession  of  such  alternate  polarizations  and  discharges. 
This  is  Faraday's  or  the  Chemical  Theory. 

These  two  theories  of  the  action  of  the  cell  have  been 
warmly  debated  among  physicists,  our  countrymen  for  the 
most  part  siding  with  the  more  recent  theory  of  Faraday, 
while  continental  physicists  have  for  the  most  part  accepted 
the  older  theory  of  Volta,  though  somewhat  modified.  The 
point  of  dispute  amounts  briefly  to  this :  Volta  recognized 
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that  one  of  the  three  substances  in  the  circuit  must  be  a 
fluid;  Faraday,  however,  seeing  that  the  chemical  com- 
position of  this  fluid  was,  in  all  cases,  altered  by  the  passage 
of  the  current,  attributed  the  current  solely  to  this  chemical 
action.  As  a  crucial  experiment  he  constructed  a  cell  in 
which  were  two  metals  and  one  fluid,  the  fluid  being  (for 
fluids)  a  good  conductor,  but  not  capable  of  acting  chemically 
on  either  of  the  metals.  He  showed  by  the  most  delicate 
tests,  that  in  this  case  there  was  no  current  in  the  cell.  This, 
in  his  opinion,  entirely  overthrew  Volta's  Theory.  More  re- 
cently, however,  the  perception  of  the  law  of  Conservation  of 
Energy,  first  put  forth  by  Helmholtz,  has  shown  that  in  the 
crucial  experiment  relied  on  by  Faraday  the  existence  of  a 
current  would  have  been  an  independent  creation  of  energy. 
This  has  again  opened  the  question,  and  experimenters  have 
diligently  set  themselves  to  work  to  put  the  theory  of  Volta 
again  to  the  test  of  exact  experiment. 

So  great,  however,  is  the  intrinsic  difficulty  of  these  ex- 
periments, that  it  is  hardly  too  much  to  say  that  at  present 
in  no  single  instance  has  a  difference  of  potential  been 
directly  shown  between  two  bodies,  independent  of  the 
gaseous  medium  between  them,  of  the  pressure  with  which 
they  are  brought  together,  and  of  the  friction  with  which 
they  are  separated  ;  the  existence  of  such  a  difference  of 
potential  in  every  case  lying  at  the  very  foundation  of 
Volta's  theory. 

140.  Nearly  all  the  experiments  hitherto  made  on  the 
difference  of  potential  caused  by  contact  of  two  different  sub- 
stances, depend  on  the  principle  of  the  condenser  with  air  as 
dielectric  between  the  condenser  plates.  Thus  to  find  the 
difference  of  potential  in  absolute  measure  between  zinc  and 
copper,  plates  of  these  metals  ground  quite  true  are  placed  at 
a  measured  distance  apart,  and  connected  with  the  terminals 
of  a  quadrant  electrometer.  After  connecting  the  two  plates 
outside  the  condenser  for  a  moment,  the  condenser  plates  are 
separated  and  the  deflection  of  the  electrometer  observed 
thus  giving  a  direct  measure  of  the  difference  of  potential  in 
question.  Experimenting  on  this  principle,  the  differences 
of  potential  at  the  successive  heterogeneous  contacts  both 
in  a  zinc-copper  and  a  Darnell's  cell  have  been  given  in 
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absolute  measure.  A  little  consideration  however  will  show 
that  in  these  experiments  what  is  really  measured  is  not  the 
difference  of  potential  between  zinc  and  copper,  but  that 
between  air  in  contact  with  zinc  and  air  in  contact  with 
copper,  the  zinc  and  copper  being  in  contact ;  and  it  has  there- 
fore been  assumed  that  a  metal  is  at  the  same  potential  as 
the  air  in  contact  with  it.  That  this  is  not  a  necessary 
property  of  gases  is  proved  by  Mr  J.  Brown  {Phil.  Mag.  Aug. 
1878),  who  has  shown  that  copper  is  negative  with  respect 
to  iron  in  air,  but  is  positive  with  respect  to  iron  in  hydrogen- 
sulphide.  The  only  method  depending  on  any  other  principle 
than  that  of  the  condenser  plate  is  thus  explained  by  Prof. 
Clerk  Maxwell.     (The  Electrician,  April  26,  1879.) 

"If  we  cause  an  electric  current  to  pass  from  copper  to 
zinc,  the  heat  generated  in  the  conductor  per  unit  of  elec- 
tricity is  a  measure  of  the  work  done  by  the  current  per  unit 
of  electricity,  for  no  chemical  or  other  change  is  effected. 
Part  of  this  heat  arises  from  the  work  done  in  overcoming 
ordinary  resistance  within  the  copper  and  the  zinc.  This 
part  may  be  diminished  indefinitely  by  letting  the  electricity 
pass  very  slowly.  The  remainder  of  the  heat  arises  from  the 
work  done  in  overcoming  the  electromotive  force  from  the 
zinc  to  the  copper,  and  the  amount  of  this  heat  per  unit  of 
electricity  is  a  measure  of  this  electromotive  force.  Now,  it 
is  found  by  thermoelectric  experiments  that  this  electro- 
motive force  is  exceedingly  small  at  ordinary  temperatures, 
being  less  than  a  microvolt,  and  that  it  is  from  zinc  to 
copper."  The  microvolt  here  alluded  to  means  the  millionth 
part  of  a  volt.  Experiments  conducted  with  great  care  by 
Profs.  Ayrton  and  Perry  give  for  the  same  potential  difference 
when  estimated  on  the  condenser  principle,  three-quarters  of 
a  volt.  These  latter  experiments  are  of  interest,  since  they 
show  that  the  sum  of  all  the  potential  differences  estimated 
by  this  method  of  the  different  heterogeneous  contacts  equals 
the  total  potential  difference  between  the  terminals. 

141.  To  understand  how  the  contact  of  two  substances 
may  produce  a  difference  of  potential,  we  must  make  some 
assumptions  with  respect  to  the  molecular  physics  of  bodies. 
The  assumption  usually  made  is  that  all  bodies  have  their 
molecules  in  a  constant  state  of  vibration,  while  the  ampli- 
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tudes   and   periods   of  vibration   are   different   in   different 
bodies. 

Thus  when  the  molecules  of  two  different  bodies  impinge 
on  each  other,  as  at  the  surface  of  contact,  they  cannot 
accommodate  themselves  to  each  other's  motion,  but  constrain 
each  other,  this  constraint  producing  a  loss  of  energy.  If, 
however,  the  two  substances  are  of  the  same  kind  and  at  the 
same  temperature,  the  molecules  on  each  side  of  the  surface 
of  contact  are  swinging  in  exactly  the  same  manner,  and  can 
easily  accommodate  themselves  to  each  other's  motion  with- 
out more  constraint  than  exists  in  the  interior  of  either  body. 
It  is  this  loss  of  energy  owing  to  the  unsymmetrical  swing- 
ing of  the  molecules  at  the  surface  of  contact  which  reappears 
as  difference  of  potential  between  the  two  bodies,  or  as  the 
energy  of  electrical  separation. 

The  opposed  electricities  so  separated  will,  for  the  most 
part,  be  heaped  up  on  either  side  of  the  plane  of  separation 
by  a  Leyden  jar  action. 

Let  A  be  the  area  in  contact  in  any  particular  instance, 
Q  the  quantity  of  electricity  separated, 
V  the  difference  of  potential  produced. 
Then  the  energy  of  electrical  separation  is  (Art.  78)  ^QV. 

The  molecular  energy  abstracted  is  proportional  to  the 
area  in  contact,  and  may  be  written  mA,.  where  m  is  a 
constant  depending  on  the  nature  of  the  two  surfaces. 

Hence  mA=\QV. 

Again,  in  a  Leyden  jar  of  given  substance  and  thickness 
(Art.  94),  the  quantity  of  the  accumulation  is  proportional 
jointly  to  the  difference  of  potential  and  to  the  area  of  the 
surface  of  the  jar.     Hence  we  may  write 

Q  =  nA.  V, 

where  n  is  another  constant,  depending  only  on  the  nature  of 
the  two  bodies.     Hence  we  have 

771 A  =  inA.  V\ 

or    V 2  =  —  . 
n 
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Hence  V  or  the  difference  of  potential  produced  by  contact 
is  independent  of  the  shape  of  the  bodies  and  of  the  area  in 
contact,  depending  only  on  the  substances  concerned. 

We  have  neglected  here  the  small  portion  of  the  electri- 
fication which  will  distribute  itself  over  the  two  bodies 
according  to  electrostatic  laws,  maintaining  the  two  bodies  at 
a  constant  potential  throughout  their  mass.  This  will  in  all 
cases  be  exceedingly  small,  corresponding  to  the  free  charge 
in  a  Leyden  jar. 

142.  Suppose  now  two  bodies  A B,  BG  to  be  joined  at 
one  end  B.     In  virtue  of  the  contact  one  of  them,  suppose 


47. 

A B,  acquires  a  higher  potential  than  the  other,  BG.  If  now 
we  could  join  A  and  G  by  a  body  which  behaved  only  as  a 
conductor,  a  flow  of  electricity  would  take  place  between  A 
and  G  tending  to  equalize  their  potentials ;  the  contact  at  B 
would  develope  a  fresh  difference  of  potential,  and  we  should 
have  a  continuous  current  through  AG.  This  current  would 
be  a  source  of  energy,  and  we  should,  in  this  case,  have  an 
unfailing  source  of  energy.  The  law  of  conservation  of 
energy  shows  this  to  be  impossible.  Thus  we  learn  that  the 
contact  of  G,  with  A  on  one  side  and  with  B  on  the  other, 
must  produce  differences  of  potential  whose  aggregate  effect 
is  to  counteract  the  difference  at  the  junction  B.  Or  calling 
X,  F,  Z  the  three  bodies,  and  denoting  by  Y  \  X  the  dif- 
ference of  potential  between  X  and  F,  assuming  X  to  be  at 
higher  potential  than  F;  we  have 

Y\  X=Y\  Z+Z  I  X. 
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If  we  regard  X  \  Y  as  symbolically  equal  to  —  Y  \  X  we 
may  write  this  relation 

Y\  Z+Z  |  X  +  X  |  Y=0, 

which  must  be  regarded  as  a  fundamental  relation  in  the 
case  of  all  bodies  whose  molecular  condition  remains  unaltered 
by  contact.  It  expresses  the  fact  that  if  any  number  of  such 
bodies  be  in  continuous  circuit  the  difference  of  potential 
between  the  extreme  pair  is  the  same  as  if  these  two  were 
in  direct  contact.  This  was  proved  experimentally  by  Volta 
by  means  of  his  condensing  electroscope  for  all  metals. 

143.  In  the  typical  voltaic  cell  we  have  two  solids,  say  zinc 
and  platinum  immersed  in  a  liquid,  say  hydrogen  chloride, 
which  is  capable  of  entering  into  chemical  combination  with 
the  zinc.  The  relation  noted  above  will  not  therefore  hold, 
since  there  will  be  an  alteration  in  the  molecular  condition  of 
two  of  the  substances  involved. 

On  dipping  the  zinc  plate  into  the  fluid,  a  difference  of 
potential  Zn  |  HC1  is  established  between  them,  and  on 
dipping  the  platinum  plate  in,  a  difference  Pt  |  HC1  is 
established.  The  fluid  being  a  conductor,  a  distribution  of 
electricity  over  its  surfaces  takes  place  instantaneously,  and 
establishes  equality  of  potential  throughout  the  fluid  mass. 
The  zinc  and  platinum  plates  are  therefore  at  different  po- 
tentials, the  amount  of  difference  being 

Zn  |  HC1  +  HC1  |  Pt. 

This  difference  could  be  tested  by  a  quadrant  electrometer, 
provided  the  alternate  pairs  of  quadrants  were  of  zinc  and 
platinum  respectively. 

Suppose  now  a  zinc  wire  laid  across  from  the  zinc  to  the 
platinum  plate.  At  the  point  of  contact  with  the  platinum 
a  new  difference  of  potential  is  introduced  represented  by 
Pt  |  Zn. 

The  whole  difference  of  potential  between  the  zinc  plate 
and  the  other  end  of  the  zinc  wire  then  becomes 

Zn  |  HC1  +  HC1  |  Pt  +  Pt  |  Zn. 

If  the  three  substances  followed  Volta's  law,  this  would 
necessarily   vanish.     Since  however  hydrogen   chloride   has 
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chemical  affinity  for  the  zinc,  it  will  not  vanish,  and  the 
ends  of  the  wire  being  now  at  different  potentials,  a  flow  of 
electricity  takes  place  through  the  wire  from  the  platinum 
towards  the  zinc  plate,  tending  to  equalize  their  potentials. 

144.     In  consequence  of  this,  the  fluid  in  contact  with 
the  zinc  acquires  a  higher  potential  than  that  in  contact  with 


CI  H  CI  H  CI  H  CI  H  CI  H 


ZnClHCL    HCl     HCl     HCl       H 
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Fig.   48. 

the  platinum.  The  molecules  of  the  fluid  become  polarized, 
having  their  positive  ends  turned  towards  the  platinum, 
and  their  negative  ends  towards  the  zinc.  Hydrogen  chlo- 
ride being  a  compound  body,  we  assume  that  the  elements 
hydrogen  (H)  and  chlorine  (CI)  exercise  their  own  electrical 
affinities,  the  hydrogen  being  the  electro-positive,  and  chlo- 
rine the  electro-negative  component.  The  arrangement  of 
the  compound  molecules  might  be  shown  thus  (fig.  48,  a). 

The  chemical  affinity  of  the  zinc  and  chlorine  now  comes 
into  play,  causing  the  Zn  to  combine  with  the  chlorine 
atoms  next  to  it,  so  as  to  form  zinc  chloride  (Zn  Cl2,  two 
atoms  of  chlorine  combining  with  each  atom  of  zinc).  The 
hydrogen  of  this  molecule  combines  with  the  chlorine  of  the 
next,  and  so  on  along  the  whole  row  of  molecules,  leaving 
the  hydrogen  free  at  the  platinum  plate,  the  molecules  at 
the  same  time  each  becoming  neutral.  This  arrangement  is 
shown  in  b,  fig.  48.  In  this  way  the  discharge  of  electricity  has 
travelled  round  the  whole  circuit.  The  platinum  plate  is 
again  brought  to  a  higher  potential  than  the  zinc,  and  the 
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same  process  is  repeated,  the  successive  discharges  following 
each  other  with  so  great  rapidity  that  their  existence  can 
only  be  inferred  from  theoretical  considerations*. 

We  find,  however,  apart  from  all  theory,  after  the  pas- 
sage of  the  current  for  any  length  of  time,  that  zinc  is 
consumed,  zinc  chloride  is  formed  in  the  cell,  and  hydrogen 
bubbles  up  at  the  platinum  plate.  So  far  our  provisional 
theory  accounts  for  the  facts  observed. 

We  find  moreover,  that  during  the  passage  of  the  current, 
heat  is  developed  in  all  parts  of  the  circuit,  and  that  the 
conductor  is  capable  of  performing  work  external  to  itself  (as 
the  movement  of  a  magnetic  pole,  for  instance).  We  are  in 
consequence  compelled  to  look  for  a  source  of  energy  in  the 
circuit.  This  source  wTe  find  in  the  combination  of  zinc  and 
chlorine.  Whenever  zinc  chloride  is  formed,  heat  is  evolved 
in  the  process,  and  it  is  found  by  actual  experiment  that 
the  whole  heat  evolved  (supposing  no  other  work  done) 
during  the  passage  of  the  current  is  the  same  as  that  which 
would  be  given  out  by  dissolving  in  Hydrogen  chloride 
the  amount  of  zinc  that  has  combined  with  chlorine  in  the 
cell. 

145.  The  electro-chemical  property  of  decomposable 
fluids  noted  above  has  been  explained  by  saying  that  a 
metal  in  contact  with  a  fluid  exercises  not  only  a  mass 
attraction,  but  also  an  atomic  attraction.  The  difference 
of  potential  between  zinc  and  hydrogen  chloride  may  be 
resolved  into  Zn  |  HC1  the  mass  attraction,  and  [Zn  |  HC1] 
or  [Zn  |  H  +  Zn  |  CI]  due  to  the  attraction  of  the  zinc  for 
the  separate  atoms,  the  latter  being  denoted  by  being  in- 

*  The  dissociation  theory  of  Clausius  is  now  considered  preferable  to  the 
polarization  theory  of  Grotthiis  given  in  the  text.  According  to  Clausius 
the  liquid  HC1  always  contains  a  proportion  of  molecules  which  are  in  the 
act  of  breaking  up  into  H  and  CI ;  while  "the  free  atoms  moving  rapidly 
through  the  liquid  become  associated  into  new  molecules  of  HC1.  During 
the  periods  in  which  the  atoms  are  free,  the  electro-positive  H  atoms  drift 
towards  the  platinum  plate  while  the  electro-negative  CI  atoms  drift 
towards  the  zinc.  The  net  result  is  a  constant  flow  of  H  atoms  giving  up 
positive  electricity  to  the  platinum  and  of  CI  atoms  giving  negative  electricity 
to  the  zinc  :  thus  completing  the  electrical  circuit. 
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eluded  in  brackets.     We  might  then  write  the  whole  differ- 
ence of  potential 

Zn  |  HCl+[Zn  |  HC1]  +  HC1  |  Pt  +  [HC1  |  Pt]+Pt  Zn. 

We  may  now  assume  that,  as  far  as  the  mass  attractions 
are  concerned,  the  substances  obey  Volta's  law,  so  that 

Zn  |  HC1  +  HC1  |  Pt  +  Pt  |  Zn  =  0, 

and  the  unbalanced  difference  of  potential  which  originates 
the  current  is 

[Zn  |HC1]  +  [HC1  |  Pt], 
due  only  to  the  atomic  attraction    of  the    metals   on   the 
elements  of  the  fluid. 

146.  We  must  now  define  three  terms  of  constant  use  in 
reference  to  a  voltaic  cell. 

Def.  Electromotive  force  is  used  to  denote  the  sum 
of  all  the  differences  of  potential  effective  in  a  voltaic  circuit. 

The  term  electromotive  force  is  convenient,  as  we  apply 
it  to  all  cases  in  which  a  current  is  originated,  even  when  we 
cannot  strictly  say  that  there  is  a  difference  of  potential.  It 
should  also  be  noted  that  it  is  not  a  force  in  Newton's  sense 
of  the  word,  but  Potential  energy  per  unit  of  electricity. 

Def.  Electrodes.  The  metal  plates  luhich  dip  into  the 
fluid  are  called  electrodes,  that  to  which  the  external  current 
flows  being  the  zincode,  and  that  from  which  it  flows  the 
platinode.  The  term  is  also  extended  to  any  two  terminals 
from  and  to  which  electricity  flows. 

Def.  Poles.  The  term  pole  is  used  of  the  extremities  of 
the  conductor  external  to  the  fluid,  that  in  connection  with  the 
platinode  being  the  positive  pole,  that  in  connection  with  the 
zincode  the  negative  pole. 

The  direction  of  the  current  will  therefore  be  in  the  fluid 
from  the  zincode  to  the  platinode,  and  external  to  the  fluid 
from  the  positive  to  the  negative  pole. 

147.  It  is  sometimes  convenient  to  represent  graphically 
the  changes  of  potential  in  the  course  of  a  circuit.  When 
the  circuit  is  open  this  can  easily  be  done  provided  we  know 
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in  absolute  measure  the  value  of  the  successive  differences 
that  occur. 


F 
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Fig.    49. 

Thus,  in  the  typical  cell,  let  Z  be  the  zinc  plate,  P  the 
platinum  plate,  and  K  the  junction  of  the  zinc  wire  and 
platinum  plate. 

We  assume  the  differences  of  potential  to  be 
at  Z,  Zn  |  HC1,  which  shall  be  positive,  and  may  be  repre- 
sented by  ZA  ; 
at  P,  HC1  |  Pt,  which  shall  be  negative  and  less  than  ZA,  let 

itbe^D; 
at  K,  Pt  |  Zn,  which  shall  be  positive  and  equal  to  EF. 

The  broken  line  ABDEFH  gives  us  the  law  of  change 
of  potential  throughout  the  circuit.  The  whole  electromo- 
tive force  of  the  cell  is  represented  by 

ZA-BB  +  EF  =  ZG  suppose, 
and  this  would  be  the  difference   of  potential   of  the  two 
terminals  or  poles,  as  measured  by  a  quadrant  electrometer. 

148.  We  say  nothing  here  about  the  potential  at  any 
part  of  the  circuit,  which,  if  the  cell  be  insulated,  will  be 
positive  at  one  terminal  and  negative  at  the  other.  In 
practice,  one  part  of  the  circuit  is  generally  put  to  earth,  and 
thus  brought  to  zero  potential.  If  the  zinc  plate  be  put  to 
earth,  then  the  ordinates  in  the  figure  represent  the  potentials, 
and  ZG  is  the  potential  at  the  other  end  of  the  open  circuit. 

If  the  platinum  plate  were  put  to  earth  the  potentials 
would  be  shown  by  ordinates  drawn  to  a  horizontal  line 
through  BE,  that  at  Z  being  equal  to  —  BP  or  —  EK,  and 
that  at  H  to  EF,  the  whole  difference  being  in  all  cases 
equal  to  ZG. 
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149.  The  electromotive  force  of  any  cell  can  now  be 
calculated  a  priori,  if  we  know  the  differences  of  potential 
produced  at  the  various  contacts.  The  experimental  difficul- 
ties render  these  determinations  very  unreliable,  and  we  con- 
sequently content  ourselves  with  knowing  the  whole  electro- 
motive force  active  in  the  cell,  which  is  the  only  thing  that 
practically  concerns  us.  Having  determined  this  for  one 
cell  in  absolute  measure,  we  can  compare  the  electromotive 
forces  of  different  cells  with  it,  by  methods  to  be  explained 
further  on. 

150.  It  is  well  known  that  metals  possess  a  remarkable 
power  of  condensing  gases  on  their  surface,  and  the  electrical 
influence  of  these  gases  is  seen  in  a  variety  of  ways. 

If  two  platinum  plates  be  placed  in  hydrogen  and  oxygen 
gas  respectively  for  some  time,  and  be  afterwards  dipped  in 
water  (slightly  acidulated  to  improve  conduction),  and  then 
joined  by  a  wire,  a  current  is  found  to  pass  from  the  oxygen 
to  the  hydrogen  plate.  Since  there  is  no  contact  of  hetero- 
geneous substances  except  platinum  and  water  (which  oc- 
curring twice,  the  differences  should  neutralize  each  other), 
the  electromotive  force  must  be  due  to  a  difference  in  beha- 
viour towards  water  of  a  plate  charged  with  oxygen  and  one 
charged  with  hydrogen.  In  this  cell  the  electromotive  force 
may  be  represented  by 

PtH  |  H20  +  H20  |  Pt0, 
where  PtH  and  Pt0  denote  respectively  that  the  plate  is 
charged  with  hydrogen  and  oxygen.  The  passage  of  the 
current  is  accompanied  by  the  disappearance  of  the  free 
gases,  which  recombine  to  form  water,  and  the  cell  is  therefore 
active  only  for  a  short  time.  The  energy  of  the  cell  was  ab- 
stracted from  the  kinetic  energy  of  the  gases,  and  is  equal  to 
the  energy  of  chemical  separation  of  oxygen  and  hydrogen. 

The  same  effect  arises  in  all  cells  in  which  gas  is 
liberated  at  the  positive  plate,  unless  the  gas  be  soluble  in  the 
liquid  round  the  plate.  The  liberated  gas  causes  a  backwards 
electromotive  force  which  diminishes  the  effective  electro- 
motive force  in  the  cell,  and  weakens  the  cell  as  soon  as  it 
is  in  action.     This  effect  is  commonly  known  as  polarization. 
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151.  To  avoid  this,  a  variety  of  cells  have  been  con- 
structed, in  which  the  substance  liberated  at  the  positive 
plate  is  not  gaseous,  or  if  so,  a  gas  which  is  soluble  in  the 
liquid  which  surrounds  it. 

In  Daniell's  cell  there  are  two  compartments  divided  by 
a  membrane  or  a  porous  diaphragm,  through  which  trans- 
mission of  fluid  and  chemical  action  takes  place.  In  one 
compartment  is  placed  a  zinc  rod,  immersed  in  dilute  sul- 
phuric acid  (H2S04),  and  in  the  other  a  rod  of  copper 
immersed  in  copper  sulphate  (CuS04).  In  this  cell  the 
radical  S04  (sulphion)  takes  the  place  of  chlorine  in  the 
former  cell,  zinc  sulphate  being  formed  at  the  zinc  plate, 
hydrogen  sulphate  at  the  diaphragm,  while  pure  copper  is 
deposited  on  the  copper  plate.  The  molecular  arrangements 
during  polarization  and  after  discharge  are  shown  (Fig.  50)  in 
the  rows  of  molecules  a,  b  respectively. 

The  result  of  the  action  of  the  cell  is  that  zinc  is  worn 
away,  zinc  sulphate  being  formed  in  the  acid  cell,  while  the 


Zn 
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Fig.  50. 

copper  sulphate  is  partly  replaced  by  hydrogen  sulphate  in 
the  salt  cell,  and  copper  is  deposited  on  the  copper  plate  or 
rod. 

The  electromotive  force  is  represented  by 

Zn  |  H2S04  +  H2S04  |  CuS04  +  CuS04-|  Cu  +  Cu  |  Zn. 

C.  E.  11 
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Groves'  and  Bunsen's  cells  illustrate  the  same  principle.  In 
them  the  nitrous  fumes  given  off  at  the  carbon  or  platinum 
plate  being  very  soluble  in  nitric  acid  do  not  polarize  the 
plate.  These  cells  have  a  superior  electromotive  force  to 
Darnell's  cell,  but  are  not  so  cleanly  in  working  nor  so 
durable. 

152.  The  cells  last  alluded  to  are  called  constant,  since 
the  only  limit  to  the  working  of  the  cell  is  apparently  the 
exhaustion  of  some  of  the  materials  which  compose  it.  There 
is  another  obstacle  called  local  action.  It  is  well  known 
that  commercial  zinc  contains  impurities,  and  also  that  its 
density  in  different  parts  is  very  different,  while  the  produc- 
tion of  pure  and  homogeneous  zinc  would  be  expensive,  if 
not  impossible.  The  consequence  of  this  want  of  uniformity 
is  to  make  the  difference  of  potential  between  the  zinc  and 
fluid  different  at  different  parts  of  their  common  surface,  and 
galvanic  circuits  are  set  up  through  the  zinc  itself,  which 
rapidly  consume  it,  and  interfere  entirely  with  the  action  of 
the  cell.  To  avoid  this,  the  zinc  plate  used  is  rubbed  over  with 
mercury,  which  forms  a  pasty  amalgam  with  the  zinc,  gives 
the  latter  a  uniform  surface  for  the  action  of  the  acid,  and 
prevents  the  local  circuits.  The  mercury  itself  is  not  at- 
tacked by  the  acid,  but  seems  to  improve  the  action  of  the 
cell  by  raising  the  difference  of  potential  at  the  zinc  plate. 

By  this  means  and  the  employment  of  various  contriv- 
ances for  ejecting  the  reduced  zinc  and  supplying  the  other 
substances,  batteries  of  the  constant  class  can  be  kept  in 
working  order  (as  for  telegraph  purposes)  for  months  without 
further  care  than  the  occasional  filling  up  with  acidulated 
water. 

153.  The  power  of  a  galvanic  cell  may  be  increased  to 
an  unlimited  extent  by  increasing  the  number  of  cells  and 
arranging  them  in  various  combinations  or  batteries:  the 
combination  most  suitable  being  determined  by  the  cir- 
cumstances of  each  particular  case.  It  will  be  right  here 
to  consider  the  electromotive  force  in  •  two  arrangements, 
by  compounding  which  all  others  are  produced.  These  ar- 
rangements are  the  compound  and  simple  circuit,  or  as  they 
are  now  called  '  series '  and  '  parallel.' 
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In  the  compound  circuit  or  series  all  the  cells  are  arranged 
so  that  the  platinode  of  one  cell  is  joined  to  the  zincode  of 
the  next,  the  circuit  being  completed  by  joining  the  zincode 
of  the  first  cell  to  the  platinode  of  the  last. 

The  arrangement  with  three  cells,  A,  B,  G,  can  be 
illustrated  thus. 


S 


ABC 
Fig.  51. 

If  8  be  the  fluid  and  the  zincode  of  A  be  to  earth,  the 
potential  at  the  zincode  of  B  is 

Z  |  S  +  S  I  P  +  P  I  ZotE. 

The  rise  of  potential  between  the  zincodes  of  B  and  G 
will  be  again  E,  making  a  total  rise  of  2E. 

Similarly,  if  there  be  n  cells  in  series,  the  rise  of  potential 
in  all  the  cells  is  nE.  On  this  principle  batteries  have  been 
constructed  from  which,  without  joining  the  terminals,  sparks 
have  been  produced,  Leyden  jars  charged,  attraction  and 
repulsion  illustrated,  and  in  fact  all  the  phenomena  of 
statical  electricity  exhibited.  For  these  purposes  several 
thousand  cells  must  be  joined  in  circuit,  and  each  cell 
carefully  insulated.  For  an  account  of  these  experiments 
consult  Mr  Gassiot's  Memoir  in  Phil.  Trans,  for  1844. 

154.  An  illustration  of  cells  in  series  is  seen  in  Volta's 
crown  of  cups  and  in  his  pile.  The  last  illustration  (Fig.  51) 
is  precisely  his  crown  of  cups. 

In  Volta's  pile,  a  series  of  zinc  and  copper  plates  are 
arranged  in  the  following  order — 

ZnSCuZnSCuZnSCu Cu, 

S  denoting  the  fluid  part  of  the  circuit,  which  consists  of 

11—2 
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pieces  of  flannel  soaked  in  the  fluid,  generally  acidulated 
water.  The  contiguous  Cu,  Zn  are  soldered  together  to  pre- 
vent the  fluid  soaking  in  between  them.  The  theory  of  the 
pile  is  precisely  the  same  as  that  of  the  compound  circuit, 
the  difference  of  potential  of  the  terminals  being  simply 
proportional  to  the  number  of  metal  pairs. 

To  the  same  class  belong  the  so-called  dry  piles,  the 
best  known  of  which  is  Zamboni's,  used  in  the  Bohnen- 
berger  Electroscope.  This  pile  consists  of  one  to  two  thou- 
sand couples  consisting  of  paper  tinned  on  one  side  and  on 
the  opposite  coated  with  manganese  binoxide.  In  these 
piles  there  is  an  appearance  of  an  electromotive  force  without 
a  decomposable  body.  The  fact  seems  to  be  that  some  of 
the  elements  of  the  pile  (sheets  of  paper,  for  instance)  are 
very  hygroscopic,  and  perform  the  function  of  the  fluid. 
These  piles  are  found  to  suspend  their  action  when  thoroughly 
dried  and  to  regain  it  when  left  exposed  to  the  damp  of  the 
air.  In  others  glass  or  shellac  seems  to  take  the  place  of 
the  fluid.  With  them  the  action  of  the  pile  improves  on 
warming,  and  the  reason  seems  to  be  that  these  substances 
when  warm  are  decomposed  by  the  circuit.  That  glass 
belongs  to  this  class  of  conductors  is  shown  by  the  fact 
that  if  a  current  is  passed  for  some  time  through  two 
platinum  plates  immersed  in  molten  glass,  the  plates  are 
polarized,  and  this  can  only  happen,  as  far  as  is  known, 
when  the  substance  interposed  is  decomposed  by  the 
current.  The  glass,  however,  need  not  be  molten  to  pro- 
duce this  effect.  If  a  test  tube  of  glass  be  filled  with 
mercury  and  dipped  in  another  vessel  containing  mercury, 
and  if  the  mercury  within  and  without  the  tube  be  con- 
nected with  a  battery  enclosing  also  a  galvanometer,  no 
current  will  pass  as  long  as  the  glass  is  cold ;  but  if  the 
mercury  be  gradually  heated  at  a  temperature  even  below 
100°  C.  a  current  begins  to  pass  through  the  glass.  If  after 
the  current  has  passed  a  short  time  the  battery  be  thrown 
out  of  circuit,  leaving  the  galvanometer  still  in  the  circuit,  a 
current  due  to  the  polarization  of  the  glass  will  pass  in 
an  opposite  direction  to  the  battery  current,  proving  that 
glass  even  while  in  a  solid  state  is  decomposed  by  the 
current. 
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155.  In  the  arrangement  known  as  simple  circuit  or 
parallel  all  the  zincodes  are  joined  to  one  terminal  and 
all  the  platinodes  to  another,  the  circuit  being  completed  by 
joining  these  terminals.  The  arrangement  with  these  cells 
will  be  as  follows : 


s  s  s 

-I         U  U  U  L 


^  B  c 

Fig.  52. 

all  the  zincodes  being  connected  with  a  terminal  D,  and 
all  the  platinodes  with  a  terminal  E. 

In  this  case  all  the  zincodes  are  at  the  same  potential, 
and  all  the  platinodes  at  the  same  potential.  The  con- 
sequence is  that  the  difference  of  potential  between  D  and  E 
will  be  only  that  due  to  a  single  cell,  or  will  be  simply 

Z\  S  +  S\  P  +  P  \Z. 

This  arrangement  is  in  fact  electrically  identical  with  a 
single  cell  containing  plates  of  three  times  the  area,  which 
of  course  in  no  way  affects  the  electromotive  force. 


CHAPTER  VI 

ohm's  law. 

156.  We  have  explained  above  in  connection  with 
Faraday's  Theory  of  Induction,  the  state  of  a  medium  acted 
on  by  electrical  forces  (Art.  75).     We  then  established 

(i)  That  in  each  molecule  there  was  a  separation  of 
electricity  along  the  line  of  force  through  the  molecule,  the 
quantity  separated  across  any  equipotential  surface   being 

F 

measured  by  +  ---  per  unit  of  area,  where  F  is  the  resultant 

force  at  the  point. 

(ii)  That  this  electrical  separation  produces  or  is  pro- 
duced by  a  strain  in  the  medium  along  the  lines  of  force, 
from  which  strained  state  the  medium  tends  to  return  to 
a  neutral  state  by  a  discharge  from  molecule  to  molecule 
through  the  medium. 

(iii)  That  this  discharge  constitutes  conduction  resulting 
in  a  transfer  of  the  positive  electricity  separated  to  the 
place  of  lower,  and  of  the  negative  electricity  separated  to 
the  place  of  higher  potential,  the  lines  of  flow  being  the  lines 
of  force,  and  the  quantity  of  electricity  neutralized  along  a 

tube  of  force  being  +  —  Fa. 

The  chief  difference  between  the  case  there  considered 
and  our  present  problem  is  that  here  we  have  two  parts  of 
the  conductor  kept  at  constant  potentials,  so  that  as  soon 
as  one  discharge  has  taken  place,  the  strained  state  returns 


ohm's  law.  107 

again  owing  to  a  new  separation  of  electricities,  and  we  get 
so  rapid  a  series  of  discharges,  that  it  cannot  be  distinguished 
from  a  continuous  current. 

157.     We  may  still  assume  that  the  strain  at  any  point 

in  the  conductor  is  measured  by  -r-  F.  when  F  is  the  re- 

sultant  force  at  the  point,  and  since  good  or  bad  conduction 
consists  only  in  easy  or  difficult  transmission  of  electricity, 
the  rate  of  flow  at  any  point  in  a  given  body  is  propor- 
tional to  the  force  at  that  point.  But  experiment  shows 
us  that  different  bodies  transmit  the  current  in  very  dif- 
ferent degrees,  and  consequently  in  different  bodies  the  rate 
at  which  the  series  of  charges  and  discharges  succeed  each 
other  is  different.  We  shall  assume  therefore  that  the 
rate  of  flow  at  any  point  is  measured  by  the  product  c .  F, 
where  c  depends  on  the  body,  and  F  measures  the  force  of 
electrical  separation  at  the  point.  The  quantity  c  depends 
on  the  substance  and  condition  of  the  body,  changing  when 
its  temperature  or  molecular  condition  varies. 

Now  to  measure  the  rate  of  flow  of  a  stream  of  water 
we  should  take  a  unit  of  area  perpendicular  to  the  stream- 
lines, and  compute  the  quantity  transmitted  through  it  in  a 
certain  time.  The  same  method  is  applied  in  electricity,  and 
we  will  suppose  c  so  chosen,  that  cF  measures  the  quantity 
transmitted  per  second  across  a  unit  of  area  of  an  equi- 
potential  surface  over  which  the  average  force  is  F.  If  then 
a  small  tube  of  force  be  taken  whose  area  is  cr,  the  quantity 
transmitted  per  second  across  any  section  of  the  tube  will  be 
cFa,  and  since  Fa  is  constant  throughout  the  tube,  the 
quantity  transmitted  per  second,  at  whatever  point  in  the 
tube  it  be  measured,  will  be  the  same. 

The  quantity  c  depends  entirely  on  the  substance  of  the 
conductor,  and  is  called  its  4  specific  conductivity.' 

Def.  Specific  conductivity  of  a  substance  may  be 
measured  by  the  quantity  of  electricity  transmitted  per  second 
across  a  unit  of  area  of  an  equipotential  surface,  at  which  the 
electric  force  has  unit  value. 
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158.  Again,  if  the  conductor  be  bounded  by  a  tube  of 
force,  the  quantity  transmitted  along  it  per  second  will  be 
measured  by  ^cFa,  and  this  quantity  is  called  the  '  strength 
of  the  current'  in  the  tube. 

Def.  Strength  of  current  in  any  tube  of  force  is 
measured  by  the  quantity  of  electricity  transmitted  'per  second 
along  the  tube  of  force. 

The  principle  shown  above,  that  the  strength  of  the 
current  in  all  parts  of  a  tube  of  force  is  the  same,  is  often 
expressed  by  the  phrase  '  homogeneity  of  the  circuit.'  Since 
however  this  strength  depends  on  c  the  current  will  not  be 
at  once  homogeneous  unless  the  substance  and  temperature 
of  the  conductor  are  the  same  throughout. 

159.  Since  there  is  a  transfer  of  the  opposite  electricities 
in  opposite  directions  along  the  tube,  it  is  impossible  to  speak 
strictly  of  the  direction  of  the  current,  but  as  most  of  the 
phenomena  depend  on  the  directions  assumed  by  the  op- 
posite currents,  it  is  convenient  to  define  the  direction  of 
flow  of  positive  electricity  as  the  direction  of  the  current. 

160.  Prop.  I.  To  find  the  strength  of  current  in  a  conductor 
on  which  two  surfaces  bounded  by  closed  curves  are  kept  at  con- 
stant potentials. 

First,  let  the  conductor  be  a  cylinder  whose  two  ends  are 
at  potentials  Vx  and  V2. 


Q 

Fig.  53. 


Let  the  end  A  (Fig.  53)  be  at  Vx  the  higher  potential, 
and  the  end  B  at  V2 :  also  let  I  be  the  length,  s  the  section, 
and  c  the  specific  conductivity  of  the  cylinder. 

Let  /  denote  the  quantity  transmitted  per  second  across 
any  section  FQ,  or   the  strength    of  the    current.     When 
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the  difference  of  potential  is  first  established,  some  of  the 
lines  of  force  will  cut  the  surface  of  the  cylinder,  and  a  flow 
of  electricity  will  take  place  along  them,  producing  a  super- 
ficial distribution,  which  combined  with  the  constant  electri- 
fication of  the  ends,  will  make  the  lines  of  force  parallel  to 
the  length  of  the  cylinder.  The  tubes  of  force  will  then  be 
cylindrical,  the  rate  of  change  of  potential  along  them 
constant,  and  the  flow  of  electricity  will  be  steady.  The 
rate  of  change  of  potential  or  the  electric  force  along  the 
cylinder  will  be  equal  to 

V1-Vz 
I       ' 

Hence  the  quantity  transmitted  per  second  across  any  ele- 
ment of  the  section  of  the  tube  whose  area  is  cr  will  be 

CF(T  =  C  .  — —j .  <7. 

Hence  the  whole  quantity  transmitted  across  a  complete 
section  will  be 

cs 
The  quantity  y ,  which  depends  only  on  the  substance  and 

dimensions  of  the  cylinder,  is  called  its  conductivity,  and 
measures  the  quantity  transmitted  per  second  when  the  ends 
are  at  unit  difference  of  potential. 

Secondly.     If  the  conductor  be  of  any  form. 

The  same  reasoning  may  be  extended  to  this  case,  as  the 
first  instantaneous  effect  of  the  flow  of  electricity  is  to 
produce  a  distribution  on  the  surface  such  that  every  tube 
of  force  shall  proceed  from  one  to  the  other  of  the  given 
surfaces,  after  which  we  have  a  steady  flow  of  electricity 
along  the  tubes  of  force. 

The  amount  transmitted  through  any  tube  is  measured, 
as  we  have  shown,  by  cFcr. 

If  the  surfaces  be  Alt  A2,  and  at  potentials  Vl9  V.2,  it 
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follows  (from  Art.  85)  that,  neglecting  all  induction  except 
between  Ax  and  A2,  the  quantity  of  electricity  on  these 
surfaces  is  ±C(V1—  V2),  where  G  is  the  capacity  of.  the 
system  Alt  A2,  or  —  q12  according  to  the  notation  of  that 
Article.  Hence  the  whole  quantity  is  proportional  only  to 
the  difference  of  potential  between  the  surfaces.  Again 
(Art.  69),  the  law  of  distribution  of  electricity  over  A1  and  A2 
is  determinate,  and  therefore  the  density  at  each  point  is 
proportional  simply  to  the  difference  of  potential.  And 
the  force  just  outside  Ax  is  equal  to  4-7T  times  the  density, 
and  is  therefore  also  proportional  to  (V1—  V2);  and  therefore 
the  value  of  Fa  through  any  tube  of  force  passing  from  Ax 
to  A2  is  proportional  to  V1—  V2.  Let  now  Fxa  be  the  value 
of  Fa  when  the  difference  of  potential  between  Ax  and  A2  is 
unity,  and  we  shall  have  generally  for  every  such  tube  of 
force 

Fa  =  F1a(Vl-V.2). 

Hence  the  quantity  of  electricity  transmitted  by  that  tube 
of  force  per  second 

=  cF1<r(V1-V2). 

Taking  all  such  tubes  of  force  and  adding  together  the 
corresponding  current  strengths  we  shall  have  the  whole 
current  strength  between  A1  and  A2  or 

I  =  tcFla(Vl-V.2) 

=  c$F1a.(V1-V2). 

The  coefficient  cZF^a  depends  only  on  the  geometry  and 
substance  of  the  conductor  and  will  be  defined  as  its  conduc- 
tivity. 

Def.  Conductivity  of  a  conductor  is  the  quantity  of 
electricity  which  floivs  per  second  between  ttuo  given  surfaces 
on  it  which  are  kept  at  unit  difference  of  potential. 

The  numerical  value  of  the  conductivity  is  c^Fxa,  where 

Fx  is  the  force  over  the  area  a  on  an  equipotential  surface, 

and  c  the   specific  conductivity.     When   the  conductor   is 

cs 
cylindrical,  it  is  represented   by  -j ,  where  s  is  the  area  of 

section,  and  I  the  length. 
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161.     In  practice  we  always  use  the  resistance  instead  of 
the  conductivity. 

Def.     Resistance   of  a  given  conductor  is  numerically 
equal  to  the  reciprocal  of  its  conductivity. 

For  any  conductor  its  value  is  given  by 

1 

cZF^ ' 

and  for  a  cylindrical  conductor  by 

1  length 

c     area  of  section  ' 

where  c  is  the  specific  conductivity. 

The  quantity  -  is  termed  the  specific  resistance  of  the 
c 

conductor,  and  is  often  denoted  by  the  letter  p.  We  notice 
that  the  specific  resistance  is  the  measure  of  the  resistance 
of  a  mass  in  which  the  length  and  cross-section  are  each 
unity.  Thus  the  specific  resistance  of  a  body  is  the  resist- 
ance offered  by  a  c.cm.  of  the  body  to  a  current  passing 
through  it  parallel  to  one  set  of  edges.  The  resistance  of 
any  wire  or  cylindrical  body  made  of  this  material  is  given 

by 

length  in  cm. 

ox ^-. = . 

r      cross  section  in  sq.  cm. 

162.  The  preceding  proposition  can  be  now  put  in  this 
form :  if  two  parts  of  a  conductor  be  kept  at  potentials  V1 
and  V2,  and  if  R  be  the  resistance  of  the  conductor,  and  / 
the  strength  of  the  current, 

IB=V1-V.2. 

To  represent  this  formula  graphically  in  case  of  a  cylin- 
drical conductor  let  the  abscissa  AB  (Fig.  54)  represent  the 
resistance  of  the  conductor,  and  at  A,  B  set  up  ordinates 
AC  and  BD  representing  the  potentials  at  those  two  points, 
and  join  CD. 
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At  a  point  P  in  A B,  draw  an  ordinate  PQ.  Then  since 
IR  =  V1—  V2  for  any  portion  of  the  circuit,  it  is  clear  that 
if  V  be  the  potential  at  P, 

AC-V     AG-BD 


AP 


AB 


Fig.  54. 

hence  V=PQ,  the  ordinate  drawn  to  CD,  or  CD  shows  the 
law  of  fall  of  potential  from  A  to  B  referred  to  resistance. 

But  when  the  conductor  is  cylindrical,  the  resistance  is 
proportional  to  the  length,  and  to  each  point  on  AB  corre- 
sponds a  point  on  the  conductor  dividing  its  length  in  the 
same  ratio. 

The  same  figure  shows  that  we  may  graphically  represent 

AC  —  BD 
the   current   strength,   -.~n —  >  as  the  cotangent  of  the 

angle  ACD,  or  as  the  tangent  of  the  elevation  of  the  line  of 
potential. 

163.  Prop.  II.  In  any  voltaic  circuit  if  E  be  the  whole 
electromotive  force  and  R,  r  the  resistances  of  the  conducting 
wire  and  fluid  in  the  cell  respectively,  then  the  strength  of 


current  is  given  by  1  = 


E 


R  +  r' 


Ohm's  Law. 


Let  Z,P,K  (Fig.  55)  be  the  zincode,  platinode,  and  junction 
of  the  two  metals  respectively,  the  abscissae  representing,  as 
in  the  last  Article,  the  resistances  of  the  parts  of  the  circuit 
solid  and  liquid.  Owing  to  the  changes  in  potential  at  the 
different  contacts,  the  line  of  potential  will  be  a  broken  line. 
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The  law  of  change  we  do  not  at  present  know,  except  at 
the  junctions,  the  potential  at  Zx  being  the  same  as  at  Zy 


Fig.  55. 

the  difference  of  potential  at  Z  being  denoted  by  Z  \  S, 
where  S  denotes  the  fluid,  that  at  P  by  P  \  S,  and  that  at 
K  by  P  |  Z. 

Since  the  conductor  throughout  is  not  homogeneous,  the 
circuit  will  not  at  first  be  homogeneous,  but  there  will  be 
a  storing  up  of  electricity  at  the  different  junctions.  This 
storing  up  will  bring  the  junctions  to  such  potentials  that  the 
current  strength  between  them  is  uniform.  The  current  then 
becomes  steady. 

Let  /  represent  its  strength,  and  let  V1  be  the  potential 
in  the  fluid  next  the  platinode,  and  V2  the  potential  in  the 
platinode  wire  at  its  junction  with  the  zincode 

Z\  8-V1_V1-P\  S-V2_V2  +  P\Z 
ZP  PK  KZ, 

_Z\S-V1+V1-P\S-V2  +  V2  +  P\Z 
ZP^PK  +  KZ, 
Z\ S+S\ P+P I z 


ZP  +  PZ, 

But  the  numerator  represents  the  electromotive  force  E, 
and  the  denominator  the  sum  of  the  internal  and  external 
resistances.     Hence  we  have 

E 


R  +  r' 


which  is  known  as  Ohm's  law. 
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The  formula  also  shows  that  the  line  of  potential  is  in  a 
constant  direction,  and  its  direction  may  be  found  by  setting 
off  as  abscissa  the  whole  resistance  in  circuit  as  ZZY ,  and  as 
ordinate  the  whole  electromotive  force  as  ZG.  The  line 
GZl  gives  us  the  law  of  fall  of  potential  in  the  circuit,  omit- 
ting of  course  the  discontinuities  at  the  various  junctions. 

The  same  reasoning  can  clearly  be  applied  to  any  system 
whatever  of  conductors  arranged  in  linear  series,  and  with 
any  number  of  electromotive  forces  among  them.  We  shall 
have  in  all  cases  if  R  be  one  of  the  resistances,  E  one  of  the 
electromotive  forces,  and  i"  the  current  strength, 

I=XE- 

Although  the  reasoning  by  which  we  have  arrived  at 
Ohm's  law  depends  on  molecular  actions,  which  are  assumed, 
but  cannot  be  put  to  experimental  test,  the  law  itself  has 
been  subjected  to  the  most  rigorous  experiment,  and  may  be 
classed  in  point  of  certainty  with  the  best  ascertained  physical 
laws. 

E 
164.     In  the  formula  i"  =  ^ ,  there  are  three  quan- 
tities which  require  to  be  measured,  and  it  will  be  convenient 
here  to  remind  the  student  of  the  units  in  which  we  have 
assumed  them  measured. 

(i)  Electromotive  force  is  difference  of  potential,  and 
its  unit  is  the  unit  difference  of  potential,  as  denned  in 
Chap.  III. 

(ii)  Current  strength  is  the  quantity  of  electricity  trans- 
mitted per  second  along  a  conductor,  and  its  unit  the 
strength  of  a  current  in  which  a  unit  quantity  passes  per 
second. 

(iii)  Resistance  is  a  new  idea,  and  must  be  measured  in 
accordance  with  the  above  formula  by  the  resistance  of  a 
conductor  which  allows  a  unit  of  electricity  to  flow  per 
second  through  it,  the  two  ends  being  kept  at  a  unit  differ- 
ence of  potential. 
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These  are  the  units  which  we  have  used  in  theory,  but 
they  would  be  very  inconvenient  in  practice.  The  prac- 
tical units  depend  on  electromagnetic  phenomena,  and  we 
must  defer  their  precise  definition  till  we  come  to  that  part 
of  our  subject.     We  will  merely  state  now  that 

(i)  Electromotive  force  is  measured  by  the  volt,  which  is 
about  equal  to  that  of  an  '  open '  Daniell  cell,  i.e.  a  Daniell 
cell  with  the  terminals  disconnected. 

(ii)  Resistance  is  measured  by  the  ohm,  which  is  the 
resistance  of  a  certain  standard  coil  of  wire  at  a  certain 
specified  temperature.  It  is  found  by  experiment  that  the 
resistance  of  metals  rises  with  temperature,  and  it  is  the  low 
resistance-variation  of  german  silver  with  temperature  which 
makes  it  one  of  the  most  suitable  substances  for  the  construc- 
tion of  Resistance  coils.  The  resistance  of  glass  and  carbon 
among  solids,  and  of  liquids  generally,  falls  with  increase  of 
temperature. 

(iii)  Current  strength  is  measured  by  the  ampere ;  the 
ampere  being  the  current  in  a  circuit  in  which  the  electro- 
motive force  is  one  volt,  and  the  total  resistance  one  ohm. 

The  two  following  are  also  used  : 

(iv)  Quantity  is  measured  by  the  coulomb,  which  is  the 
quantity  of  electricity  transmitted  in  one  second  by  a  current 
of  one  ampere. 

(v)  Capacity  is  measured  by  the  farad,  which  is  the 
capacity  of  a  condenser  charged  to  one  volt  by  a  coulomb  of 
electricity. 

We  shall  assume  in  future,  unless  absolute  units  are 
referred  to,  that  quantities  are  measured  in  these  terms. 
For  measuring  them  we  require  in  practice  a  galvanometer, 
a  set  of  resistance  coils,  a  cell  whose  electromotive  force  is 
known,  and  a  condenser  of  known  capacity. 

165.  Prop.  III.  To  find  the  current  strength  when  n  cells 
each  of  resistance  r  and  electromotive  force  E  are  arranged  in 
parallel. 

We  have  already  shown  that  in  this  case  the  electromo- 
tive force  is  unaltered,  the  arrangement  being  equivalent  to 
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a  single  cell  in  which  the  plates  are  n  times  as  large,  and 
since  the  resistance  of  a  cylindrical  conductor  varies  in- 
versely as  area  of  section,  if  r  be  the  internal  resistance  of  a 

single  cell  that  of  the  battery  is  only  -.     Ohm's  formula 

therefore  becomes 

E  nE 


r      „      r  +  nR 
-  +  J& 

n 

Cor.     When  the  internal  resistance  is  small  compared 

E 

to  the  external,  this  formula  is  equivalent  to  /  =  -p  ,  and  the 

current  strength  is  not  increased  by  increasing  the  number 

of  cells.     If,  however,  R  be   small  compared  to  r,  or  the 

external  resistance  be  very  small,  the  formula  is  equivalent  to 

nE 
I  —  — ,  or  the  current  strength  is  increased  in  proportion  to 

the  number  of  cells. 


166.  Prop.  IV.  To  find  the  current  strength  when  n  cells 
are  arranged  in  series. 

Here  we  have  shown  that  the  whole  electromotive  force 
is  nE.  Each  cell,  however,  introduces  a  fresh  resistance,  and 
the  whole  resistance  in  the  battery  becomes  nr. 

Hence  Ohm's  formula  gives 

nE 


nr  +  R 


Cor.     If  r  be  small  compared  to  R,  or  when  the  internal 

resistance  is  small,  /=  D  ,  or  the  current  strength  is  increased 
si 

n-fold.    But  if  nr  be  large  compared  to  R,  the  formula  re- 
duces to  —  =  — ,  or  the  current  is  not  increased  by  in- 
nr       r 

creasing  the  number  of  cells. 
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167.  Remembering  the  construction  for  the  line  of 
potential,  we  can  illustrate  graphically  the  two  last  propo- 
sitions. 


Fig.  56. 

Let  AAX  be  the  internal  resistance,  and  A1G1  the  electro- 
motive force  of  a  single  cell.     If  there  be  n  cells  in  parallel, 

the  internal  resistance  is  Aa=  -  AA1}  and  the  electromotive 

n 

force  is  ac  =  A1G1. 

Then  if  the  external  resistance  be  small  compared  to 
AAX  (as  ABX)  the  current  strength  is  increased  in  ratio 
tan  aBxc  to  tsai  AXBXCX. 

But  if  the  external  resistance  be  several  multiples  of 
AAX  as  AB,  the  increase  is  only  in  the  ratio  tan  aBc  to 
tan  AXBGX)  nearly  an  equality,  or  the  battery  gives  scarcely 
more  than  a  single  cell. 

168.  In  the  case  of  cells  in  series,  the  resistances  of  the 
successive  cells  are  represented  by  Aax,  axa2,  a2a3 . . .  an^xani 

Cn 


(in  n-n—j       u3     a-g    a±  ji 

Fig.  57. 

and  the  electromotive  force  is  anCn  =  n.aic1,  or  n  times  the 
electromotive  force  of  a  single  cell.     If  AB  be  the  external 

C  E.  12 
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resistance,  the  line  of  potential  will  outside  Hie  battery  be 
given  by  BGn.  For  the  law  of  change  in  the  battery  we 
clearly  have  a  broken  line  discontinuous  at  each  junction, 
but  if  we  assume  the  whole  rise  in  each  cell  to  take  place  at 
the  zinc  plate,  assuming  the  last  zinc  in  connection  with  B, 

the  line  will  be  represented  by  the  broken  line  dxd.2 dn. 

If  axcx  represent  the  electromotive  force  of  a  single  cell,  the 
increase  in  strength  of  current  will  be  in  the  ratio  tan  ABGn 
to  tan  ABcx.     This  is  large  when  A  B  is  considerable. 

If  AB  be  very  small  so  that  A  and  B  coincide,  the  line 
of  potential  will  be  as  in  the  following  figure,  in  which, 
Cn 


dn 


an       an~*  a3       a2       ai      A 

Fig.  58. 

from  the  construction  of  the  figure,  it  is  clear  that  the  fall 
in  each  cell  of  the  battery  is  equal  to  the  rise  at  each  zinc 
plate.  There  is  in  this  case  no  gain  from  using  a  compound 
circuit. 

169.     The  corollaries  to  the  two  last  propositions  show 
that  when  the  external  resistance  is  very  large  there  is  no 


ZP  ZP  zp 

<T& — CT& (H\ 


Fig.  59. 
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advantage  obtained  by  arranging  the  cells  in  parallel, 
and  when  very  small  there  is  no  advantage  in  arranging 
them  in  series.  When  the  resistance  is  moderate  we  obtain 
a  greater  current  than  by  either  arrangement,  by  a  combina- 
tion of  the  two,  which  may  be  called  mixed  circuit,  and  is 
illustrated  in  the  six  cells  of  Fig.  59,  in  which  the  vertical 
rows  are  in  parallel,  and  the  horizontal  rows  in  series ; 
the  arrangement  being  the  same  as  that  of  three  cells  arranged 
in  series,  each  cell  having  plates  twice  as  large  as  those  of  the 
single  cell. 

170.  Prop.  V.  To  find  the  current-strength  due  to  pq  cells 
arranged  in  q.  horizontal  rows  of  p  cells,  the  cells  in  each  row 
being  in  compound  circuit  and  the  successive  rows  in  simple 
circuit. 

Here   the   electromotive   force   is   clearly  pE,   and   the 

v 

resistance  in  the  battery  p  x  -  ,  since  the  arrangement  is  the 

same  as  that  of  p  cells  whose  plates  are  q  times  as  large  as 
the  plates  of  each  cell. 

Hence  Ohm's  formula  gives  for  the  current  strength 

2-r  +  R 

171.  Prop.  VI.  To  find  the  best  arrangement  of  n  cells 
when  the  external  resistance  is  given. 

Let  them  be  arranged  in  q  rows  of  p  cells  each. 

Then  we  have  n  =pq, 

and  7==-i^-=— ££_. 

P-r  +  R      E  +  -.M2 
q  n  r 

We  require  the  value  of  p  which  makes  the  last  expression 

a  maximum.    This  is  easily  seen  to  be  when  the  two  terms  in 

the  denominator  are  equal.     For  it  is  of  the  algebraical  form 

ap  a 

b  +  cf  ~ 


-  +  cp 


12—2 
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Now  -  +  cp  =  2  slbc  +  (  a  / 

p  vV  j 


VCp 
P 


and  a  perfect  square  is  necessarily  positive.  Hence  the  right- 
hand  side  has  the  smallest  possible  value  when  the  square 
vanishes ;  that  is  when 

-  =  cp  or  b  =  cp~. 

In  the  particular  case  above  i"  is  a  maximum  when 

n  q 

i.e.  when  the  internal  and  external  resistances  are  equal. 

The  greatest  value  of  —  is  clearly  when  p  =  n  and  q  =  1 ; 

then  R  =  nr.  If  R  has  this  or  any  greater  value,  the  series 
is  the  best.  If  R  is  less  than  this  we  must  choose  p  and  q  so 
as  to  satisfy  as  nearly  as  possible  the  condition  of  making  the 
external  and  internal  resistances  equal. 

172.  The  proposition  of  the  preceding  Article  may  also 
be  treated  graphically. 

If  there  be  n  cells  of  electromotive  force  E  and  resistance 
R,  arranged  in  q  rows  of  p  cells,  we  have  for  e  the  electro- 
motive force  and  p  the  internal  resistance  of  the  battery,  the 
equations 

e=pF, 

pR 

n=pq. 

Hence  p  =- —  =  —  (— 

'        7i        n  \JtLi. 

o     nE- 
an  equation  which  shows  that  if  p  be  an  abscissa  and  € 
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the  corresponding  ordinate,  the  locus  of  its  extremity  is  a 
parabola  whose  latus  rectum  is  -^- .  Hence  in  all  arrange- 
ments of  the  battery  the  relation  between  its  internal  resist- 
ance and  electromotive  force  is  represented  graphically  by 
the  abscissa  and  ordinate  of  a  parabola. 

The  only  part  of  the  curve  practically  available  will  be 

13 

that  between  the  abscissa  -  -,  when  the  cells  are  in  parallel 

and  nR  when  they  are  in  series. 

Tracing  the  curve   we  shall   have   the  portion   between 
B  and  0,  for  instance,  available. 


If  the  external  resistance  be  set  off  to  the  right  of  A  along 
the  axis,  equal  suppose  to  AF,  the  strength  of  the  current 
when  simple  circuited  is  tan  AFB,  and  when  compound 
circuited  tan  A FC  (Art.  162). 

The  greatest  possible  strength  of  current  will  be  that 
corresponding  to  a  tangent  drawn  from  F  to  the  parabola, 
suppose  FP;  then  AR  is  the  internal  resistance,  PR  the 
electromotive  force,  and  the  current  strength  is  given  bv 
tan  RFP.  8  *  J 

By  a  well-known  property  of  the  parabola  we  have 
AR  =  AF,  or  the  external  and  internal  resistances  are  equal. 

173.    Prop.  VII.    To  investigate  the  strength  of  the  current 
and  the  whole  resistance  in  any  divided  circuit. 

Suppose  the  potentials  at  two  points  A,  B  to  be  Fand  V. 
Let  the  resistances  in  the  various  branches  AGB,  ADB,  AEB, 
&c.  be  Rx,  R2,  i23...  and  the  current  strengths  Iu  I2,  I2... 
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Then  in  the  respective  branches  by  Prop.  I. 

V-  V  =  IJEt,  :V-V'  =  LR,  :V-V'  =  13RS  &c. 
c 

Fig.  61. 
Hence  V-  F'  =  £  =^  =  ^  = 

Rl       R2       R3 

J1+/3+/,+ 

JL     JL     _L 
RL    R2    R3 

But  the  whole  current  passing  is  clearly  the  sum  of  that 
passing  in  each  branch. 

Hence  7  =  71  +  /2  +  /3+ 

T    ,     1  1111 

Let  also  -=,=  p  +  p"  +  p"  + 

XL        Xlj         It2        Xt3 

Hence  V-V'  =  j  =  IR. 

R 
But  by  Art.  162,  when 

1~      R     ' 

R  is  by  definition  the  resistance  of  the  conductor. 

Hence  for  the  resistance  of  any  divided  circuit  we  have, 
if  R  be  the  whole  resistance  and  R1}  R2...  the  branch  re- 
sistances, 

I  1.  jl  A 

R     Rl     R2     R% 

and  the  current  in  each  branch  is  inversely  proportional  to 

its  resistance. 
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174.    Prop.  VIII.    To  investigate  the  current  in  each  branch 
of  any  net- work  of  linear  conductors.    (KirchhofFs  Laws.) 

Any  net-work  may  be  resolved  into  a  system  of  linear 
conductors,  and  a  system  of  junctions  at  which  three  or  more 
linear  conductors  meet. 

We  must  begin  by  giving  arbitrary  values  to  the  poten- 
tial of  each  junction,  except  two,  at  which  we  must  suppose 
the  potentials  given  by  connection  with  a  battery  or  other- 
wise. 

For  each  linear  conductor  at  whose  extremities  the  poten- 
tials are  Vr  and  Vp,  whose  resistance  is  BSi  and  in  which  the 
current  is  Is,  we  have 

V,.-VP  =  ISRS (A), 

and  similarly  for  each  linear  portion. 

For  each  junction  we  know  that  the  same  amount  of 
electricity  which  flows  to  it  must  flow  from  it.  Hence  if 
Ilt  I2}  I3...  be  the  current  strength  flowing  all  to  or  all  from 
a  given  junction,  we  have  the  algebraical  equation 

£  +  !,  +  /,+ =0, 

2/  =  o (£). 


or 


The  systems  of  equations  (A),  (B)  always  give  us  enough 
simple  simultaneous  equations  to  find  the  current  in  each 
branch  and  the  potential  at  each  junction. 

175.  The  equations  (A)  can  usually  be  simplified  by 
regarding  the  net- work  as  a  set  of  closed  circuits. 
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Iii  any  closed  circuit  ABC,  where  there  is  no  imjDressed 
electromotive  force,  we  have 

^-F.-JA, 

F2-F3  =  /A. 

Hence  7^  +  721L  +  l,R3  =  0, 

or  27i2  =  0. 

If  there  be  in   any  branches   of  the   circuit  impressed 
electromotive  forces  E,  Elt  E2}  E3 ,  we  have  similarly 

2IR  =  %E (C). 

The  sets  of  equations  (B),  (C)  will  be  generally  sufficient 
to  determine  the  current  in  each  branch. 


176.  Prop.  IX.  To  investigate  the  current-strength  in  a 
system  consisting  of  six  conductors  joining  four  points  (a  qua- 
drilateral and  its  diagonals),  four  of  the  branches  having  in 
them  electromotive  forces. 

Let  ABGD  represent  such  a  system.     Let  the  current- 
strengths  in  the  branches  be  I1,  72 76,  the  electromotive 

forces  E1 E4,  and  the  total  resistances  Rx R6,  as  in 

figure. 


Fig.  63. 
The  equations  for  current-strengths  are — 

from  A  BCD  ;  E.2  +  E,  =  I,R,  +  I,R4  - 1  A  ~  I  A- .  .(i)  ) 

from  ABD ;     E,-EA  =  I  A  -  I  A  + I  A (ii)  [  (G) ; 

from  ADCF:  Ex  =  7A  +  I  A  +  7A (iii>J 
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atJ.;  0  =  1,-1,-1,     (iv)] 

atJ5;  o  =  L-I,-I,    (v)  [(B). 

atO;  0  =  1,-1,-1,    (vi)j 

The  six  equations  (B),  (G)  are  independent  and  sufficient 
to  determine  the  current-strength  in  each  of  the  six  branches. 

An  important  case  arises  when  the  current  in  one  branch 
is  independent  of  the  electromotive  force  and  resistance  in 
another  branch,  in  which  case  these  two  branches  are  said 
to  be  conjugate  to  each  other. 

177.  Prop.  X.  To  show  that  in  the  system  of  six  conductors 
joining  four  points  the  diagonals  are  conjugate  to  each  other  if 
the  products  of  the  resistances  in  the  opposite  sides  be  equal. 

We  must  proceed  to  solve  the  six  equations  of  the  last 
proposition  to  find  I3.  We  shall  adopt  the  method  of  in- 
determinate multipliers,  multiplying  the  equations  (ii) — (vi) 
by  \1}  X2...X5  respectively.  If  we  add  the  resulting  equa- 
tions together  and  equate  separately  to  zero  the  coefficients 
of  Ilt  I2,  I4,  I5,  I6,  we  shall  have  five  equations  to  determine 
Xx-.-Xg,  and  the  remaining  equation  for  I3 — 

I3  (X.R,  -  X4)  =  E,  +  E,  +  \  (E,  -  E4)  +  \,£\ (vii). 

I3  will  by  this  equation  be  independent  of  Ex  if  X2  =  0. 

Writing  down  the  five  equations  for  Vs,  with  the  extra 
condition  X2  =  0,  we  have 

X3  +  X5  =  0^ 
B.2  +  X4-X5  =  0 
R,  -  X.B,  -  X3  -  X4  =  0  [  •  •  -(viii). 

-B5-\5  =  0l 
—  jR6  -f  \iB6  —  \3  =  0> 

The  condition  that  these  equations  can  be  satisfied  simul- 
taneously is  found  by  eliminating  Xl3  X3,  X4,  X5  from  them. 
The  result  is  easily  seen  to  be 

RA-RiR^O (ix). 

If  (ix)  is  satisfied,  (viii)  can  be  satisfied,  and  (vii)  will 
then   be  satisfied  with  the  extra  condition  X.,  =  0.     In  this 
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case  Iz  is  independent  of  Ely  and  since  Rx  enters  none  of 
equations  (vii),  (viii),  Iz  must  be  also  independent  of  Rx. 

Cor.  1.  Conversely  the  current  in  AC  will,  if  (ix)  be 
satisfied,  be  independent  of  the  electromotive  force  and  re- 
sistance in  BD. 

Cor.  2.  If  73  =  0,  which  will  happen  if  (ix)  be  satisfied 
and  Ex  be  the  only  electromotive  force,  it  is  clear  that  Es 
enters  none  of  the  equations  (B),  (C),  and  the  currents  in  all 
the  branches  will  be  unaltered  by  making  or  breaking  con- 
tact in  BD. 

178.  Prop.  XI.  To  find  the  time  of  discharge  of  a  given 
electrified  system. 

Let  two  surfaces  A,  B  be  at  potentials  Vx  and  F2, 
and  let  R  be  the  resistance  of  the  medium  interposed  be- 
tween them,  all  measured  in  absolute  units.  Let  also  C  be 
the  electrostatic  capacity  of  the  system  ;  then  the  quantities 
of  electricity  ±C{V1—  V2)  tend  to  neutralize  each  other  by 
conduction  through  the  medium. 

Let  us  assume  that  v  is  the  difference  of  potential,  and 
+  q  the  quantities  of  electricity  after  a  time  t,  and  that  v' 
and  +  q'  represent  the  same  things  after  t  +  r,  where  t  is 
a  very  short  interval. 

v 
By  Ohm's  law  I  =  ^n,  where  I  is  quantity  of  flow  per 

second. 

Hence  the  quantity  which  flows  through  in  time  r 


T          VT 

Hence 

,       VT 

But 

q—  q'  =  G (v  —  v') 

.'.  CR  (v  —  v')  =  VT. 

Hence 

r  =  CRV-V'. 

V 
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V  —  V 

By  Art.  37,  when is  very  small,  as  will  be  the  case 


here,  we  may  put 


^  =  _log| 

v 

v 

V 


v  —  v'\ 

v     J 
-log 


.\  r  =  +CR\og-, 

=  CR(\ogv-\ogv). 

The  same  proposition  will  hold  for  any  number  of  very 
short  intervals ;  we  shall  have,  if  v  be  the  difference  of  poten- 
tial after  a  time  t  from  charging, 

t=CR{\og(V1-VJ-logv}; 

t       .      Fi-F; 

.-.  v  =  (V1-V2)e-A 
which  gives  the  potential  at  any  time  t 

If  we  observe  in  what  time  v  =  -(V1—  V2).  or  the  differ- 

n 

ence  of  potential  falls  to  one  nih  of  its  first  value, 

-  =  ecii  or  t  =  GR  loo: n- 

n  ° 

179.  Prop.  XII.  If  K  be  the  specific  inductive  capacity,  and 
p  the  specific  resistance  of  a  substance,  and  if  C  be  the  electro- 
static capacity  of  any  condenser  made  of  that  substance,  and 
R  its  resistance  to  the  passage  of  electricity;  to  prove  that 

CR  =  t-  •  pK  in  absolute  measure. 

It  is  assumed  that  lines  of  force  ^proceed  exclusively  from 
one  surface  to  the  other  of  the  body  under  consideration. 

To  find  the  electrostatic  capacity,  we  notice  that  along 
any  tube  of  force  Fa  is  constant,  and  at  either  bounding 
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surface   Fa  =  4>7rpa  =  kirq.     Hence   the  whole  charge   Q  on 
either  surface  is  given  by 

4ttQ  =  %F<r, 

and  if  Fx  be  computed  on  the  assumption  that  the  opposite 
surfaces  differ  in  potential  by  one  unit  (Art.  160), 

Q  =  Cwhen  F  =  F,; 

if  the  dielectric  be  air.     In  the  supposed  case  where  the 
dielectric  has  specific  inductive  capacity  K, 

C  =  f-2Fl0-. 

47T 

But  it  has  already  been  shown  (Art.  161) 

a-    x    -    > 


cZF^a      XFxa ' 
where  -  =  c,  the  specific  conductivity ; 

■   r-K-  L 

or  EG  =  ~PK. 

Cor.     We  have  shown  in  the  last  Article  that  if  t  be  the 

/l\th 
time  of  falling  to  (  -  I     of  charge, 

RC 


logen' 
Hence  we  have 


4>7r  ^         loge?i ' 

180.    Prop.  XIII.    To  calculate  the  amount  of  heat  developed 
in  any  portion  of  a  galvanic  circuit. 

Let  the  potentials  in  absolute  measure  at  the  extremities 
of  the  circuit  be  Vx  and  F2,  R  the  resistance  of  the  inter- 
posed circuit,  and  /  the  strength  of  the  current.     By  defi- 
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nition  of  current-strength  I  units  of  electricity  pass  from 
potential  Vx  to  potential  V2  per  second,  and  when  no  external 
work  is  done  this  amount  of  energy  must  be  converted  into 
heat  in  the  circuit. 

Hence  the  mechanical  equivalent  of  the  heat  given  out 
per  second  is  I(V1  —  V2). 

Again,  if  J  represent  Joule's  mechanical  equivalent  of 
heat,  or  the  number  of  ergs  imparted  to  a  gramme  of  water 
which  is  warmed  from  0°  C.  to  1°  C,  and  if  H  be  the  number 
of  units  of  heat  given  out  per  second,  then  JH  will  also 
represent  the  mechanical  equivalent  of  the  heat  given  out 
per  second,  and  we  have 

JH=I{VX-V.^ 

But  VX-V%  =  IR. 

Hence  JH  =  PR  =  (Fl~F^ . 

R 

This  equation  is  true  when  J,  Vx  —  V2  and  R  are  all 
expressed  in  absolute  measure. 

The  value  of  J  is  42  x  107  and  if  Fand  R  be  measured  in 
volts  and  ohms  we  must  multiply  the  right-hand  side  by  107 
(Art.  257). 

Hence  expressing  electrical  magnitudes  in  the  ordinary 
units  of  practice,  volts,  ohms  and  amperes,  we  have 

I(Fi-F2)     PR     (Fa-Ty 
42  4-2         42.  R    ' 

H  will  now  give  the  heat  in  gram-degrees- C. 

Cor.  1.  If  the  conductor  be  a  wire  whose  specific  heat 
is  c,  w  its  weight  in  grammes,  and  6  the  elevation  of  tempe- 
rature per  second,  then  H  =  cw9 ; 

.' .  4'2cw0  =  PR  =  (Fl~F2)2  =  /  (  Vi  -  F2), 

a  formula  giving  the  elevation  in  temperature  per  second 
owing  to  the  passage  of  the  current,  supposing  no  loss  of  heat. 
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Cor.  2.  It  appears  from  the  last  formula  that  the  eleva- 
tion in  temperature  is  independent  of  the  length  of  the  wire, 
provided  the  strength  of  the  current  be  constant,  for  6  will 

be  proportional  to  — ,  which  is  a  constant,  since  both  nume- 
rator and  denominator  are  proportional  to  the  length. 

Cor.  3.  If  the  section  of  the  wire  vary,  the  current  re- 
maining of  the  same  strength,  it  is  clear  that  R  varies  in- 
versely as  the  area  of  section,  and  io  varies  directly  as  the 

7? 
area  of  section.     Hence  the  quotient  —  will  vary  inversely 

as  the  square  of  the  section,  or  if  the  section  be  similar 
throughout,  inversely  as  the  fourth  power  of  the  diameter. 

180a.  We  may  use  the  expression  I (V1—  V2)  to  repre- 
sent the  output  of  energy  whenever  a  current  /  runs  between 
potentials  Vx  and  V2. 

If  I  and  V  are  both  in  absolute  measure  this  will  amount 
to  I (yx—  V2)  ergs  per  sec,  or  if  /,  V  be  in  amperes  and 
volts  it  becomes  I (V1—  V2)  107  ergs  per  sec. 

In  practice  the  Watt  expresses  the  rate  of  working  at 
which  107ergs  per  second  are  given  out:  this  therefore 
represents  the  output  of  one  ampere  running  through  one 
volt,  the  usual  definition  of  the  Watt. 

Def.  The  Watt  expresses  the  rate  of  output  of  energy  of 
an  electric  current  in  which  1  ampere  runs  through  an  e.m.f. 
of  one  volt.  This  is  of  course  107  ergs  per  second,  and  by  Art. 
20  is  j\q  of  a  horse-power. 

Def.  The  Joule  is  the  amount  of  energy  developed  by  one 
Watt  in  one  second.     This  of  course  equals  107  ergs. 

181.  Prop.  XIV.  To  show  that  in  any  divided  circuit  in  which 
there  is  a  distribution  of  the  current-strength  in  each  branch 
inversely  as  its  resistance,  there  will  be  less  heat  given  out 
than  if  the  same  total  currents  were  distributed  in  any  other 
way.    Principle  of  Least  Heat. 
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First,  let  the  circuit  contain  only  two  branches.  Then 
if  I1}  Hi  and  I,,  R2  be  corresponding  quantities  for  the 
two  branches,  and  I  the  whole  current, 

and  JH  =  I;2RX  +  I2~R2 ; 

.-.  JH  (R,  +  R2)  =  im?  +  I?R?  +  W  +  m  R1Ra 

=  (I&  -  LR2y  +  (I,  +  i2y  R,R2 

=  (/1i?1-/2JR2)2  +  72i?1i22. 

The  right-hand  side  will  have  the  least  possible  value  when 
the  first  term  vanishes,  or  when 

I^Ri  =  / 2R2 , 

i.e.  the  current  in  each  branch  is  inversely  as  the  resistance. 

Hence  also  H  or  the  heat  given  out  will  have  its  least 
possible  value. 

Secondly,  in  any  divided  circuit  we  see  that  for  any  two 
of  the  branches  this  relation  must  hold,  or  we  could  re- 
distribute the  current  in  these  two  so  as  to  evolve  less  heat 
without  disturbing  the  current  in  the  other  branches.  Hence 
we  infer,  however  many  branches  there  be,  there  will  be 
least  heat  evolved  when  the  current  in  each  varies  inversely 
as  the  resistance,  or  when  the  currents  are  distributed 
according  to  Ohm's  law. 


CHAPTER  VII. 

PROBLEMS  IN  VOLTAIC  ELECTRICITY. 

182.  In  the  following  problems  we  shall  endeavour  to 
illustrate  the  propositions  of  the  preceding  Chapter  by  laying 
before  the  student  a  number  of  results  mostly  of  the  highest 
importance  to  the  practical  electrician. 

The  chief  instruments  we  shall  assume  used  will  be  a 
galvanometer,  a  box  of  resistance  coils,  and  a  quadrant  or 
other  form  of  electrometer  capable  of  giving  absolute 
measure.  The  theory  of  the  galvanometer  we  do  not  enter 
into  here  as  it  belongs  to  Magnetism.  We  shall  assume  how- 
ever that  the  form  used  is  that  known  as  the  tangent  gal- 
vanometer (unless  the  contrary  be  stated),  in  which  the 
strength  of  the  current  is  proportional  to  the  tangent  of  the 
deflection. 

It  is  not  generally  necessary  to  determine  a  current  in 
absolute  measure,  our  problems  nearly  always  depending  on 
the  comparison  of  two  currents  with  the  same  galvanometer. 

183.  Prop.  I.  To  investigate  the  electrical  conditions  of 
"Wheatstone's  Bridge. 

Wheatstone's  Bridge  is  only  a  particular  case  of  the  sys- 
tem of  conductors  investigated  in  Arts.  176,  177. 

This  instrument  consists  essentially  of  a  double  divided 
circuit,  two  points  in  the  divided  branches  being  joined  by  a 
conducting  wire.  These  divided  circuits  are  ABC  and  ADC, 
and  BD  is  the  joining  wire.  In  the  portions  A  B,  BC,  CD,  DA, 
are  introduced  resistances,  which  we  shall  call  p,  q,  s,  r,  and 
in  BD  is  a  galvanometer  whose  resistance  we  call  g.  The 
current  from  a  galvanic  cell,  E,  enters  at  A  and  leaves  at  C. 
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We  shall  denote  the  electromotive  force  of  the  cell  by  E  and 
its  resistance  by  R. 


Fig.  64. 

The  current-strengths  in  the  various  branches  we  denote 
by  /,  Iu  I2,  I3,  I4,  I5,  as  shown  in  figure. 

Then  in  circuit  EABGE  we  have 

E  =  RI+pI1  +  qI3   (i), 

in  ABA  O^p^+gls-rlz  (ii), 

in  BCD,  0  =  ql,-sl4-gl5 (iii), 

at  A,  I=I1  +  I2 (iv), 

at  0,  I=I3  +  I4 (v), 

at  A  IX  =  I5  +  IZ (vi). 

These  six  equations  will  be  found  independent,  and  can 
be  easily  solved,  giving  the  strength  of  the  current  in  each  of 
the  six  branches. 

By(vi),  /,  =  /!-/.. 

By(y)and(iv),/4  =  /-/3  =  J-71  +  /5  =  /2  +  /5. 

Substitute  in  (iii), 

0-5(/1-/5)-s(Ja  +  /5)-5r/5, 

or  qlx -  sl2-(q  +  s  +  g)l5  =  0. 

By(ii),  PIx-rL  +  gI5  =  0. 

c.  E.  13 
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Hence 


I, 


r(q  +  s  +  g)+sg     p(q+s  +  g)  +  qg     qr-ps' 


also     = 
and 


s(p  +  r  +  g)  +  rg     s(p  +  r  +  g)  +  rg 
J3  +  IB  I. 


p(q+g)  +  q(r+g)   p(q+g)  +  <i(r+g) 

ix  +  J,  / 


by  (vi), 
by  (v), 


(r+p)(q  +  s)+g(p  +  q  +  r  +  s)     (r+p+g)(q+s  +  g)  - g2' 

E 

By  help  of  (i)  each  of  the  above  =  -^ , 

where         D  =  B  {(r  +p)  (q  +  s)  +  g (p  +r  +  q  +  s)} 

+  pr(q  +  s+g)  +  psg 

+  qs(p  +  r  +  g)  +  qrg 
=  R(p  +  r)  (q  +  s)  +  pr  (q  +  s)  +  qs  (p  +  r) 

+  {R  (p  +  q  +  r  +  s)  +  (p  +  q)  (r  +  s)}  g. 
The  currents  in  all  the  branches  can  now  be  written  down. 

184.  In  the  use  of  the  bridge  for  determining  an  un- 
known resistance  it  is  introduced  in  place  of  p  or  q  and  a 
balance  secured  by  altering  the  resistances  in  the  other 
branches  until  the  current  in  the  galvanometer  (75)  vanishes. 
When  this  condition  is  satisfied  gr  —  ps  =  0  and  if  q  be  the 

unknown,  and  p,  r,  s  known  resistances,  q  —  ^—. 

185.  We  might  at  once  see  by  the  graphical  method  that 
if  this  relation  hold,  there  is  no  current  in  the  galvanometer. 


Fig.  65. 
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Let  the  resistances  ABG  and  ADG  be  represented  by 
ABGX,ADG2. 

Let  the  differences  of  potential  between  the  extremities 
of  the  conductor  be  represented  by  APX  perpendicular  to 
AGX,  and  AP2  equal  to  it  perpendicular  to  AG2.  The  line 
P1G1  represents  the  fall  of  potential  along  ACU  and  P2G2 
along  AC2. 

By  similar  triangles 

BE1:AP1  y.G.B-.G.A, 
and  DE2  :  AP2  ::  G2D  :  G2A. 

Hence  BEX  =  DE2, 

if  (7x5  :  CiA  ::  G2D  :  Ca4, 

or  0x5  :  BA   ::  C2D  :  DA, 

or  GXB  .  DA  =  BA  .  C2D, 

the  relation  already  found.  If  5  and  D  be  now  joined  there 
will  be  no  current  in  BD,  since  the  extremities  are  at  the 
same  potential. 

Cor.  It  follows  that  the  currents  in  the  other  branches 
will  remain  unaltered  whether  the  branch  BD  be  open  or 
closed. 

186.    Prop.  II.    To  find  the  resistance  of  a  galvanometer  coil. 

This  resistance  can  be  measured  by  Wheatstone's  Bridge 
just  as  that  of  any  other  conductor.  After  the  magnet  has 
been  mounted  in  its  place,  the  following  method,  due  to 
Sir  W.  Thomson,  is  found  to  lead  to  more  accurate  results. 

Place  the  galvanometer  in  the  branch  BC  (Fig.  64),  and  in 
BD  place  a  contact-breaker  instead  of  a  galvanometer.  It 
appears  by  the  corollary  to  the  last  Proposition  that  if  the 
relation  ps  =  rq  be  satisfied,  the  galvanometer  deflection  will 
remain  the  same  whether  contact  in  BD  be  made  or  broken. 

We  have  therefore  only  to  adjust  the  other  resistances 
until  the  galvanometer  reading  does  not  alter  on  making  or 
breaking  contact  in  BD,  and  then  the  resistance  of  the  gal- 
vanometer is  given  by 

sp 

*     r 

13—2 
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187.  Prop.  III.  To  measure  the  internal  resistance  of  a 
Battery. 

1st  Method.  If  we  make  circuit  in  the  battery  by  pieces 
of  stout  wire  connecting  its  poles  with  the  galvanometer,  the 
only  external  resistance  will  be  that  of  the  galvanometer,  g. 
Then  if  o\  be  the  observed  deflection,  and  x  the  unknown 
internal  resistance, 

,      *         E 

c  tan  o\  =  — ■ — , 

x  +  g 
where  c  depends  on  the  galvanometer. 

Introduce  now  between  one  pole  and  the  galvanometer  a 
measured  resistance  r.     If  S3  be  the  new  deflection 

f      £             E 
c  tan  b2  = , 

x  +  r  +  g 
tan  o\  _  x  +  r  +  g 
tan  82        x  +  g 
a  simple  equation  for  x. 

This  method  is  open  to  many  objections,  as  the  observa- 
tions are  taken  with  two  different  current-strengths.  From 
these  objections  Mance's  method  seems  free. 

188.  2nd  Method  (Mance's).  In  this  method  is  employed 
a  modification  of  Wheatstone's  Bridge,  similar  to  that  used 


dividing 


Fig.   66. 

by  Sir  William  Thomson  for  measuring  the  galvanometer 
resistance.  The  cell  whose  resistance  is  to  be  measured  is 
placed  in  BG,  the  galvanometer  in  A  G,  and  a  contact-breaker 
in  BD.     The  arrangement  will  then  be  as  in  the  figure. 
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Now  if  the  resistance  in  the  branches  satisfy  the  condition 
ps  =  qr,  the  branches  BD  and  AG  are  conjugate,  and  con- 
sequently making  or  breaking  contact  in  BI)  will  produce 
no  effect  on  the  galvanometer  in  AG.  If  therefore  one 
resistance  be  adjustable,  we  adjust  it  until  the  galvanometer 
is  uninfluenced  by  making  and  breaking,  and  we  have  then 
for  q,  the  unknown  resistance, 

ps 


189.  Prop.  IV.  To  compare  the  electromotive  force  of  two 
cells. 

1st  Method.  Take  one  cell  and  introduce  resistance  till 
the  galvanometer  stands  at  a  certain  deflection  o\.  Let  rx  be 
the  resistance  introduced;  g,  R  those  of  the  galvanometer 
and  cell ;  then 

c  tan  Oi  = ^ . 

rx  +  g  +  R 

Add  resistance  r/,  so  that  the  deflection  comes  down  to  82, 

.'.  ctand2  =  — y- ■ n', 

n'  +  n+g  +  R' 

1  r ' 

.'.  -  (cot  &,  —  cot  o\)  =  -^- . 
c v  ;     Ex 

Next,  by  introducing  resistance  into  the  circuit  of  the 
other  cell  bring  its  deflection  to  o\.  Add  resistance  (suppose 
r2')  till  its  deflection  is  8.2  as  before. 

1  r« 

Then  -  (cot  h2  —  cot  o\)  =  -^ ; 

.'.  Ex  :  #2  ::  r{  :>/, 

or  the  electromotive  forces  are  proportional  to  the  resistances 
which  must  be  introduced  to  bring  the  galvanometer  from 
one  fixed  reading  ^  to  another  82. 
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The  objection  to  this  simple  method  is  that  the  electro- 
motive forces  are  subject  to  variation  from  a  variety  of  causes 
when  the  battery  is  in  action,  and  the  comparison  should 
always  be  made  when  no  current  is  passing. 

190.  2nd  Method.  By  Clark's  Potentiometer.  For  this 
method  we  require  a  battery  of  very  constant  electromotive 
force,  and  a  length  of  fine  wire  coiled  along  an  ebonite 
cylinder  similar  to  Wheatstone's  rheostat. 

Let  A  be  the  constant  battery,  BG  the  cylinder,  and 
Ex,  E2  the  cells  to  be  compared. 


flhiiiiiiiiiiiiiiiiiilliiiiiii 
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Connect  the  battery  A  and  a  variable  resistance  in  the 
circuit  ABC,  and  make  a  branch  circuit  BGXEXG  containing 
a  galvanometer  Gx  and  the  cell  Ex  (which  is  supposed  to 
have  greater  electromotive  force  than  E2),  so  placed  that  its 
current  in  BG  is  opposite  in  direction  to  that  of  A.  Vary 
the  resistance  in  AG  till  the  galvanometer  Gx  is  at  zero, 
when  the  difference  of  potential  between  B  and  G  will  equal 
Ex.  Introduce  now  the  second  cell  Ea  having  its  negative 
pole  at  B,  with  a  second  galvanometer  G2,  With  the  positive 
pole  D  make  contact  at  successive  places  along  BG  till  there 
is  no  current  in  G2.  We  then  have  E2  :  Ex  ::  BD  :  BG. 
Hence  if  a  divided  scale  be  attached  to  BG  and  graduated 
from  0  to  100,  we  can  at  once  read  off  the  electromotive 
force  of  E2  in  terms  of  Ex. 

191.    Prop.  V.    To  find  the  position  of  a  "  fault." 
The  term  fault  is  applied  in  practical  telegraphy  to  any 
sudden  change  in  the  resistance  of  the  line.     Faults  arise 
from  a  variety  of  accidents  to  the  line-wire  such  as  breakage, 
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failure  of  insulation,  contact  with  foreign  bodies,  &c.  and  a 
large  number  of  methods  have  been  proposed  for  the  deter- 
mination of  their  position  in  the  line.  The  following  are  a 
few  of  the  most  simple  : 

1st  Method.  For  a  land-line  in  which  the  wire  is  com- 
pletely broken,  the  broken  end  not  making  earth. 

In  this  case  the  resistance  will  be  the  insulation  resist- 
ance up  to  the  fault,  the  only  escape  of  electricity  being 
by  the  insulating  supports,  or  through  the  gutta-percha 
sheath  which  surrounds  the  wire.  We  must  compare  it 
therefore  with  the  insulation  resistance  (supposed  known)  of 
the  unbroken  line,  and  assuming  the  line  uniform,  it  is  clear 
that  the  resistance  is  inversely  proportional  to  the  length  of 
cable  tested,  and  we  shall  have  the  proportion, 

Resistance  of  faulty  line  :  (R«*isteiiee  °/  complete  line  with 
J  {  distant  end  insulated 

: :  length  of  line  :  distance  of  fault, 

whence  the  distance  of  the  fault  is  found. 

192.  2rid  Method.  When  the  wire  is  severed  and  the 
broken  end  makes  complete  earth. 

Here  the  resistance  will  be  diminished,  since  the  elec- 
tricity escapes  to  earth  at  the  fault,  instead  of  at  the  further 
end.  Hence  the  resistance  will  be  directly  proportional  to 
the  length,  and  we  have 

Resistance  of  whole  line  with)     ^     .  .  „  „    ,,     ,. 

,  ,  , ,  y  :  Resistance  of  faulty  line 

end  to  earth  J  J 

::  length  of  line  :  distance  of  fault, 

whence  again  the  position  of  the  fault  can  be  found. 

193.  3rd  Method.  When  the  wire  is  not  completely 
broken,  but  makes  partial  earth.     Blaviers  Formula. 


Fig.  68. 
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Let  R  be  the  resistance  of  the  line  AB  when  perfect,  S 
the  resistance  of  the  faulty  line  measured  from  A  when  B  is 
to  earth,  T  the  resistance  of  the  faulty  line  when  B  is 
insulated. 

If  x,  y,  z  be  the  resistances  of  the  portions  AG,  CB,  and 
of  the  fault  at  G,  we  have 

R  =  x  +  y (i), 

S=a}+J!^  (ii) 

y  +  z  v 

T  =  x  +  z (iii), 

three  equations  for  x,  y,  z. 

By  (i),  y  =  R-x, 

and  by  (iii),  z—T  —  x. 

Substituting  in  (ii), 

(R-x)(T-x) 
^~*+    R+T-2x    ' 
(R  +  T)S-2xS  =  (R  +  T)x-2o?+RT-{R  +  T)x  +  a?; 
.'.x*-2xS  =  RT-(R+T)S; 
.-.  (x-  Sy  =  RT-(R  +  T) S  +  S* 
=  (R-S)(T-S); 
:.x  =  S-\/(R-S)(T-S)y 
which  is  Blavier's  formula. 

194.  These  methods  all  have  the  imperfection  of  assum- 
ing that  the  resistance  at  the  fault  remains  constant  (or 
vanishes)  during  the  measurements,  and  of  neglecting  the 
leakage  through  the  insulating  sheath  or  supports.  The 
following,  due  to  Dr  Siemens,  seems  free  from  this  objection. 

4fth  Method.  Siemens'  Method  for  a  submarine  cable  or 
land-line. 

Let  AB  represent  the  faultless  cable  insulated  at  both 
ends,  AG,  BE  equal  but  variable  resistances,  CD,  EF  con- 
stant equal  resistances.  At  D  the  positive  pole  of  a  battery 
is  attached,  and  at  E  the  negative  pole  of  an  equal  battery, 
the  opposite  poles  being  to  earth. 
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If  DG,  FK  be  the  potentials  at  D  and  F,  the  line  of 
fall  of  potential  will  cut  AB  in  the  middle,  or  the  middle  of 

a' 


Fig.  69. 

the  cable  is  at  zero-potential.  The  equal  differences  DG  —  GH 
and  FK  —  EL  can  be  measured  at  the  two  ends  by  quadrant 
electrometers  (for  instance).  If  now  a  fault  arise  at  N,  the 
potential  at  this  point  some  time  after  the  attachment  of  the 
batteries  will  come  to  zero,  so  that  the  differences  DG  —  GH 
and  FK  —  EL  will  no  longer  be  the  same  as  before,  or  equal. 
If  however  we  now  alter  the  variable  resistances  increasing 
AG  by  GG\  and  diminishing  BE  by  EE'  when  GO  =  EE,  it 
is  clear  that  by  properly  choosing  these  resistances  we  shall 
get  the  new  line  of  fall  of  potential  parallel  to  the  old  one, 
and  passing  through  N  instead  of  M.  We  shall  then  have 
NC  =  MG\  Niy  =  MD\  NE'=ME;  NF'  =  MF,  and  we 
shall  have  the  same  differences  of  potential  at  the  two  ends 
as  before ;  in  fact 

G'jy  -  H'G'  =  F'K'  -  EL'  =  DG-  GH. 
In   this   case   the  amount  of  resistances  added  at  A   and 
subtracted  at  B  gives  the  distance  of  the  fault  from  the 
middle  of  the  cable  towards  A. 

If  the  fault  be  at  the  middle  of  the  cable,  it  is  clear  that 
the  result  is  not  affected  by  normal  leakage,  and  if  it  be  not 
at  the  middle,  allowance  can  easily  be  made  for  the  error  it 
produces. 

195.  6th  Method.  When  the  core  of  a  submarine  cable 
is  broken,  while  the  sheath  remains  unbroken. 

The  best  means  in  this  case  is  to  measure  the  electrostatic 
capacity  of  the  broken  part  of  the  cable ;  then,  knowing  by 
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previous  experiment  the  capacity  per  mile,  a  simple  division 
gives  us  the  distance  of  the  fault. 

A  large  number  of  other  methods  are  used  in  practice, 
but  the  principles  of  them  all  will  be  understood  from  the 
foregoing  examples.  For  descriptions  of  these  methods  the 
reader  is  referred  to  Mr  Latimer  Clark's  Electrical  Measure- 
ments. 

196.  In  our  previous  examples  we  have  assumed  the  con- 
ductors cylindrical,  and  the  lines  of  flow  everywhere  parallel 
to  their  length.  These  are  the  cases  which  most  frequently 
occur  in  practice.  We  shall  however  give  now  two  or  three 
examples  of  calculating  the  resistance  in  conductors  not 
linear  in  form. 

Prop.  VI.  To  calculate  the  resistance  of  a  conductor  bounded 
by  two  coaxial  cylindrical  surfaces.  This  will  apply  to  the  liquid 
in  the  circular  form  of  Daniell's  or  Bunsen's  cell. 

Neglecting  a  portion  near  the  ends,  we  shall  assume  the 
tubes  of  flow  everywhere  perpendicular  to  the  axis  of  the 
cylinder. 

Let  the  figure  represent  a  section  of  the  cylinder,  and 
conceive  it  made  up  of  concentric 
thin  cylinders,  such  as  PQ.  The 
tubes  of  flow  will  be  everywhere 
perpendicular  to  this  cylindrical 
shell,  and  we  may  assume  its  re- 
sistance the  same  as  for  a  linear 
conductor,  whose  section  is  its  area, 
and  length  its  thickness.  Hence 
the  resistance  of  the  elementary 
cylinder 

l       PQ 


2tt.  OP. I 


Fig.  70. 


where  c  is  specific  conductivity,   and   I  the  length  of  the 
cylinder. 

The  resistance  of  the  whole  cylinder  will  therefore  be 

^cl       OP' 
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But,  as  before, 


3-*('+a)-* 


OQ 
OP' 

hence  resistance  of  elementary  cylinder  PQ 

Summing  all  successive  differences,  we  have  for  the  resist- 
ance of  the  cylinder 

-LjilogOB-logOA) 

log- 

=  ~27TCl 

where  r2  is  the  external  and  rx  the  internal  radius  of  the 
cylinder. 

This  result  is  a  particular  example  of  the  theorem  of  Art. 
179,  and  might  have  been  deduced  from  the  capacity  of  the 
cylinder  investigated  in  Art.  113. 

197.  Prop.  VII.  To  investigate  the  resistance  of  a  large  solid 
body  of  any  form  having  two  electrodes  connected  with  the  poles 
of  a  battery  sunk  in  it  to  a  considerable  depth. 

This  investigation  of  course  applies  to  the  resistance  of 
the  Earth  treated  as  the  return  line  in  Telegraphy. 

We  shall  represent  the  two  electrodes  as  two  conductors 
sunk  in  the  body,  and  charged  with  equal  amounts  of  elec- 
tricity, one  positive  and  the  other  negative,  and  on  the 
principles  enunciated  in  Chap.  ill.  we  shall  proceed  to  de- 
termine the  form  of  the  equipotential  surfaces  and  lines  of 
force. 

The  form  of  the  electrodes  will  be  of  small  importance 
except  very  near  them,  and  we  shall  for  convenience  assume 
them  to  be  spheres  charged  with  quantities  +  m  and  —  m  of 
electricity. 

In  investigating  the  lines  of  force  we  must  in  theory  take 
account  of  the  distribution  on  the  surface  of  the  body.  This 
produces  a  great  complication  in  the  theory,  and  we  have  here 
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taken  the  case  in  which  the  electrodes  are  deeply  sunk,  that 
we  may  neglect  this  distribution;  in  fact,  the  currents  near  the 
surface  will  be  so  weak  that  we  may  neglect  them  entirely. 

On  these  suppositions  the  potential  at  any  point  distant 
rly  r2  from  the  electrodes  will  be 


m 


{---)■ 


If  the  mass,  to  begin  with,  be  at  zero-potential,  and  ±  V 
the  potentials  at  the  two  electrodes  whose  radii  we  will  take 
to  be  p,  then  m  =  p  V,  and  the  whole  electromotive  force 
between  the  electrodes  is  2V. 

To  find  the  strength  of  the  current,  we  have  to  consider 
that  the  flow  across  an  equipotential  surface  of  area  a  is 
cFcr,  where  F  is  the  resultant  force,  and  c  the  specific  con- 
ductivity :  then  the  whole  current-strength  will  be  given  by 

I=cZFa, 

when  the  summation  extends  over  any  equipotential  surface. 

Now  the  electrodes  are  themselves  equipotential  sur- 
faces, and  we  may  consider  the  summation  to  take  place 
over  either  electrode. 

Since  r2  may  be  regarded  as  infinitely  large  (compared 
to  p)  for  any  point  on  the  surface  of  the  positive  electrode, 

7Tb 

the  potential  over  this  electrode  is  — ;  on  the  same  hypo- 

717/ 

thesis  the  force  will  be  — ;  and  the  area  of  the  electrode  is 

P- 
47r/r; 

7H> 
. ' .    %F(T  =  4f7Tp2  .  —  =  4f7T71l  =  4>7Tp  V, 

or  if  E  be  the  whole  electromotive  force  between  the  two 
electrodes  E  =  2  V,  and  we  have 

I=27TCPE. 

But  if  R  be  the  whole  resistance, 
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zirp  .  c 
Hence  we  see  that  the  resistance  is  independent  of  the 
distance  between  the  electrodes  but  varies  inversely  as  their 
linear  dimensions. 

198.  It  may  be  interesting  to  notice  that  we  might 
have  deduced  the  same  result  by  considering  the  plane 
which  bisects  the  line  joining  the  electrodes  at  right  angles, 
this  being  the  surface  of  zero-potential. 

199.  The  result  indicated  in  the  last  Article  is  found  to 
agree  fairly  with  experiments. 

This  investigation  also  shows  the  importance  of  placing 
the  electrodes  in  moist  ground  whose  specific  resistance 
is  small ;  otherwise  the  resistance  offered  by  the  first 
layers  of  the  soil  round  the  electrode  may  be  much  greater 
than  that  of  the  whole  of  the  rest  of  the  earth.  When  a 
badly  conducting  portion  occurs  at  a  distance  from  the  elec- 
trodes, the  principle  of  divided  circuits  shows  us  that  it 
produces  a  very  small  effect  indeed  on  the  whole  resistance. 

200.  We  have  shown  that  the  amount  of  electricity 
transmitted  across  any  section  of  a  tube  of  force  is  propor- 
tional to  a  quantity  c  which  depends  only  on  the  nature 
of  the  substance.  If  the  substance  contained  in  any  tube 
be  not  isotropic,  c  will  vary,  and  we  shall  have  different 
current-strengths  in  different  parts.  As  a  consequence  we 
shall  have  a  charge  of  electricity  gradually  developed  at 
the  surface  bounding  the  heterotopic  parts  of  the  tube. 
We  now  give  an  example  of  this  kind. 

Prop.  VIII.    A  stratified  plate  composed  of  parallel  isotropic 

laminae  has  its  opposite  faces  kept  at  given  potentials,  to  find  the 

amount  of  the  electric  charge  at  the  surface  bounding  two  layers. 

Let  there  be  three  layers  A,  B,  G,  and  let  tl}  Rlf  Glt  plf 

Kx  be  the  thickness,  resistance,  capacity,  specific  resistance, 
and  inductive  capacity  respectively  of  A,  and  let  similar  letters 
with  suffixes  2,  3  denote  those  of  B,  G. 

Let  the  potentials  at  the  surfaces  A,  B\  B,  C  be  initially 
Fa  and  72,  and  finally  V{  and  V2'. 
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Let  also  the  potentials  at  the  outer  surfaces  be  V  and  0. 

V  Vi  Va  0 


A 


B 

Fig.  71. 


C 


Initially,  since  there  is  no  electrostatic  charge  on  the 
surfaces  A,  B  and  B,  G,  we  shall  have 

-  C1(V-V1)+Ci(V1-V2)  =  q a,t  A,  B, 

and  -ai(71-F0  +  ftri  =  0at-B,,O; 

y-yi     yi-y2     y2 

'"■   1    ~    1       I5 

(7j  G2  G3 

V  V 

.*.  each  of  them  =  —  =  —-  suppose. 

These  equations  give 

ri  ri  p 

*        r  i      /~/r?ri       r  a      /^r)r2       ri 

Next  for  the  current-strength  in  ^4,  i?,  0  respectively,  we 
have 


7" 

7, 


Vi-V, 
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Hence  I1  =  I2  =  I3  only  if 

R1  R2        R3     M1  +  R2-{-  R-s     R 

or  substituting  for  V—  Vx  its  value  found  above 

^V=^V,  and  similarly  RXG,  =  R,G2  =  R&  =  RG. 

If  this  relation  does  not  hold  good,  a  gradual  storing  up 
of  electricity  will  take  place  at  the  surfaces  A,  B  and  B}  G. 
The  law  of  the  development  of  these  charges  is  complicated, 
but  their  ultimate  amount  we  can  easily  see.  In  fact,  the 
storing  up  will  go  on  until  the  currents  in  the  three  plates 
are  equal.  Hence  if  V-[  and  V%  be  the  ultimate  potentials 
at  A,  B  ;  B,  G  respectively, 

V—Vi      V/-V/     Vo  V 

— B —  = ^ =  -^- ,  and  therefore  =  -^ . 

Mi  li2  Jtis  li 

Under  these  conditions  the  charge  bound  on  the  plate  A 
at  the  surface  A,  B 

—  0,(7-7,0; 

that  bound  on  plate  B  at  surface  A,  B 

=  +  02(7'-7O; 

and  that  bound  on  the  plate  B  at  surface  B,  G 

=  -0a(7'-7O; 
and  that  bound  on  plate  0  at  surface  B,  G 

=+07/. 

Hence  the  whole  charge  on  the  surface  A,  B 

=  -  0a  (7-  7O  +  0a(7'  -70 

= _  *&  r+  ^  r=  J(-  r1c1  +  RM) 

and  the  charge  on  the  surface  B,  (T 

—  Oa(7'  -70  +  0,7' 
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But  by  Art.  179, 

Aft-jLflA;  40,=^**.;  and^-i**",. 

Hence  the  amount  at  surface  J.,  5 

and  the  amount  at  surface  B,  G 

The  same  theory  might  be  extended  to  any  number  of  plates. 

It  is  to  be  noticed  in  the  above  results  that  the  charges 
accumulated  at  the  surfaces  are  independent  of  the  thick- 
nesses of  the  plates,  and  depend  only  on  the  change  in 
value  of  pK. 

If  the  outer  surfaces  be  brought  to  zero,  it  is  clear  that 
this  accumulation  within  the  conductor  will  in  part  be  con- 
ducted back  again  in  reverse  order  to  the  exterior,  until  the 
whole  is  discharged. 

Cor.  1.  If  only  some  of  the  plates  be  conducting  and 
others  non-conductors,  the  same  general  effects  will  follow. 
Thus  if  B  be  a  conductor,  charges  will  be  developed  on  the 
surfaces  A,  B  and  B,  G,  which  will  be  bound  across  the 
dielectric  to  parts  of  the  charges  on  A  and  C,  which  parts 
will  by  that  means  be  disguised.  The  amounts  so  disguised 
the  student  can  easily  investigate  for  himself. 

Cor.  2.  It  has  nowhere  in  the  above  investigation  been 
assumed  that  the  plates  are  plane  or  bounded  by  plane  sur- 
faces, but  only  that  heterotropic  portions  of  the  medium  are 
bounded  by  equipotential  surfaces.  This  will  generally  be 
the  case  in  practice  since  the  plates  (of  glass  for  instance)  are 
thin  and  their  character  will  vary  regularly  from  the  surface 
towards  the  interior,  the  variation  being  probably  due  in  a 
large  measure  to  unequal  cooling  of  the  internal  and  external 
parts. 

201.  This  proposition  is  important,  since  in  the  opinion 
of  Prof.  Clerk  Maxwell  and  M.  Gaugain  it  is  the  best  ex- 


PROBLEMS  IN   VOLTAIC   ELECTRICITY.  209 

planation  yet  offered  of  the  phenomenon  of  '  electrical  ab- 
sorption/ as  observed  in  the  residual  charge  of  a  Leyden  jar. 
Faraday  attributed  it  to  a  partial  soaking  of  the  electricity 
from  opposite  sides  of  the  dielectric  into  its  substance.  This 
explanation  contradicts  Faraday's  own  principle  of  the  im- 
possibility of  charging  any  mass  of  matter  bodily  with  elec- 
tricity. The  explanation  furnished  by  the  stratified  medium 
shows  that  the  accumulation  takes  place  after  the  manner  of 
a  compound  condenser  on  strictly  electrostatic  principles, 
each  charge  being  bound  across  the  dielectric  to  an  equal 
amount  of  opposite  electricity.  As  a  minor  point  this  ex- 
planation confirms  the  observed  fact  that  with  air  as  dielectric 
there  is  no  residual  charge.  We  can  easily  see,  however,  that 
whatever  substance  except  air  the  dielectric  be  composed  of, 
owing  to  imperfect  annealing  during  cooling,  and  the 
necessary  irregularity  in  composition,  the  medium  will  not 
be  perfectly  isotropic,  and  where  the  medium  is  not  isotropic 
the  phenomenon  of  internal  accumulation  must  arise. 

202.  The  method  of  electrical  images  can  sometimes 
be  employed  to  solve  the  problem  of  conduction  through 
heterogeneous  bodies.  We  have  shown  (Art.  197)  that 
the  problem  of  conduction  through  a  given  homogeneous 
medium  resolves  itself  into  constructing  systems  of  equi- 
potential  surfaces  and  lines  of  force  due  to  a  distribution  of 
electricity  at  certain  points  in  the  medium  treated  at  first  as 
dielectric.  Thus  if  in  a  homogeneous  medium  we  have  a 
single  source  of  electricity  the  equipotential  surfaces  will  be 
spheres.     Let  us  suppose  a  quantity  of  electricity  Q  at  the 

source,  then  the  force  over  a  sphere  of  radius  R  will  be  ~, 

and  %F(T  over  this  will  be  4<7rQ.     Hence  (Art.  197)  if  p  be 

inQ 
the  specific  resistance  of  the  substance  - —     measures  the 

.  P 

quantity  of  electricity  flowing  from  the  source  per  second. 

If  we  have  given  that  the  flow  of  electricity  from  the  source 

is  /  units  per  second  or  that  the  whole  current-strength  is  I, 

the  imaginary  quantity  of  electricity  at  the  source  is  ~  . 
C.  E.  14 
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If  we  have  two  media  of  different  conducting  powers,  we 
have  seen  (Art.  200)  that  there  will  be  at  first  a  storing  of 
electricity  at  the  common  surface,  and  this  distribution  not 
being  equipotential  will  alter  the  equipotential  surfaces  in 
the  field.  It  is  easy  however  to  see  that  the  potential  must 
satisfy  two  conditions.  First,  at  every  point  of  the  bounding 
surface  the  potential  in  the  two  media  must  be  the  same. 
Secondly,  the  quantity  of  electricity  transmitted  in  one 
medium  towards  any  area  on  the  surface  of  separation  must 
equal  that  transmitted  from  the  same  area  in  the  other 
medium.  If  then  we  can  find  a  system  of  imaginary  sources 
in  the  media  which  will  satisfy  these  conditions  at  every 
point,  we  can  map  out  by  means  of  them  the  equipotential 
surfaces  throughout  the  whole  of  the  two  media,  and  solve 
directly  the  problem  of  conduction  through  them. 

203.  Prop.  IX.  To  investigate  the  conduction  of  electricity 
through  two  media  of  different  resistance  separated  by  a  plane 
but  otherwise  unbounded;  the  source  of  electricity  being  at  a 
given  point  in  one  medium. 

Take  P  the  source  of  electricity  in  the  medium  A  sup- 
pose, let  Px  be  its  image  in  the  plane  of  separation  of  A  and  B. 
Suppose  the  potential  in  the  medium  A  to  be  that  due  to  E 
at  P  and  Ex  at  Pu  and  the  potential  in  the  medium  B  due 
to  E.2  at  P.  We  must  apply  the  criteria  of  the  last  Article 
to  show  whether  these  suppositions  can  be  made  to  fulfil  the 
conditions  of  the  problem. 

First.  The  potential  at  Q  a  point  in  the  medium  A  and 
in  the  plane  of  separation  is     pn  l ,  and  the  potential  at  the 

V         P 

same  point  Q  in  the  medium  B  is  -=4.  =  p  i . 

Hence  E2  =  E +  E1 (1). 

Secondly.  If  pu  p2  be  the  specific  resistances  of  the 
two  media  the  quantity  of  electricity  transmitted  per  second 

through  an  area  c,  near  Q  in  the  medium  A,  is  —Fa  (Art. 

157),  where  F  is  the  force  perpendicular  to  <r.     But  (by  Art. 
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114)  F=  — 1~pQz — >  where  p  is  the  distance  of  the  source 
from  the  plane.  Hence  the  quantity  transmitted  through  a 
in  A  =  -(E1-E)pa 


Similarly  the  conduction  in  B  — E»~. 


i 
•  E*~E  =     E< 

Pi  Pt 

From  (1)  and  (2)  we  have 


(2). 


P2  +  P1 

pl+P-2 

which  shows  the  original  supposition  admissible  and  gives 
a  complete  solution  of  the  problem  of  conduction.  If  the 
medium  A  be  a  perfect  insulator  p1  is  infinite,  and  in  this 
case  E±  =  —  E,  and  E2  =  0,  the  ordinary  electrostatic  problem 
of  induction  in  an  infinite  conducting  plate  by  an  electrified 
particle. 

Cor.  1.  It  may  be  proved  by  assuming  the  source  a 
small  spherical  electrode  that  the  flow  of  electricity  per  second 

from  the  source  is . 

Pi 

Cor.  2.  The  quantity  conducted  per  second  from  the 
medium  A  to  the  medium  B  across  the  plane  of  separation 

is  found  by  an  easy  summation  to  be . 

J  J  fh  +  P* 

Cor.  3.  This  gives  the  solution  of  conduction  through 
two  media  bounded  by  a  plane  for  any  system  of  sources 
whatever,  since  the  potential  at  any  point  will  be  simply  that 
due  to  the  superposition  of  the  potentials  of  the  sources  and 
of  their  imaginary  images  as  given  above. 

Cor.  4.     If  0lf  02  be  the  inclinations  of  the  line  of  force 

14—2 


212        PROBLEMS  IN  VOLTAIC  ELECTRICITY. 

on  opposite  sides  of  the  plane  of  separation  of  A,  B  to  the 
normal  to  that  plane,  it  is  at  once  seen  that 

tan  Qx  =  -r,      _,-  .  tan  #.,  =  —  tan  0,, 
h,-hx  p1 

or  px  tan  0X  =  p*  tan  02, 

which  is  sometimes  called  the  law  of  refraction  of  a  line  of 

force  from  one  medium  into  another. 

204.  The  same  method  may  be  applied  to  the  explana- 
tion of  Nobili's  rings  when  the  fluid  stratum  is  very  thick 
compared  to  the  distance  of  the  electrode  from  the  metal 
plate. 

These  rings,  as  is  well  known,  are  produced  when  a  wire 
forming  one  electrode  is  immersed  in  a  fluid  spread  over 
a  metal  plate  forming  the  other  electrode,  these  electrodes 
being  connected  with  a  battery.  If  the  fluid  is  an  electro- 
lyte it  will  be  decomposed,  and  some  product  of  decom- 
position will  be  laid  in  thin  layers  on  the  metal  plate.  The 
varying  colour  produced  by  thin  plates  according  to  their 
thickness  will  vary  with  the  thickness  of  this  deposit,  and 
the  thickness  of  the  deposit  will  depend  at  each  point  on 
the  intensity  of  the  electrical  force. 

Since  the  resistance  of  the  liquid  is  always  very  great 
compared  with  that  of  the  metal  sheet  we  may  neglect  p2 
compared  with  p1  and  we  have  Ex  =  —  E,  when  the  problem 
reduces  to  that  of  the  ordinary  electrical  image  investigated 
in  Art.  114. 

The  force  at  each  point  on  the  plate  will  be  that  due 
to  the  electrified  point  combined  with  its  electrical  image, 
and  is  shown  to  vary  inversely  as  the  cube  of  the  distance 
between  the  electrode  and  the  point  on  the  plate.  Hence 
the  thickness  of  the  deposit  also  varies  as  the  inverse  cube 
of  the  distance. 

Examples  on  Chapter  VII. 

The  following  is  a  list  of  the  specific  resistances  (see  Art.  161)  of  various 
substances  at  0°C. ,  referred  to  the  b.  a.  unit.  ("  Numerical  Tables  and 
Constants  "  by  S.  Lupton.) 

(1)     Specific  resistances  of  metals  in  microhms  (10-6  ohm),  to  which  are 
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added  in  second  column   the  percentage  variation  per  1°C.  according  to 
Dr  Matthiesen  (Ayrton's  "Practical  Electricity  "). 

Silver,  annealed  1-521  -377 

Copper,  hard  drawn     1-642 

annealed        1-590  -388 
Platinum,  annealed     9*158 

Iron,  soft  9-827  -5  (about) 

Mercury  96-146  -072 

Bismuth  132-65  -354 

German  silver  21-17  -044 

Brass  5  -8 

(2)     Specific  resistances  of  liquids  in  ohms  : 


Water  at    4°C. 

9-1  x  106 

„      11°  C. 

3-4xl05 

Dilute  hydrogen  sulphate     5  °/0  acid  at  18°  C. 

4-88 

J>                                 55                           20      /0          ,,                       ,, 

1-562 

»>              »            ^o  /0    ,,          ,, 

1-38 

>»                 >»             -*"  /o     "           " 

1-5 

Hydrogen  nitrate  at          18°  C. 

1-61 

Copper  sulphate  sat.  at     10°  C. 

29-3 

Zinc  sulphate  sat.  at         14°  C. 

21-5 

Sodium  chloride  sat.  at     13°  C. 

5-3. 

(3)     Specific  resistance  of  insulators  in  megohms  (106  ohms). 
Glass  (crystal)  below    40°  C.  infinite 

at    46°  C.  6-182x10° 

at  105°  C.  1-16  xlO7 

Paraffin  at    46°  C.  3-4  x  1010 

Ebonite  at    46°  C.  2-8  xlO10 

1.  Find  the  length  of  copper  wire  *5  mm.  in  diameter 
whose  resistance  is  1  ohm.  Ans.  11*95  metres. 

2.  Find  the  length  of  a  platinum  and  of  a  German-silver 
wire,  of  the  same  gauge  as  in  question  1,  which  has  1  ohm 
resistance.  Ans.  2*143  metres. 

3.  What  must  be  the  relation  in  diameters  of  a  copper 
and  iron  wire  of  which  equal  lengths  give  equal  resistances  ? 

Ans.  *41  :  1. 

4.  Siemens'  unit  of  resistance  is  the  resistance  of  a 
column  of  mercury  1  metre  long  whose  section  is  a  square 
mm.     Compare  it  with  the  ohm.  Ans.  1*08  ohm 

5.  A  standard  coil  of  German-silver  is  issued  measuring 
1  ohm  at  6°  C.     Find  its  resistance  at  20°  C.  and  at  50°  C. 

6.  An  annealed  copper  ribbon  has  a  resistance  of  21*96 
ohms  at  15°  C.     Find  its  resistance  at  0°  C. 
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7.  Given  the  specific  resistance  (p),  the  specific  gravity 
(s),  the  length  in  cm.  (I),  and  the  mass  in  grams  (m)  of  a 

wire,  show  that  its  resistance  is  given  by  - —  . 

8.  Find  the  resistance  of  a  copper  wire  10  metres  long 
which  weighs  4*45  grams  (s.G.  of  copper  =  8*9).  Compare  it 
with  the  resistance  of  a  platinum  wire  having  the  same 
weight  and  length  (s.G.  of  platinum  =  22*1). 

Am.  3-284  ohms :  1  to  13*8. 

9.  Given  that  1  cm.  =  \3937  in.,  show  that  the  resistance 
of  wire  whose  length  (I)  and  section  (s)  are  given  in  inches  is 

'3937  —  ;  p  being  the  specific  resistance  given  above. 
s 

10.  Find  the  resistance  of  a  hundred  miles  of  iron 
telegraph  wire  whose  diameter  is  ^  inch. 

Ans.  781  ohms  (nearly). 

11.  If  100  in.  of  copper  wire  weighing  100  grs.  has 
resistance  *1516  ohm,  find  the  resistance  of  50  in.  weighing 
200  grs.  Ans.     '01895  ohm. 

12.  Two  cells,  each  1  ohm  internal  resistance,  are  con- 
nected in  compound  series  with  a  wire  whose  resistance  is 
1  ohm.  If  each  of  these,  when  connected  singly  by  stout  wires 
to  a  galvanometer*  of  no  appreciable  resistance,  deflect  it 
25°,  how  much  will  the  combination  deflect  it  ?    Ans.  17°  15'. 

13.  A  single  thermo-electric  couple  deflects  a  galvano- 
meter of  100  ohms  resistance  30',  how  much  will  a  hundred 
such  couples  in  compound  series  deflect  it  ?  (The  resistance 
of  the  couples  themselves  may  be  neglected.)        Ans.  41°  7'. 

14.  The  internal  resistance  of  a  cell  is  half  an  ohm ; 
when  a  galvanometer  of  one  ohm  resistance  is  connected  with 
it  by  short  thick  wires  it  is  deflected  15°:  by  how  much  will 
it  be  deflected  if  for  one  of  the  thick  wires  a  wire  of  1*5  ohms 
resistance  be  substituted  ?  Ans.  7f  °. 

15.  A  cell  of  J  ohm  resistance  deflects  a  galvanometer  of 
unknown  resistance  45°,  the  connection  being  made  by  short 

*  The  galvanometer,  unless  the  contrary  be  stated,  may  be  assumed  to  be 
a  tangent  galvanometer. 
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stout  wires.  If  a  wire  of  8  ohms  resistance  be  substituted  for 
one  of  the  stout  wires  the  deflection  is  30°.  Find  the  resist- 
ance of  the  galvanometer.  Arts.     3*8  ohms  nearly. 

16.  A  galvanometer  of  no  sensible  resistance  is  deflected 
45°  by  a  cell  connected  with  stout  wires.  When  a  resistance 
of  5  ohms  is  introduced,  the  deflection  sinks  to  30° ;  find  the 
resistance  of  the  cell.  Ans.   6 '8  ohms. 

17.  A  Bunsen  and  a  Daniell  cell  are  placed  in  the  same 
circuit,  first  with  their  electromotive  forces  in  the  same  direc- 
tion, and  secondly  in  opposite  directions,  the  deflections  being 
respectively  30o,2  and  10o,6.  Compare  their  electromotive 
forces.  Ans.     Bunsen's  cell  =  1*9  of  Daniell's. 

18.  If  an  insulated  closed  voltaic  circuit  be  connected  at 
a  point  whose  potential  is  V  with  an  insulated  conductor 
whose  capacity  is  C,  show  that  the  potential  at  this  point 

GV 

becomes    ~ — ~>,  where  G  is   the   capacity  of  the  original 
0  +  0 

circuit ;  and  that  there  will  be  a  fall  of  potential  through  the 

C'V 
whole  circuit  equal  to  -~ — ~fv  • 

19.  The  terminals  of  an  insulated  battery  of  520  cells 
are  united  by  78  miles  of  cable  which  have  the  same  resist- 
ance as  the  battery.  At  the  extremity  of  the  cable,  next  the 
zincode,  43  miles  of  cable  are  connected  with  the  circuit 
at  one  extremity,  the  whole  being  insulated.  Show  that  the 
potential  at  the  zincode  immediately  falls  in  the  ratio  121 
to  78.     The  capacity  of  the  battery  is  neglected. 

20.  A  battery  of  seven  cells  has  its  ends  joined  by  a  wire 
whose  resistance  is  three  times  that  of  the  battery.  At  the 
junction  of  the  third  and  fourth  cells  there  is  connection  with 
the  earth.  Draw  a  diagram  of  the  fall  of  potential  in  the 
circuit.     How  will  the  current  in  the  circuit  be  affected  ? 

21.  Three  Daniell's  cells  are^  arranged  in  compound 
circuit  with  a  resistance  of  ten  times  one  cell  between  each 
two.  Calculate  the  current  when  the  terminals  are  joined 
by  a  stout  wire,  and  draw  a  diagram  of  the  fall  in  potential 
through  the  circuit. 
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22.  If  the  difference  of  potential  between  the  two  term- 
inals of  a  battery  be  measured  when  the  circuit  is  open,  and 
if  the  same  difference  of  potential,  measured  when  closed,  is 
one-half  its  former  value,  show  that  the  external  and  internal 
resistances  are  equal. 

23.  If  by  introducing  into  a  circuit  (formerly  closed  by  a 
short  stout  wire)  a  certain  measured  resistance,  the  current- 
strength  sink  to  one-half  its  former  value,  show  that  the 
resistance  introduced  is  equal  to  the  internal  resistance. 

24.  The  cells  of  a  battery  made  of  square  metal  plates 
whose  edge  is  8  cm.,  are  separated  by  1*5  cm.  of  hydrogen 
sulphate  (dil.  20%  acid).  Find  the  internal  resistance  of 
each  cell.  Ans.  '0366  ohm. 

25.  Six  cells  of  Ques.  24  each  of  e.m.f.  1  volt  are 
arranged  in  series  and  have  their  terminals  joined  by  a 
copper  wire  10  m.  long  and  #5  sq.  mm.  in  cross-section.  Find 
the  current  transmitted  and  the  rise  in  temperature  of  the 
wire,  in  five  seconds,  supposing  no  heat  to  escape,  and  neg- 
lecting the  change  in  resistance  of  the  wire  owing  to  increase 
of  temperature.  (In  copper,  specific  gravity  =  9  and  specific 
heat  =  01.)  Ans.  109  amps. :  10°O.  nearly. 

26.  Find  also  the  amount  of  heat  developed  in  the 
battery  under  the  same  conditions  as  in  the  last  question. 

Ans.  31  gm-degrees. 

27.  A  line  joining  two  places  A,  B,  130  miles  apart,  at 
10  miles  from  A  drops  from  its  support  and  rests  on  another 
wire  which  makes  earth  at  distances  30  and  40  miles.  Find 
the  ratio  of  the  current-strengths  at  A  and  B. 

Ans.     If  sent  from  A,  8  to  1,  if  from  B,  12  to  19. 

28.  In  a  closed  circuit,  two  points  are  joined  by  a  con- 
ductor of  given  resistance.  Given  the  resistances,  write  down 
equations  to  determine  the  currents  in  all  the  branches. 

29.  Two  cells  AAX,  BB1}  are  simple-circuited  by  wires 
A CB,  AxDBl}  and  the  points  G,  D  joined  by  a  wire.  Given 
the  resistances  and  electromotive  forces,  find  the  current  in  CD. 

30.  Find  the  current  in  the  preceding  question,  sup- 
posing the  two  cells  arranged  in  series. 
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31.  Show  in  the  last  question  if  the  current  in  CD 
vanish,  and  E1}  E2  be  the  electromotive  forces  in  AA1}  BBX 
respectively,  then 

Ex  :  E2::  resistance  in  GAAJ)  :  resistance  in  GBBXD. 
Devise  an  experimental  method  for  comparing  e.m.f.'s. 

32.  Four  cells,  the  resistance  in  each  being  3  ohms,  are 
used  with  external  resistance  10  ohms ;  will  it  be  better  to 
use  them  in  a  simple  or  compound  circuit  ? 

Ans.     Compound  circuit. 

33.  Find  the  smallest  external  resistance  in  the  preced- 
ing question  with  which  it  will  be  an  advantage  to  use  a 
compound  circuit.  Ans.     3  ohms. 

34.  When  the  poles  of  100  cells  in  compound  circuit 
are  joined  by  a  thick  wire,  a  galvanometer  deflects  60° ;  when 
100  ohms  are  inserted  the  deflection  sinks  to  30°.  Find  the 
internal  resistance  of  one  cell.  Ans.     "5  ohm. 

35.  Of  two  cells  one  is  short-circuited  and  gives  60° 
deflection,  and  on  introducing  6  ohms  the  deflection  be- 
comes 45° :  another,  when  short-circuited,  gives  45°,  and  on 
introducing  6  ohms  sinks  to  30.  Find  the  ratio  of  their 
electromotive  forces.  Ans.     V3  to  1. 

36.  The  zincode  of  a  battery  of  100  cells  is  to  earth,  and 
the  other  end  communicates  with  the  end  A  of  a  line  AB, 
whose  distant  end  B  is  to  earth.  The  resistance  of  the  line 
AB  is  ten  times  that  of  the  battery.  If  now  a  second 
battery  of  50  cells  having  also  its  zincode  to  earth  have  its 
other  end  (as  well  as  that  of  the  former  battery)  to  the  end  A 
of  the  line,  find  the  change  in  the  current  in  the  line. 

Ans.     Current  is  |f  of  former  value. 

37.  A  battery  of  20  ohms  resistance  sends  a  current 
through  a  galvanometer  of  15  ohms  resistance  to  a  line  of  70 
ohms  resistance,  and  at  the  other  end  is  a  galvanometer  of  15 
ohms  resistance.  What  effect  is  produced  on  each  galvano- 
meter if  there  be  a  fault  whose  resistance  is  20  ohms  in  the 
middle  of  the  line  ? 

Ans.     Current  in  battery  galvanometer  is  altered  in  ratio 
84  to  59,  that  in  line  galvanometer  in  ratio  24  to  59. 
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38.  A  telegraph  wire  having  a  battery  and  galvano- 
meter at  the  sending,  and  a  galvanometer  at  the  receiving 
end,  when  in  good  insulation  transmits  a  current  /.  After  a 
fault  has  arisen  in  the  line,  the  current  at  the  sending  end 
rises  to  Il9  and  at  the  receiving  end  sinks  to  72;  show  that 
the  fault  divides  the  whole  resistance  in  the  circuit  in  the 
ratio  I  —  I2to  I1  —  I. 

39.  In  a  compound  arrangement  with  3  similar  cells  and 
no  external  resistance  except  a  galvanometer  the  deflection  was 
observed  to  be  60°.  Using  one  cell  only  and  the  same  ex- 
ternal conditions  the  deflection  was  44°.  On  introducing 
into  the  latter  arrangement  20  ohms  additional  resistance 
the  deflection  sank  to  25°.  Find  the  resistance  of  the 
galvanometer  and  of  each  cell  of  the  battery. 

Ans.     Internal  resistance    6  ohms. 
Galvanometer  „    12*5  ohms. 

40.  One  hundred  cells  each  of  internal  resistance  4 
ohms  are  to  be  used  with  25  ohms  external  resistance.  Find 
the  arrangement  which  will  give  the  strongest  current  and 
the  strength  of  this  current. 

Ans.     4  rows  of  25  cells.     Current- strength  \E. 

41.  What  is  the  best  arrangement  of  6  cells  each  off  ohm 
resistance  against  an  external  resistance  of  2  ohms  ? 

Ans.     6  cells  in  series,  or  2  rows  of  3  cells. 

42.  What  is  the  best  arrangement  of  20  cells  each  of 
8  ohms  resistance  against  an  external  resistance  of  4  ohms  ? 

Ans.     4  rows  each  of  5  cells. 

43.  A  battery  of  three  cells  is  arranged  in  a  mixed 

circuit  so  that  there  are  two  rows  containing  1  and  2  cells 

respectively,  and  the  terminals  are  connected  by  a  wire  of 

resistance  R.     Find  the  current-strength. 

4>E 
Ans.     jtt; — ^~  >  where  E  is  the  electromotive  force  and 
SR  +  2r 

r  the  resistance  in  each  cell. 

44.  A  battery  of  six  cells  is  arranged  in  mixed  circuit 
so  that  there  are  three  rows  containing  respectively  1,  2  and 
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3  cells.     Find  the  current-strength  in  a  conductor  joining 
the  terminals. 

18E 
Ans'    *  +  UB' 

45.  A  battery  is  arranged  in  mixed  circuit  consisting  of 

n  rows  containing  respectively  1,   2,  3 n   cells.     Show 

that  the  current-strength  in  a  wire  joining  the  terminals 
is  given  by 

nE 
r  +  BS' 

where  #  =  1  +  -  +  -  +  t  + +-. 

2      3     4  n 

46.  In  Wheatstone's  bridge  as  commonly  used  (Fig.  64), 
show  that  when  the  branch  BD  is  open  the  difference  of 
potential  between  B  and  D  is  given  by 

E  (ps  —  rq) 

B  (p  +  q  +  r  +  s)  +  (p  +  q)  (r  +  s) ' 

47.  ABC  is  a  triangle  formed  by  straight  and  uniform 
conductors,  and  OA,  OB,  OG  are  similar  conductors  joining 
0  to  the  angular  points ;  find  the  condition  that  OA  may  be 
conjugate  to  BO. 

48.  Show  that  in  the  preceding  question  if  0  be  a  point 
such  that  OA  and  BO  are  always  conjugate,  the  locus  of  0 
is  a  circle. 

49.  Show  also  that  there  is  one  and  only  one  point  such 
that  OA  is  conjugate  to  BO,  00  to  AB  and  OB  to  AG. 

50.  A  current  of  one  ampere  passes  through  a  copper 
wire  of  1  sq.  mm.  section.  Find  the  rise  in  temperature  per 
minute  supposing  no  escape  of  heat  (see  question  25). 

51.  Find  the  section  of  a  copper  rod  which  will  transmit 
100  amperes  without  rising  in  temperature  more  than  one- 
tenth  of  a  degree  C.  per  minute. 

52.  In  a  wire  joining  the  poles  of  a  galvanic  cell  of 
small  resistance  the  wire  is  more  heated  if  it  be  of  copper 
than  if  it  be  of  platinum  of  the  same  dimensions,  but  if 
the  internal  resistance  be  large,  the  platinum  wire  will  be 
more  heated  than  the  copper.     Explain  this. 
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53.  Show  in  the  previous  question  that  the  heat  given 
out  in  the  two  wires  would  be  equal,  if  the  internal  resist- 
ance of  the  cell  be  a  geometric  mean  between  the  resistances 
of  the  copper  and  platinum  wires. 

54.  If  a  chain  made  of  alternate  links  of  platinum  and 
silver  have  a  strong  current  sent  through  it  the  platinum  be- 
comes red-hot  while  the  silver  remains  cold  and  black.  Ex- 
plain this. 

55.  If  part  of  a  loop  of  wire  which  is  rendered  red-hot 
by  the  passage  of  a  current  be  held  in  a  spirit  flame,  the 
part  outside  the  flame  becomes  black,  but  if  the  same  part 
be  dipped  in  water  the  part  outside  immediately  glows  with 
a  redder  light.     Explain  this. 

56.  An  electrode  is  sunk  in  the  centre  of  a  spherica 
mass  of  matter  whose  specific  resistance  is  k1}  which  is  sur- 
rounded by  an  infinite  mass  of  specific  resistance  k2.  Find 
the  potential  at  any  point  in  the  mass.  Discuss  the  effect 
on  the  current  when  kx  is  very  large  compared  with  k2  and 
apply  it  to  show  the  effect  of  a  '  bad  earth '  in  Telegraphy. 

57.  Show  that  in  a  circuit  in  which  the  galvanometer 
resistance  is  very  large  compared  to  all  other  resistance  the 
galvanometer  reading  will  not  be  diminished  by  introducing 
a  shunt. 


CHAPTER   VIII. 

MAGNETISM. 

205.  We  have  here  a  new  class  of  phenomena  to  con- 
sider. They  are  exhibited  most  strongly  in  the  varieties  of 
iron,  though  probably  in  some  degree  in  almost  all  bodies. 
We  shall  place  before  the  reader  a  brief  sketch  of  the  phe- 
nomena with  which  we  assume  he  is  already  familiar,  and 
develop  as  far  as  possible  step  by  step  the  theory  deduced 
from  them. 

Experiment  1.  A  piece  of  magnetic  iron  or  a  bar  of 
steel  magnetized  is  found  to  exercise  a  peculiar  force  on 
pieces  of  iron.  This  force  vanishes  near  the  middle  of  the 
bar,  and  increases  in  magnitude  very  rapidly  towards  the 
ends.  The  force  is  often  spoken  of  as  resident  in  the  ends 
of  the  magnet,  which  are  therefore  called  its  poles. 

As  in  electricity  the  force  is  often  attributed  to  an  ima- 
ginary distribution  of  magnetic  fluid  over  the  poles.  This 
must  of  course  be  treated  as  only  an  image  representing  to 
our  minds  the  existing  force. 

206.  Experiment  2.  If  the  two  poles  of  any  magnet  A 
be  brought  in  succession  into  the  neighbourhood  of  a  pole 
of  a  second  magnet  B,  one  will  suffer  an  attractive  and  the 
other  a  repulsive  force.  If  another  magnet  C  be  taken,  and 
the  poles  of  A  and  G,  which  are  both  attracted  or  both  repelled 
by  one  pole  of  B,  be  made  to  act  on  each  other,  there  will  be 
a  repulsive  force  between  them.  If  again  two  poles  be  taken, 
one  of  which  is  attracted  and  the  other  repelled  by  either 
pole  of  B,  there  will  be  an  attractive  force. 

We  infer  from  these  experiments  that  every  magnet  has 
two  dissimilar  poles,  and  that  like  poles  repel  each  other,  but 
unlike  poles  attract  each  other. 
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The  nomenclature  of  these  poles  is  derived  from  the 
behaviour  of  the  magnet  when  suspended  about  its  centre  of 
gravity.  Each  magnet,  if  free  from  other  magnetic  influence, 
then  points  in  this  country  nearly  due  N.  and  S.  The  end 
that  points  northwards  is  called  the  north  pole,  and  that 
which  points  southwards  the  south  pole. 

We  shall  however  speak  of  the  magnetism  distributed 
over  the  north  pole  of  a  magnet  as  positive,  and  that  over 
the  south  pole  as  negative  magnetism. 

207.  Experiment  3.  The  forces  exerted  by  the  two  poles 
of  a  magnet  on  any  third  pole  are  always  equal  in  magnitude, 
though  opposite  in  direction.  This  will  be  conveniently  ex- 
pressed by  saying  that  if  the  strength  of  one  pole  be  +  m, 
that  of  the  other  is  —  m. 

The  strength  of  a  pole  can  be  expressed  by  the  force  it 
exerts  on  another  pole,  and  the  unit  in  terms  of  which  it  is 
measured  can  be  defined  thus : 

Def.  A  unit  Magnetic  Pole  is  a  pole  which  exerts  a 
unit  of  force  (or  a  dyne)  at  unit  distance  on  another  equal 
pole. 

As  in  statical  electricity,  we  here  define  Magnetic  Density. 

Def.  Magnetic  Density  at  any  point  on  the  surface  of 
a  magnetized  mass  is  the  quantity  of  magnetism  per  sq.  cm.  of 
surface  separated  at  that  point. 

We  add  here  the  definition  of  the  Moment  of  a  Magnet, 
a  term  we  shall  have  often  occasion  to  employ. 

Def.  Moment  of  a  Magnet  is  the  product  of  the  strength 
of  either  pole  into  the  distance  between  the  poles. 

We  shall  assume  that  in  a  compound  magnet,  where  the 
axes  of  all  the  elementary  magnets  are  in  the  same  direction, 
the  moment  of  the  whole  magnet  is  the  sum  of  the  moments 
of  the  elements.  This  will  appear  true  when  we  come  to  the 
physical  meaning  of  Magnetic  Moment. 

208.  Experiment  4.  The  force  between  two  magnetic 
poles  is  found  to  vary  as  the  product  of  their  strengths  when 
at  the  same  distance,  and  inversely  as  the  square  of  their 
distance  when  the  distances  are  varied. 
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Thus  if  we  have  two  poles  whose  intensities  are  m  and  m' 
at  a  distance  r  from  each  other,  the  force  between  them  is 

-~Y  ,   this   force   being   repulsive   when   the   numerator  is 

positive,  and  attractive  when  the  numerator  is  negative. 

This  experiment  shows  that  round  every  distribution  of 
magnetism  a  field  of  magnetic  force  exists  whose  general 
laws  will  be  identical  with  those  of  gravitational  force  dis- 
cussed in  Chapter  II.  The  only  change  required  will  be  to 
read  unit  magnetic  pole  or  particle  charged  with  unit  of 
positive  magnetism,  for  the  unit  of  mass  there  employed  to 
test  the  field.     Our  definitions  will  then  stand  thus : 

1.  Field  of  Magnetic  Force  is  the  medium  surrounding 
magnetized  bodies  within  which  work  has  to  be  done  to 
move  a  magnetic  pole.  We  are  not  at  liberty  to  assume  as 
in  electricity  that  the  field  of  force  does  not  extend  within 
the  magnetized  mass  itself,  since  there  is  no  experiment  to 
show  that  within  a  magnetized  mass  the  magnetic  force 
vanishes. 

2.  Lines  of  Force  are  lines  in  the  field  such  that  the 
tangent  at  each  point  shows  the  direction  in  which  a  mag- 
netized particle  placed  there  would  be  urged.  Since  a 
positively  and  negatively  magnetized  particle  will  be  urged 
in  opposite  directions  along  the  line  of  force,  it  is  convenient 
to  define  the  positive  direction  of  the  line  of  force  as  that  in 
which  a  positively  magnetized  particle  would  be  urged. 

3.  Strength  of  field  at  a  'point,  or  Magnetic  Force  at  a 
point,  is  the  force  with  which  a  unit  magnetic  pole  would  be 
urged  if  placed  at  that  point. 

4.  Magnetic  potential  at  a  point  is  the  work  which 
would  be  done  in  bringing  a  unit  magnetic  pole  to  that 
point  from  an  infinite  distance  or  out  of  the  field  of  magnetic 
force.  If  there  be  a  distribution  of  magnetism  consisting  of 
quantities  mlt  m2...  at  distances  r1}r2...  from  the  given  point, 
the  measure  of  the  magnetic  potential  at  the  point  will  be 

m1     m2  _  v  m 

n       ra       w  r ' 
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209.  We  may  of  course  apply  in  the  magnetic  field  the 
characteristic  property  of  a  tube  of  force,  viz.  that  through  it 
Fa  is  a  constant,  F  being  the  average  force  per  plus  unit  or 
strength  of  field  at  right  angles  to  the  small  area  a.  We 
follow  Faraday  in  representing  this  proposition  on  the  mag- 
netic field  in  a  different  way.  Suppose  one  equipotential 
surface  in  the  field  so  mapped  out  that  the  number  of  lines 
of  force  arising  from  any  closed  area  on  it  shall  be  proportional 
to  the  product  of  the  area  and  the  average  force  over  it,  so 
that  the  force  at  any  point  on  that  surface  is  proportional  to 
the  number  of  lines  of  force  per  unit  area-of  surface  near  that 
point.  It  will  be  seen  that  we  do  not  here  limit  the  number 
of  lines  of  force,  but  only  the  closeness  of  their  distribution. 
Thus  a  certain  density  of  distribution  representing  unit  force, 
a  distribution  of  twice  as  many  per  unit  area  or  twice  the 
density  represents  a  force  whose  numerical  measure  is  two 
units,  and  so  on.  It  is  usual  to  make  the  further  convention 
that  the  density  or  closeness  of  lines  of  force  where  the  force 
is  unity  shall  itself  be  represented  by  one  unit,  so  that  the 
force  at  any  point  is  measured  by  the  number  of  lines  of  force 
per  unit  area  near  that  point.  With  the  above  limitations 
Fa  measures  the  number  of  lines  of  force  'which  intersect 
an  element  a  of  the  equipotential  surface,  over  which  the 
force  is  F,  and  the  same  number  must  intersect  all  ele- 
ments of  all  equipotential  surfaces  made  by  the  same  tube 
of  force.  Since  Fa  is  constant  throughout  the  tube  it 
follows  that  the  force  at  a  point  on  any  other  equipotential 
surface  will  be  measured  by  the  number  of  lines  of  force 
per  unit  area  near  that  point.  The  reasoning  of  Art.  43 
can  be  applied  to  prove  that  for  any  small  area  inclined 
to  an  equipotential  surface,  the  number  of  lines  of  force 
per  unit  area  is  the  numerical  measure  of  the  force  resolved 
perpendicular  to  that  area.  We  thus  arrive  at  the  pro- 
position that  at  any  point  in  a  magnetic  field  and  in  any 
direction  through  that  point  the  component  of  the  strength 
of  field  is  the  number  of  lines  of  force  per  unit  area  round 
that  point,  cutting  through  a  surface  at  right  angles  to  the 
given  direction. 

To  connect  the  lines  of  force  with  magnetic  density  let  us 
consider  an  isolated  pole  of  strength  m,  the  strength  of  field 
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at  distance  r  from  it  is  — ,  this  must  therefore  be  the  strength 

of  field  everywhere  over  an  equipotential  surface  of  radius  r. 
But  the  area  of  this  surface  is  47rr2  and,  since  the  lines  of 

112/ 

force  must  number  —  per  unit  area,  the  total  number  of  lines 

of  force  due  to  the  pole  m  must  be  4nrm,  which  is  equivalent 
to  saying  that  there  are  4-7T  lines  of  force  for  every  unit  of 
magnetism. 

Since  lines  of  force  proceed  from  positive  to  negative 
magnetism  it  is  more  correct  to  say  that  47r  lines  of  force 
exist  between  a  positive  and  negative  unit  of  magnetism.  If 
we  have  a  simple  magnet  with  pole  of  strength  +  m,  the 
measure  of  the  number  of  lines  of  force  from  one  pole  to  the 
other  is  kirm. 

When  we  speak  of  a  magnetic  density  p,  we  mean  that  a 
distribution  of  free  magnetism  has  p  units  of  magnetism  per 
unit  area.  In  accordance  with  our  new  convention  this 
means  that  from  every  distribution  of  magnetism  of  density  p 
4<7rp  lines  of  force  proceed  from  unit  area. 

210.  Experiment  5.  If  a  straight  bar  magnet  AB,  such 
as  was  referred  to  in  preceding  experiments,  be  broken  in 
half  as  at  G,  we  do  not  get  two  bars,  one  A  G  charged  entirely 
with  north  magnetic  fluid,  and  BG  entirely  with  south  mag- 
netic fluid ;  but  at  G  two  new  poles  are  developed  on  opposite 
sides  of  the  plane  of  division,  so  that  we  get  two  magnets 
with  poles  of  the  same  intensity  as  the  original  magnet. 
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Fig.  72. 

If  AG  be  broken  at  D,  we  find  again  two  new  poles 
developed  at  the  place  of  fracture,  and  this  operation  may 
be  repeated  indefinitely,  each  fragment  broken  off  still  being- 
magnetized  similarly  to  the  given  magnet. 

c.  E.  15 
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This  leads  us  to  the  conception  of  a  magnet  as  made  up 
of  molecules,  each  of  which  is  a  magnet,  the  resultant  magnet 
being  due  to  the  combined  action  of  all  the  elementary 
magnets  of  which  it  is  composed. 

This  experiment  shows  that  it  is  only  for  parts  of  the 
field  outside  the  magnet  that  we  can  consider  the  magnetism 
as  a  surface  distribution.  In  attempting  to  apply  the  property 
of  a  field  of  force  (Art.  46)  that  in  passing  through  a  sheet  of 
attracting  matter  the  product  Fa  changes  by  4<7rpa,  where  pa- 
is the  quantity  of  attracting  matter  intercepted,  we  must 
consider  that  in  passing  through  any  sheet  of  the  magnetized 
substance,  however  thin,  we  really  pass  through  equal  and 
opposite  quantities  of  attracting  matter.  We  are  therefore 
bound  to  consider  Fa  as  having  the  same  value  within  the 
magnetized  surface  that  it  has  outside  it.  We  must  therefore 
think  of  the  lines  of  force  as  suffering  no  discontinuity  but 
forming  closed  curves  proceeding  from  North  to  South  outside 
and  from  South  to  North  inside  the  bar. 

We  can  arrive  at  the  same  result  in  perhaps  a  more  con- 
vincing way  by  imagining  a  thin  slice  cut  from  a  magnet  such 
as  PQ,  and  considering  the  magnetic  field  within  the  cavity. 

PQ 


Fig.  73. 

If  +  p  be  the  density  on  the  ends  of  the  bar  (not  shown), 
supposing  the  right  hand  the  north  and  left  hand  the  south 
pole,  we  shall  have  on  surface  P  a  density  +  p  and  on  surface 
Q  a  density  —  p. 

The  force  on  a  plus  unit  at  0  will  be  (Art.  36)  2-rrp  due  to 
the  distribution  on  P  and  -  2irp  due  to  the  distribution  on  Q, 
the  two  compounding  into  a  force  4<irp  from  P  to  Q.  We 
conclude  that  the  narrow  cavity  is  traversed  by  4<irp  lines  of 
force  per  unit  area  in  direction  from  the  south  to  the  north 
pole  of  the  magnet,  if  we  neglect  the  effect  of  the  free  dis- 
tributions on  the  ends  of  the  magnet. 
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211.  If  a  small  rectangular  parallelepiped  having  its 
length  in  the  direction  of  magnetization  were  removed  from 
the  mass  of  the  magnet  without  disturbing  its  magnetization, 
the  density  of  magnetism  on  its  ends  would  measure  the 
intensity  of  the  magnetization  near  that  part  of  the  mass. 
Suppose  one  of  these  small  magnets  of  length  s  and  sec- 
tion a  to  have  a  distribution  over  its  end  whose  density  is  p, 
the  strength  of  its  poles  is  therefore  +  pa,  and  its  magnetic 
moment  (Art.  207)  is  pas.  But  as  is  the  volume  of  the  small 
magnet,  and  therefore  p  may  be  defined  by  the  quotient  of 
the  magnetic  moment  of  the  magnet  by  its  volume.  This 
quotient  within  the  mass  (where  there  is  no  free  magnetism) 
is  called  the  intensity  of  magnetization.  If  the  maguet  be 
not  uniformly  magnetized,  we  may  still  at  a  particular  point 
compute  the  magnetic  moment  per  unit  volume,  and  define 
this  to  be  the  intensity  of  magnetization  at  the  point  in  the 
magnet. 

Def.  The  Intensity  of  Magnetization  at  any  point 
in  a  magnetic  mass  is  measured  by  the  magnetic  moment 
per  unit  volume  of  a  mass  of  the  magnetized  matter  very  near 
to  the  point. 

We  now  infer  that  at  any  point  in  a  magnetized  mass  at 
which  the  intensity  of  magnetization  is  //,  there  exist  kirpu 
lines  of  force  per  unit  area  at  right  angles  to  the  direction  of 
magnetization.  If  however  a  plane  area  be  taken  whose 
normal  makes  an  angle  6  with  the  direction  of  magnetization 
the  lines  of  force  per  unit  area  intercepting  this  plane  will  be 
smaller  in  the  proportion  of  1  to  cos  6,  or  the  number  per 
unit  area  becomes  4-737/,  cos  @>  or  what  is  the  same  thing,  the 
density  of  the  distribution  becomes  p,  cos  6. 

The  same  will  be  true  if  the  normal  to  the  free  surface  of 
a  magnet  makes  an  angle  6  with  the  direction  of  magnetiza- 
tion ;  the  density  of  the  surface  magnetism  is  p,  cos  6. 

This  leads  us  to  a  convenient  rnental  representation  of 
a  uniformly  magnetized  mass  of  any  form  as  far  as  points 
outside  the  mass  are  concerned.  Suppose  the  mass  M  every- 
where permeated  by  two  imaginary  fluids,  one  having  density 
p   and   the   other  —  p.     In    the  neutral  state  of  the  body 

15—2 
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these  fluids  are  exactly  superimposed  and  coincide,  filling  the 
whole  body.  In  the  magnetized  body  we  may  assume  that 
the  positive  fluid  has  been  moved  en  masse  by  simple 
translation  through  some  very  small  space  s  relatively  to 
the  negative  fluid.  The  action  of  the  magnetized  mass  will 
in  every  respect  agree  with  that  of  the  equal  masses  +M 
and  —My  the  direction  of  displacement  being  the  direction 
of  magnetization  and  the  amount  of  displacement  determined 
by  the  formula  ps  =  /-t,  the  intensity  of  magnetization.  For 
these  two  fluids  neutralize  each  other  throughout  the  body, 
leaving  only  a  surface  distribution  whose  depth  is  s  cos  6  at  a 
point  where  the  normal  to  the  surface  makes  an  angle  6 
with  the  direction  of  displacement.  The  quantity  per  unit 
area  of  this  fluid  will  be  therefore  ps  cos  0  =  //,  cos  6 ;  wmich 
also  represents  the  density  of  free  magnetism  on  a  uniformly 
magnetized  mass. 

212.  Experiment  6.  A  magnetic  pole  induces  in  a  piece 
of  soft  iron  near  it  a  separation  of  the  magnetic  fluids ;  on 
the  parts  nearest  to  it  inducing  a  distribution  of  magnetism 
of  opposite  sign,  and  on  the  parts  more  remote  a  distribution 
of  magnetism  of  like  sign  with  itself. 

This  induction  takes  place  whether  bodies  be  already 
magnetized  or  not,  but  its  amount  depends  very  much  on  the 
nature  of  the  body.  Thus  a  piece  of  soft  iron  placed  in  the 
magnetic  field,  becomes  temporarily  a  strong  magnet,  while  a 
piece  of  hardened,  or  cast  iron,  or  hardened  steel  will  not  be 
so  powerfully  magnetized. 

On  removing  the  soft  iron  from  the  magnetic  field,  it  is 
found  at  once  to  become  very  nearly  neutral,  retaining  to  a 
very  slight  extent  the  magnetism  it  had  acquired  under  the 
influence  of  the  magnetic  field.  It  is  in  consequence  when 
in  the  field  said  to  be  a  temporary  magnet. 

On  removing  from  the  field  the  hardened  iron  or  steel,  it 
is  found  to  retain  to  a  much  greater  extent  the  magnetism 
induced  in  it,  though  its  temporary  magnetic  properties  were 
much  weaker  than  those  of  the  iron  similarly  placed.  Thus 
the  steel  under  magnetic  induction  becomes  a  permanent 
magnet.     The  amount   of  magnetism   which  becomes  per- 
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manent  in  the  magnet,  can  be  very  much  increased  by  setting 
it  in  a  state  of  violent  vibration  when  in  the  held. 

This  behaviour  of  hardened  iron  and  steel  is  explained 
by  the  existence  in  them  of  a  coercitive  force  which  is  absent 
in  the  soft  iron — a  force  causing  the  molecules  of  the  body 
not  to  yield  so  readily  to  magnetic  forces,  and  therefore  not 
to  acquire  magnetism  so  easily,  but  having  once  acquired 
it  to  retain  it  for  ever. 

It  is  generally  assumed  that  the  magnetism  induced  in  a 
thin  rod  of  iron  or  steel  is  proportional  to  the  strength  of 
the  magnetic  field :  this  is  true  only  within  certain  limits, 
since  all  known  magnets  reach  a  point  of  saturation  after 
which  they  are  unable  to  take  up  more  magnetism.  The 
law  of  direct  proportionality  only  holds  until  the  magnetism 
has  reached  about  one-half  the  saturation  charge. 

The  only  bodies  except  the  varieties  of  iron  which  ex- 
hibit magnetic  properties  when  placed  in  a  weak  magnetic 
field  are  nickel  and  cobalt,  though  it  has  been  found  by 
Faraday,  that  all  bodies  become  magnetic  when  placed  in  a 
field  of  sufficient  strength.  He  found  also  in  the  course  of 
these  experiments  that  a  class  of  bodies  of  which  bismuth  is 
the  type  have  magnetic  properties  exactly  the  reverse  of  iron, 
apparently  acquiring  under  magnetic  induction  a  pole  of 
the  same  name  next  the  inducing  pole.  To  these  bodies  he 
gave  the  name  diamagnetics,  calling  bodies  which  resemble 
iron  in  their  properties  paramagnetics. 

213.  If  there  be  in  the  magnetic  field  a  small  filament  of 
iron  whose  length  is  along  a  line  of  force  at  a  point  where 
the  strength  of  the  field  is  H,  the  quantity  of  free  magnetism 
on  its  ends  may  be  represented  by  +  k .  H  .a  where  a  is  the 
area  of  section  of  the  filament,  and  k  a  constant  depending 
on  the  nature  of  the  iron,  being  greatest  for  soft  iron  and 
least  for  steel,  k  is  then  called  the  coefficient  of  magnetiza- 
tion, and  is  large  for  iron  and  moderate  for  nickel  and 
cobalt,  but  only  a  very  small  fraction  for  all  other  para- 
magnetics, and  a  very  small  negative  fraction  for  all  dia- 
magnetics. 
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Def.  The  Coefficient  of  Magnetization  for  a  given 
kind  of  iron  is  measured  by  the  density  of  magnetism  on  the 
ends  of  a  prism  of  the  iron  placed  along  the  lines  of  force  in 
a  field  of  unit  strength. 

214.  The  general  problem  of  the  magnetization  of  a 
given  body  by  given  magnetic  forces  is  highly  complex.  We 
may  point  out  however  that  the  effect  of  bringing  into  a 
magnetic  field  a  mass  of  iron  will  be  generally  greatly  to 
increase  the  lines  of  magnetic  force  in  that  part  of  the  field, 
and  we  may  make  an  approximate  estimate  of  the  propor- 
tionate increase. 

Let  us  consider  the  magnetic  field  within  a  mass  of  iron 
whose  coefficient  of  magnetization  is  k.  As  in  Art.  210 
conceive  a  thin  slice  cut  out  from  the  magnetized  mass  at 
right  angles  to  the  lines  of  force  close  to  a  point  at  which  the 
strength  of  field  was  H.  Each  filament  removed  was  magnet- 
ized along  the  lines  of  force  to  a  density  Hk,  and  the  cavity 
has  a  distribution  on  its  surfaces  whose  density  is  ±  Hk. 
Hence  the  number  of  lines  of  force  within  the  cavity  will 
owing  to  the  presence  of  the  iron  be  increased  by  kirHk,  and 
the  number  of  lines  of  force  per  unit  area  within  the  cavity 
becomes 

H+47rHk  =  H(l+4,7rk). 

The  coefficient  1  +  4t7rk  which  gives  the  ratio  in  which  the 
presence  of  iron  in  the  field  increases  the  number  of  lines  of 
force  is  called  the  coefficient  of  magnetic  induction,  but  now 
more  frequently  the  permeability  of  the  iron. 

Thus  if  H  be  the  number  of  lines  of  force  per  unit  area 
in  a  field  of  force  of  air,  and  B  the  number  of  lines  of  force 

per  unit  area  when  iron  replaces  the  air,  then  the  ratio  -^ 

is  the  permeability,  which  is  often  denoted  by  the  letter  /jl. 

Def.  The  permeability  or  coefficient  of  magnetic  induction 
of  a  substance  is  the  ratio  of  the  number  of  lines  of  force 
traversing  the  substance  to  those  which  woidd  traverse  the  same 
space  if  air  ivere  substituted  for  the  material. 


MAGNETISM.  231 

The  permeability  of  air  is  always  unity  and  that  of  iron 
generally  a  very  large  number,  while  it  is  moderately  large 
for  nickel  and  cobalt,  but  very  near  unity  for  all  other 
paramagnetics.  For  diamagnetics  &  is  a  very  small  negative 
fraction  and  the  permeability  therefore  a  proper  fraction  very 
near  to  unity. 

215.  We  have  said  that  Faraday  proved  all  substances 
to  be  more  or  less  subject  to  magnetic  induction.  This 
leads  us  to  think  of  the  whole  field  of  magnetic  force  as 
composed  of  magnetic  materials  differing  from  each  other 
only  in  degree  of  susceptibility  to  magnetism.  Also  we  have 
the  characteristic  property  of  the  magnetic  field  that  if  the 
magnetizing  Force  at  any  point  be  II  and  a  substance  whose 
permeability  is  fi  be  placed  there,  /xH  is  a  constant  through 
every  magnetic  circuit.  It  is  easy  to  see  that  this  leads  to 
free  magnetism  at  the  surface  bounding  heterogeneous  media. 
Since  if  fjuH  is  constant  and  /jl  changes  abruptly  H  changes 
abruptly  too,  and  this  can  only  take  place  when  there  is  a 
free  magnetization  of  a  surface. 

This  appears  at  once  if  we  remember  that  through  every 
tube  of  force  Ha  is  constant  and  a,  the  area  of  the  tube  of 
force,  can  undergo  no  abrupt  change. 

If  Hlt  H2  be  the  strengths  of  field  on  opposite  sides  of  a 
surface,  the  density  p  of  free  magnetism  is  given  by 

Hz-H^Airp  (1). 

Also  if  /Xi,  /i2  be  the  permeabilities  of  the  materials 

frH^frH, (2). 

These  equations  enable  us  to  determine  two  of  the 
quantities  H±H2p  when  the  other  two  are  given. 

216.  It  is  easily  seen  that  the  expression  fxH  for  the 
magnetic  induction,  or  flux  of  lines  of  magnetic  force  across 
unit  area  of  a  magnetic  circuit,  is  analogous  to  the  expression 
cF  (Art.  157)  for  the  flow  of  current  across  unit  area  of  a 
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conductor.  While  the  equation  (2)  of  Art.  215  for  magnetic 
induction  across  the  junction  of  two  different  media  with  a 
development  of  free  magnetism  is  easily  seen  to  be  identical 
with  the  condition  for  steady  current  across  a  junction  in 
the  stratified  condenser  of  Art.  200  given  at  the  top  of 
p.  207.  Similarly  to  every  problem  in  electric  conduction 
corresponds  one  in  magnetic  induction  if  we  substitute 
strength  of  magnetic  for  strength  of  electric  field,  permea- 
bility for  conductivity  and  magnetic  flux  for  current  strength. 
This  analogy  we  shall  return  to  again  under  electro- 
magnetism. 

217.  We  give  some  cases  of  magnetization  worth  special 
notice. 

Prop.  I.  To  investigate  the  potential  at  any  point  of  a 
straight  thin  cylindrical  bar  placed  in  a  uniform  magnetic  field 
with  its  length  parallel  to  the  lines  of  force. 

In  this  case  the  whole  bar  is  a  tube  of  force,  and  the 
intensity  of  magnetic  separation  is  the  same  everywhere  along 
it.  We  may  conceive  it  made  up  of  rows  of  molecules  in 
which  the  magnetic  separation  is  represented  thus : 


4         B  C  D  P 


Fig.  74. 

The  only  free  magnetism  acting  on  an  external  unit  of 
magnetism  at  0,  will  be  the  free  magnetism  at  the  ends 
A  and  P. 

If  the  amounts  at  A  and  P  be  +  m  the  magnetic  potential 
at  0  is  represented  by 


ill 


{0A-0p)  =  m{\-l)- 
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The  same  will  be  true  for  all  the  rows  of  molecules,  and 
we  have  for  the  potential  of  the  bar  on  any  external  point  0 


m 


rx     r2J 


If  the  bar  be  long  and  very  thin,  r1}  r2  will  be  sensibly 
constant  over  the  respective  ends,  and  we  have 


V 


where  M  is  the  strength  of  the  pole. 

This  distribution  of  magnetism  is  approached  practically 
in  the  bar  magnet.  In  all  bar  magnets  there  is  a  certain 
small  force  at  a  distance  from  the  poles  which  is  traceable  to 
the  falling  off  in  strength  of  the  magnetic  separation  in  the 
molecules  as  we  go  towards  the  ends. 

Cor.  If  the  magnet  be  bent  round  so  that  it  forms  any 
closed  curve,  the  potential  on  any  external  point  vanishes; 
for  then  ^  =  ^2. 

218.  Prop.  II.  To  find  the  potential  at  any  external  point  of 
a  thin  magnetic  shell  in  which  the  magnetization  is  everywhere 
normal  to  its  surface.  This  is  called  a  lamellar  distribution  of 
magnetism. 

Such  a  shell  may  be  conceived  as  made  up  of  an  infinite 
number  of  thin  short  magnets,  placed  side  by  side.  Let  the 
figure  represent  such  an  element,  A B  being  the  normal, 
a  the  area  of  each  pole,  A  being  the  north  and  B  the  south 
pole  of  the  small  magnet.  Let  0  be  the  external  point,  at 
which  we  will  suppose  a  unit  pole. 

Join  OA  and  OB,  and  draw  AN  perpendicular  to  OB. 
Also    describe   a   cone    whose 

vertex  is  0  and  base  A,  and  /v^FCTr rv——^ 

conceive  two  sections  of  this  /     y^^L======^^:::^^^() 

cone,  one  P  by  a  sphere   of  ^v^T/" 

radius  unity,  and  the  other  Q  *  ^"""^      Fi    „5 
by  a  sphere  of  radius  OA. 

*  To  prevent  confusion  Q  is  made  a  section  near  the  edge  of  the  shell, 
but  in  the  reasoning  the  plane  of  Q  is  supposed  to  pass  through  A. 
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Let  the  density  of  the  magnetism  on  A  and  B  be  ±p, 
the  strength  of  each  pole  of  the  elementary  magnet  A B  will 
then  be  +  pa. 

The  potential  at  0  due  to  the  element  of  the  shell  will 
then  be 

/  1  1  \  OB-OA  BN 

Pa{oA-m)  =  paOATOB  =  paOA:^ 
_  pa  .AB  cos  6 
OA2     "' 
where  e  is  the  angle  ABO. 

Now  since  the  area  a  is  perpendicular  to  AB,  and  the 
area  Q  to  OA,  the  angle  between  a  and  Q  must  be  e,  and  Q 
may  be  regarded  as  the  orthogonal  projection  of  a. 

Hence  Q  =  a  cos  e, 

/.  the  potential  becomes 

p  .  AB  x  area  Q 
OA*  ' 

Again,  by  similar  figures, 

area  Q  :  area  P  : :  OQ2  :  OP2 
::  OA*  :  1, 
since  P  is  on  a  sphere  of  radius  unity. 

Hence  the  potential  at  0  =  pAB  x  area  P. 

The  area  P  is  the  projection  by  a  cone  of  the  edge  of  the 
elementary  shell  on  a  sphere  of  unit  radius,  and  this  may  be 
defined  as  the  spherical  measure  of  the  solid  angle  subtended 
at  0  by  the  shell-element.  We  will  denote  this  measure  by 
&).  If  the  product  p  .  AB  is  constant  over  the  whole  shell, 
of  which  AB  is  an  element,  the  shell  is  said  to  be  a  simple 
magnetic  shell,  and  this  product  is  defined  to  be  its  strength. 
We  shall  denote  it  by  the  symbol  j.  It  is  obviously  the 
magnetic  moment  per  unit  area.  The  potential  of  the 
whole  shell  may  then  be  written  %ja>,  or  if  the  magnetic  shell 
be  simple,  this  reduces  to  j%a>,  and  the  solid  angles  sub- 
tended by  the  elements  can  be  simply  added,  and  will  give 
on  summation  the  solid  angle  subtended  by  the  whole  shell. 
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Hence  the  potential  due  to  a  simple  magnetic  shell  of 
strength^'  at  an  external  point  0  will  be  ±j£l,  where  j  is  the 
strength  of  the  shell,  12  the  solid  angle  subtended  at  0  by 
its  edge,  the  positive  sign  being  given  when  0  faces  the 
positive  surface  of  the  shell. 

219.  Prop.  III.  To  find  the  potential  of  a  magnetic  field  on  a 
given  simple  magnetic  shell  placed  anywhere  in  it,  or  to  find  the 
work  done  in  carrying  the  shell  from  an  infinite  distance  up  to 
the  given  position  in  the  field. 

The  expression  (Art.  218) 

pcrAB  cos  e 
OA* 

gives  the  work  done  in  carrying  a  unit  pole  up  to  the  given 
position  in  the  field  against  the  repulsion  exercised  by  the 
shell  element.  If  the  strength  of  pole  were  m  the  work  done 
would  be  m  times  as  much,  and  by  the  third  law  of  motion 
this  equals  the  work  done  in  carrying  up  the  shell  element 
to  the  given  position  in  the  field  of  the  magnet  pole.  This 
then  may  be  written 

=  pAB.Qj-2cos€.o: 
The  factor  jr-^  is  the  strength  of  field  at  A  due  to  a 

Tfli 

pole  m  placed  at  0,  and  jyj-z  cos  e  is  this  same  strength  of 

field  resolved  along  AB,  the  normal  to  the  shell,  or  the 
number  of  lines  of  force  per  unit  area  passing  through  the 

772i 

shell-element :  and  -rn,  cos  e  .  cr  is  the   absolute  number  of 
OA2 

lines  of  force  due  to  m  which  pass  through  the  shell-element. 

Now  any  distribution  of  magnetism  may  be  represented 
as  a  distribution  of  magnetic  poles,  and  the  above  proposition 
be  applied.  The  work  done  against" any  system  of  poles  will 
be  found  by  simply  adding  the  number  of  lines  of  force  due 
to  each  element  of  the  magnetic  distribution  intercepted  by 
the  shell-element  which  gives  simply  the  total  flux  of  the 
lines  of  force  in  the  magnetic  field  across  the  element.     If 
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this  number  be  represented  by  ra,  the  potential  of  the  field 
on  the  shell-element  becomes  p .  AB .  n. 

If  the  shell  be  a  simple  shell,  of  strength  j,  the  potential 
of  any  magnetic  distribution  on  the  magnetic  shell  is  equal 
to  j*Zn  =  jN,  where  N  is  the  whole  number  of  lines  of  force 
due  to  the  given  system  intercepted  by  the  shell  or  more 
correctly  embraced  by  its  edge. 

Giving  the  direction  of  the  lines  of  magnetic  force  their 
proper  signs  (Art.  208)  we  see  that  in  the  figure  the  lines  of 
force  pass  from  the  positive  to  the  negative  side  of  the  shell, 
and  conversely  if  they  pass  from  the  negative  to  the  positive 
side  the  potential  of  the  field  on  the  shell  would  have  been 
negative.  Hence  generally  the  potential  of  any  magnetic 
system  on  a  simple  magnetic  shell  is  measured  by  ±jN  where 
j  is  the  strength  of  the  shell,  N  the  number  of  lines  of  force 
due  to  the  given  system  enclosed  by  its  edge,  the  plus  sign 
being  used  when  the  lines  of  force  pass  from  the  positive  to 
the  negative  side  of  the  shell.  This  potential  when  positive 
of  course  measures  the  work  which  would  be  done  in  bringing 
up  the  magnetic  shell  from  an  infinite  distance  to  the  given 
position  in  the  field,  and  when  negative  the  amount  of  work 
which  would  be  done  by  the  shell  if  allowed  to  pass  by 
frictionless  constraint  from  an  infinite  distance  to  the  given 
position  (see  Art.  41). 

The  foregoing  proposition  might  be  treated  as  a  particular 
case  of  this,  since  the  solid  angle  there  defined  is  clearly  the 
number  of  lines  of  force  from  a  unit  pole  which  would  be 
intercepted  by  the  shell. 

220.  The  following  six  Articles,  221 — 226,  which  may 
be  treated  as  corollaries  to  propositions  II.  and  III.  proved 
above,  are  of  great  importance. 

221.  In  estimating  the  potential  of  any  magnetic  shell 
on  a  point,  we  must  remember  that  if  some  of  the  ele- 
mentary cones  cut  the  shell  twice,  the  potentials  of  these 
elements  will  be  equal  and  of  opposite  sign,  and  may  therefore 
be  neglected  in  the  general  summation.     It  is  evident,  on 
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inspecting  the  figure,  that  in  this  case  we  have  only  to  take 
account  of  the  free  edge. 

o 


Fig.  76. 

222.  The  potential  of  a  closed  shell  on  any  internal  point 
equals  f  4m j,  and  on  any  external  point  vanishes. 

The  sum  of  all  the  solid  angles  subtended  by  elements  of 
the  shell  at  any  internal  point  will  clearly  be  the  whole 
sphere,  and  this  solid  angle  is  measured  by  47r,  hence  the 
potential  is  +  4>7rj.  For  any  external  point  we  notice  that  all 
the  elementary  cones  cut  the  shell  twice,  and  the  whole 
potential  therefore  vanishes. 

223.  In  the  case  of  a  shell  in  the  form  of  a  plane  lamina 
the  potential  anywhere  on  the  positive  side  is  2irj,  and  on  the 
negative  side  —  27rj,  for  the  solid  angle  subtended  by  a  plane 
at  any  point  on  the  plane  is  clearly  a  hemisphere.  We  see 
also  that  the  work  done  in  bringing  a  unit  pole  from  the 
negative  round  to  the  positive  side  of  the  shell  is  4>7rj,  and  is 
independent  of  the  path  taken. 

224.  The  potential  of  the  plane  lamina  at  any  point  in 
the  plane  of  the  shell  outside  the  shell  is  zero.  The  solid 
angle  subtended  by  the  shell  clearly  in  this  case  vanishes. 

225.  Since  the  potential  measures  the  work  done  on 
a  unit  pole,  we  see  generally  that  if  a  magnetic  pole  of 
strength  m  be  moved  in  the  field\of  a  given  shell  from 
a  position  in  which  the  solid  angle  subtended  is  flt  to  a 
position  in  which  it  becomes  X22  the  work  done  will  be 
measured  by 
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If  fl2  be  less  than  flx  the  work  done  is  negative,  or  the 
pole  can  do  work  during  the  movement. 

More  generally  if  a  magnetic  shell  be  moved  about  in 
the  magnetic  field  from  a  position  in  which  the  number 
of  lines  of  force  enclosed  is  iV^  to  another  in  which  the 
number  of  lines  becomes  N2,  the  work  done  in  the  move- 
ment is 

here  also  the  work  done  is  negative  if  N2<  N1}  or  the  force 
acting  on  the  shell  helps  the  motion. 

226.  It  appears  from  the  last  result  that  a  magnetic 
shell  free  to  move  about  in  a  magnetic  field  will  place  itself 
in  a  position  where  its  potential  is  as  low  as  possible,  or  in 
the  position  which  includes  the  greatest  number  of  negative 
lines  of  force. 

227.  Prop.  IV.  To  find  the  strength  of  field,  resolved  perpen- 
dicular to  its  plane,  of  any  uniform  thin  plate  of  attracting  matter. 

Let  AB  be  the  trace  on  the  plane  of  the  paper  of  the 
plate,  and  P  a  point  in  it  round  which  an  element  ab  of  the 
plate  is  taken.  Let  0  be  the  attracted  particle  (at  which  we 
assume  unit  mass),  ON,  the  perpendicular  on  the  plane  of 
the  plate,  and  let  OPN  be  the  plane  of  the  paper.  'Let  a'b' 
be  the  projection  of  ab  on  a  plane  perpendicular  to  OP. 

The  attraction  of  the  element  ab  on  0 

OP2' 
where  <r  is  the  area  of  ab  and  p  the  density. 
Hence  component  along  ON 

_  pa-  cos  PON 
"OP2        " 

But  since  ON  is  perpendicular  to  ab,  and  OP  to  a'b',  the 
angle  PON  =  the  angle  between  ab  and  a'b'.     Hence 

a  cos  PON  =  a ',  the  area  of  a'b'. 
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Hence  component  along  ON 


Fig.  77. 
But  (Art.  218)  jyp^  is  the  area  cut  off  a  unit  sphere  whose 

centre  is  0  by  a  cone  which  has  0  for  its  vertex  and  ab  for 
its  base,  or  the  spherical  measure  of  the  solid  angle  subtended 
by  ab.  If  this  be  denoted  by  co  the  attraction  along  ON  of 
the  element  ab  is  pay. 

The  same  will  be  true  for  each  element  of  AB,  and  we 
shall  have  for  the  whole  attraction  along  ON, 

%p(o  =  p^o),  since  the  plate  is  uniform, 
=  pO, 
where  12  is  the  spherical  measure  of  the  solid  angle  subtended 
by  AB.     It  is  obvious  that  Art.  36  is  only  a  particular  case 
of  this  general  proposition. 

Cor.  This  proposition  can  be  at  once  applied  to  every 
cylindrical  bar  magnet,  since  it  consists  only  of  a  distribution 
of  magnetism  of  density  +  p  over  one  end  and  —  p  over  the 
Other.  Hence  if  £llf  fl2  be  the  solid  angles  subtended  at  any 
point  by  its  ends,  the  strength  of  the  magnetic  field  parallel 
to  its  length  will  be  p  (Hj  +  Oa),  plus  if  the  attracted  particle 
lie  between  the  planes  formed  by  the  ends  produced  and 
minus  if  outside  these  planes 
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228.  Experiment  7.  A  small  closed  voltaic  circuit 
placed  in  the  magnetic  field  is  acted  on  by  forces  propor- 
tional to  the  forces  which  would  be  experienced  by  a  thin 
magnetic  shell  whose  edge  coincides  with  the  circuit,  the 
strength  of  the  current  bearing  a  certain  proportion  to  the 
strength  of  the  shell,  the  direction  of  the  current  being 
such  that  an  observer  looking  down  on  the  north  side 
of  the  shell  sees  the  current  following  a  direction  opposite 
to  the  hands  of  a  watch. 

229.  This  experimental  law  can  be  extended  to  a 
voltaic  circuit  of  any  size  and  shape  whatever.  For  con- 
ceive the  voltaic  circuit  filled   up  by  a   surface,  and   this 


Fig.  78. 

surface  divided  into  a  number  of  closed  curves  by  lines 
cutting  each  other  at  right  angles,  whose  distances  are 
small  compared  with  the  curvature  of  the  surface.  Conceive 
currents  of  the  same  strength  to  circulate  round  each  of 
these  closed  curves,  as  shown  in  the  figure,  all  in  the  same 
direction. 

Each  closed  curve  may  be  regarded  as  a  plane  circuit, 
and  for  it  by  the  above  experiment  may  be  substituted 
a  small  magnetic  shell  whose  strength  is  in  a  certain  ratio 
to  the  current-strength,  and  similarly  for  all  the  other 
elementary  circuits ;  and  the  magnetic  shell-elements  sub- 
stituted for  each  will  all  have  the  same  strength. 
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But  these  shell-elements  will  make  up  a  simple  magnetic 
shell  whose  edge  coincides  with  the  original  closed  circuit. 

Again,  in  the  figure  it  is  evident  that  along  each  side 
of  the  elementary  closed  circuit  will  be  two  currents  of 
equal  strength  in  opposite  directions,  which  will  therefore 
neutralize  each  other;  the  only  parts  not  neutralized  in 
this  way  being  the  elements  which  compose  the  original 
voltaic  circuit. 

Hence  we  see  that  as  far  as  actions  in  the  magnetic  field 
are  concerned  we  may  substitute  for  any  voltaic  circuit 
a  magnetic  shell  whose  edge  coincides  with  the  circuit 
carrying  the  current,  and  whose  strength  bears  a  certain 
ratio  to  the  current  strength. 

230.  We  may  define  the  positive  direction  of  the 
current  in  the  circuit  in  the  following  way : 

Def.  Direction  of  Current.  The  positive  direction 
of  the  current  is  related  to  the  positive  direction  of  the  lines 
of  force  in  the  same  way  as  the  direction  of  rotation  to  that 
of  'propulsion  in  a  right-handed  screw. 

This  direction  can  be  conveniently  remembered  by  the 
twist  in  the  muscles  of  the  wrist  in  driving  in  a  corkscrew. 
The  opposite  direction  will  be  referred  to  as  a  left-handed 
screw,  and  the  set  of  directions  indicated  above  will  be 
referred  to  as  right-  and  left-handed  cyclical  order. 

231.  The  experiment  and  deductions  given  above  form 
the  basis  of  the  science  of  Electro-Magnetism. 

It  is  usual  here  so  to  change  our  fundamental  units  that 
the  current  traversing  a  circuit  and  its  equivalent  magnetic 
shell  shall  have  the  same  number  to  express  their  strength. 
Our  former  units  of  electromotive  force,  resistance,  &c. 
will  all  have  to  be  altered ;  but  we  shall  assume  at  present 
that  they  are  altered  in  such  proportion  that  Ohm's  formula 
remains  unchanged,  as  also  the  formula  for  energy  expended 
in  the  circuit. 

The  relations  of  the  various  units  in  the  electrostatic 
and  electromagnetic  systems  to  each  other  we  shall  indicate 
in  the  next  chapter. 

C  e.  16 
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232.  We  have  now  shown  that  the  forces  acting  on  a 
magnetic  shell  and  on  a  voltaic  circuit  coinciding  with 
its  edge  are  identical,  and  since  these  forces  are,  in  the  case 
of  the  shell,  derived  from  a  magnetic  potential,  we  shall 
assume  that  an  identical  electromagnetic  potential  exists  from 
which  the  forces  acting  on  the  voltaic  circuit  are  derived. 

Before  doing  so,  we  must  notice  that  the  potential  on  a 
magnetic  shell  in  a  magnetic  field  is  positive  when  the  lines 
of  force  pass  from  the  positive  to  the  negative  side  of  the 
shell  (Art.  219),  while  the  current  in  the  equivalent  circuit 
is  left-handed  or  negative  to  these  lines  of  force  (Arts.  228 
and  230).  'We  must  remember  therefore  in  applying  pro- 
positions proved  for  magnetic  shells  to  voltaic  circuits,  that 
work  done  will  be  represented  by  potential  with  sign  changed. 

233.  To  keep  this  clearly  before  the  student,  we  place 
here  the  properties  proved  for  a  magnetic  shell,  while  in 
a  parallel  column  we  place  the  conventions  made  and 
properties  deduced  for  a  voltaic  circuit. 

Electro-Magnetism. 


Magnetism. 
Prop.  I.  The  potential  on  a 
magnetic  shell  in  a  magnetic 
field  is  measured  by  the  pro- 
duct of  its  strength  into  the 
number  of  lines  of  magnetic 
force,  counted  algebraically, 
which  it  encloses.    Art.  219. 

Prop.  II.  The  numerical 
value  of  the  potential  at  a 
point,  due  to  a  magnetic  shell, 
is  equal  to  the  strength  of  the 
shell  multiplied  by  the  solid 
angle  subtended  at  the  point 
by  its  edge.  The  +  sign  being 
attached  when  from  the  given 
point  you  look  on  the  positive, 
or  North,  side  of  the  shell. 
Art.  218. 


Prop.  I.  The  potential  on  a 
voltaic  circuit  in  a  magnetic 
field  is  measured  by  the  product 
with  sign  changed  of  the  cur- 
rent-strength into  the  number 
of  lines  of  magnetic  force 
counted  algebraically  enclosed 
by  the  circuit. 

Prop.  II.  The  numerical 
value  of  the  potential  at  a  point, 
due  to  a  voltaic  circuit,  is  equal 
to  the  product  of  the  current- 
strength  multiplied  by  the  solid 
angle  subtended  at  the  point 
by  the  circuit.  The  +  sign 
is  attached  when  on  looking 
down  on  the  circuit  from  the 
point  the  current  appears  to 
follow  the  direction  of  the 
hands  of  a  watch. 
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Magnetism. 

Prop.  III.  The  potential 
of  a  plane  magnetic  shell  of 
strength  j  is  on  one  side  2n} 
and  on  the  opposite  -2ttj,  the 
difference  4ttj  representing  the 
work  done  in  bringing  a  unit 
pole  round  the  edge  from  the 
negative  to  the  positive  side. 
Art.  223. 


Prop.  IV.  The  work  done 
on  a  unit  pole  in  carrying 
it  from  a  point  A  where  the 
potential  of  a  shell  is  ji^  to  a 
point  B  where  the  potential  is 
jQ2is 

j(Q2-Gi)- 
Art.  225. 


Electro-Magnetism. 

Prop.  III.  The  potential  of  a 
plane  voltaic  circuit,  carrying 
a  current  of  strength  i,  is  on 
one  side  2n-i  and  on  the  other 
-27ri,  the  difference  4?ri  repre- 
senting the  work  done  on  a 
unit  pole  in  bringing  it  round 
outside  the  circuit  from  the  ne- 
gative to  the  positive  side. 

Cor.  Since  in  the  case  of 
a  voltaic  circuit  the  work  done 
in  passing  just  through  the 
plane  of  the  circuit  must  be 
zero,  we  conclude  that  the  po- 
tential of  this  plane  must  be 
+  2i7r,  and  that  in  measuring 
the  difference  of  potential  for 
all  other  places  we  must  re- 
member that  it  will  be  4^, 
greater  or  less  according  as  the 
path  pursued  passes  through  the 
circuit  or  round  outside  it. 

Prop.  IV.  The  work  done  on 
a  unit  pole  in  bringing  it  from 
a  point  A  at  which  the  poten- 
tial of  a  voltaic  circuit  is  inl 
to  a  point  B  at  which  the  po- 
tential is  ifl2  is 

assuming  the  path  pursued  not 
to  go  through  the  circuit.  If 
the  path  pass  through  the  cir- 
cuit it  is  represented  by 

"    i{±4ar-Q2+Q1)i 

the  -  or  +  being  taken  ac- 
cording as  the  path  through  the 
circuit  is  positive  or  negative 
relatively  to  the  lines  of  force. 

16—2 
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Magnetism. 
Prop.  V.  The  work  done  on 
a  shell  placed  in  a  magnetic 
field,  and  moved  from  a  posi- 
tion in  which  Nx  lines  of  force 
intersect  it  to  a  position  in 
which  N2  lines  of  force  inter- 
sect it,  is 

J(N2-Ni). 
Art.  225. 

Prop.  VI.  If  N2  <  Nx  the 
work  done  is  negative,  or  the 
shell  acquires  kinetic  energy- 
owing  to  the  magnetic  forces 
helping  the  movement.  Art.  225. 

Prop.  VII.  A  magnetic  shell 
capable  of  movement  in  the 
magnetic  field  places  itself  so 
as  to  include  the  smallest  pos- 
sible number  of  lines  of  force, 
or,  what  is  the  same  thing,  the 
greatest  possible  number  of  ne- 
gative lines  of  force.    Art.  226. 


Electro-Magnetism. 
Prop.  V.  The  work  on  a  vol- 
taic circuit  placed  in  the  mag- 
netic field,  and  moved  from  a 
place  in  which  Nx  lines  of  force 
intersect  it  to  a  position  in 
which  N2  lines  of  force  inter- 
sect it,  is 

-i<N,-N,). 

Prop.  VI.  IfN2>Ni  the  work 
done  is  negative,  that  is  the 
circuit  acquires  kinetic  energy- 
owing  to  the  electromagnetic 
forces  assisting  the  movement. 

Prop.  VII.  A  voltaic  circuit 
free  to  move  places  itself  in 
the  field  so  as  to  include  the 
greatest  possible  number  of 
lines  of  force.  That  is,  it  will 
place  itself  in  the  strongest 
part  of  the  field  in  such  a  posi- 
tion that  the  lines  of  force  are 
as  nearly  as  may  be  perpen- 
dicular to  it,  the  current  being 
related  to  the  direction  of  the 
lines  of  force  in  right-handed 
cyclical  order. 

234.  Since  the  potential  at  a  point  depends  on  the  solid 
angle  subtended  by  the  circuit,  we  see  that  the  surfaces  over 
which  the  potential  is  constant  will  emanate  from  the  circuit 
and  will  form  bowl-shaped  surfaces  having  the  circuit  for 
their  edge.  A  system  of  equipotential  surfaces  would  be  a 
system  of  such  unclosed  surfaces  intersecting  each  other  at 
finite  angles  in  the  given  circuit. 

In  assigning  numerical  values  to  the  surfaces,  we  must 
remember  that  the  potential  represents  the  work  done 
in  carrying  a  unit  pole  from  the  surface  to  an  infinite 
distance,   and    this  depends  on   whether  the  path   pursued 
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passes  through  the  circuit  or  round  its  edge,  and  if  it  passes 
through  the  circuit,  on  how  many  times  it  passes  through 
the  circuit  always  in  the  same  direction.  Hence  we  cannot 
assign  a  fixed  value  to  a  given  equipotential  surface,  but 
a  series  of  values  differing  by  Airi.  The  work  done  on  a 
unit  pole  in  bringing  it  from  a  surface  whose  potential  is  7, 
to  another  whose  potential  is  72  is 

+  4umri+  Vx-  V,, 

where  n  is  the  number  of  times  the  path  pursued  passes 
through  the  circuit  in  the  same  direction ;  if  that  direction 
be  with  the  lines  of  force  we  prefix  the  —  sign,  and  if  against 
them  the  +  sign. 

The  path  of  the  pole  which  in  the  last  paragraph  passed 
through  the  circuit  ?i  times  without  returning,  may  be  said 
conveniently  to  be  linked  n  times  with  the  circuit. 

The  lines  of  force  cut  all  equipotential  surfaces  at 
right  angles,  and  are  therefore  a  system  of  oval  curves 
with  the  conducting  wire  passing  through  them.  In  con- 
formity with  the  convention  just  made  we  may  say  that 
the  lines  of  force  are  linked  with  the  circuit,  and  the  circuit 
with  any  one  of  its  lines  of  force  may  be  conceived  as  two 
successive  links  in  a  common  chain. 

235.  We  have  already  stated  that  the  current  is  related 
to  the  lines  of  force  in  right-handed  cyclical  order.  If  we  now 
conceive  the  line  of  force  as  a  closed  curve  and  the  circuit  as  a 
direction  cutting  through  it,  the  positive  direction  of  the  line 
of  force  will  be  related  to  that  of  the  current  in  right-handed 
cyclical  order.  Hence  both  the  lines  of  force  are  related  to 
the  current  and  the  current  to  the  lines  of  force  in  right- 
handed  cyclical  order. 

This  rule  is  clearly  equivalent  to  that  usually  given, 
that  a  figure  swimming  in  the  current  which  enters  by 
its  heels  and  leaves  by  its  head,  and  looking  towards  the 
magnet,  sees  the  north  pole  driven  to  its  left. 

If  the  pole  be  fixed,  and  the  current  free  to  move,  it 
is  clear  that  the  current  will  be  driven  round  a  north 
pole,  so  that  the  figure  in  the  current  looking  towards  the 
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pole  is  always  moved  towards  its  right  hand.  A  convenient 
rule  for  remembering  this  direction,  often  useful  in  practice, 
is  that  a  figure  swimming  in  the  current,  looking  along  the 
lines  of  force,  will,  with  tlie  conductor,  be  carried  towards  its 
left. 

236.  Prop.  VIII.  In  computing  the  potential  on  any  closed 
circuit  in  a  magnetic  field  we  may  substitute  for  it  any  closed 
circuit  which  is  obtained  by  projecting  the  given  circuit  by  means 
of  lines  of  force. 

For  since  lines  of  force  never  intersect  except  at  a 
magnetic  pole  we  cannot  by  this  means  alter  the  number 
of  lines  of  force  enclosed. 

Cor.  1.  In  any  movement  of  a  conductor  the  change 
in  potential  produced  by  the  movement  of  any  part  of  the 
closed  circuit  parallel  to  lines  of  force,  or  parallel  to  planes 
containing  the  lines  of  force  in  that  part  of  the  field,  is  nil. 

Cor.  2.  For  any  sinuous  conductor  a  straight  one  may 
be  substituted. 

It  is  clear  that  a  straight  line  can  always  be  drawn 
through  any  sinuous  line  such  that  the  number  of  lines 
of  force  omitted  may  be  just  counterbalanced  by  the  number 
of  extra  lines  of  force  included  on  substituting  the  straight 
for  the  sinuous  current. 

237.  Prop.  IX.  If  two  circuits  more  or  less  parallel  to  each 
other  carry  currents  in  the  same  direction  they  attract  each 
other,  and  if  the  currents  be  in  opposite  directions  they  repel 
each  other. 

Let  A  be  a  portion  of  a  conductor  carrying  a  current, 
and  let  the  plane  of  the  rest  of  the  circuit  be  more  or  less 
perpendicular  to  the  paper.  Then  it  is  clear  (Art.  236) 
that  the  lines  of  force  are  a  system  of  oval  curves,  rising 
from  the  paper  to  the  left  of  A,  and  sinking  into  it  to  the 
right  of  A.  If  B  be  a  parallel  conductor  carrying  a  current 
in  the  same  direction,  the  lines  of  force  enclosed  by  B,  and 
on  which  the  potential  of  B  depends,  will  be  all  those  which 
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fall  to  the  right  of  B,  and  remembering  the  rule  we  see  that 
B's  current  is  positive  to  these  lines  of  force. 


Lines  of  Force 
upwards. 


Lines  of 
down 


Force 
wards. 


Fig.  79. 

The  electromagnetic  action  in  the  field  will  therefore 
(Art.  233,  Prop.  VII.)  tend  to  place  B  so  as  to  enclose  more 
lines  of  force,  that  is,  will  draw  B  towards  A.  If  the  current 
in  B  be  opposite  to  that  in  A,  B's  current  will  be  negative 
to  the  lines  of  force,  and  the  electromagnetic  force  will  be 
therefore  repulsive. 

Cor.  1.  If  there  be  two  straight  wires  parallel  to  each 
other  carrying  currents  they  will,  if  the  currents  be  in 
the  same  direction,  attract,  and  if  in  opposite  directions, 
repel  each  other. 

Cor.  2.  If  the  two  wires  in  the  last  corollary  be  inclined 
to  each  other  and  the  currents  both  run  into  or  out  of  the 
corner  made  by  the  wires,  they  will  attract  each  other,  but 
if  one  run  into,  and  the  other  out  of  the  corner,  they  will 
repel  each  other. 

Let  XOX'  and  BAB'  be  the  two  conductors,  OA  being 


Fig.  80. 
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perpendicular  to  both.  Let  OF  be  at  right  angles  to  OX 
in  a  plane  parallel  to  BAB'. 

The  lines  of  force  due  to  XOX'  will  clearly  be  (neglect- 
ing its  ends)  a  system  of  circles  in  planes  perpendicular 
to  it. 

Let  PQ  be  an  element  of  BAB',  and  let  it  be  projected 
into  the  bent  line  PMRQ  in  which  PM  is  parallel  to  OX, 
MR  to  OY,  and  RQ  to  OA.  The  parts  QR,  RM  will  be 
parallel  to  the  plane  containing  the  lines  of  force.  Hence 
moving  the  conductor  parallel  to  itself,  we  have  only  to 
consider  the  change  in  potential  due  to  the  movement  of 
PM.  If  the  currents  in  XOX'  and  BAB'  both  run  into  or 
out  of  the  corner,  PM  and  OX  will  be  parallel  currents  in  the 
same  direction,  and  will  attract  each  other.  If  one  run  into 
and  the  other  out  of  the  corner,  the  currents  in  PM  and 
OX  will  be  opposite,  and  they  will  therefore  repel  each 
other. 

238.  Prop.  X.  If  we  have  two  voltaic  circuits  A  and  B  the 
number  of  A's  lines  of  force  which  B  encloses  will  be  equal  to  the 
number  of  B's  lines  of  force  which  A  encloses,  when  the  current- 
strength  in  each  is  unity. 

This  proposition  might  have  been  at  once  inferred  from 
the  general  principle  of  mutual  potential  in  any  two  systems 
(Art.  41). 

Let  Nx  be  the  number  of  lines  of  force  due  to  A  enclosed 
by  B,  and  N2  the  number  due  to  B  enclosed  by  A,  and  let  ix 
and  i2  be  the  current-strengths  in  A,  B  respectively. 

The  work  done  in  carrying  B  out  of  A's  field  of  force  will 
then  be  Nxia. 

The  work  done  in  carrying  A  so  as  to  hold  the  same 
position  in  space  relative  to  B  will  be  —  X2ix. 

Hence  we  see  that  an  amount  of  work  Nxi2  —  N2ix  would 
be  expended  in  carrying  a  magnetic  system  against  no 
external  magnetic  forces  from  one  place  to  another,  and  this 
must  vanish.     Hence 

Nx%  -  N2i,  =  0, 

or  Nxi2  =  N2ix. 
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But  since  potential  and  consequently  force  at  any  point 
in  the  field  of  a  voltaic  circuit  is,  by  Prop.  II.,  proportional 
to  current-strength,  we  may  make  N1  =  Mxix ,  and  N.2  =  M2i2 ; 
we  see  then  that 

M-^i^  =  M2iiis , 
or  M1  =  M2. 

But  Mx  and  M.2  will  be  the  number  of  lines  of  force 
enclosed  respectively  by  A  and  B  when  there  is  unit  cur- 
rent in  each.     Hence  the  proposition. 

Def.  Coefficient  of  Mutual  Induction.  The  quan- 
tity M  in  the  preceding  proposition  which  gives  the  number  of 
lines  of  force  due  to  one  of  two  circuits  {each  carrying  unit 
current)  enclosed  by  the  other  is  defined  to  be  the  coefficient  of 
mutual  induction  betiveen  them. 

If  M  be  the  coefficient  of  mutual  induction  between  two 
circuits  carrying  currents  ix  and  i2  the  potential  of  each  due 
to  the  other's  magnetic  field  will  be  Mixi2.  If  the  two  circuits 
be  free  to  move  in  the  field,  they  will  clearly  place  them- 
selves in  such  a  position  that  M  shall  be  as  large  as  possible  ; 
this  will  be  when  the  two  circuits  are  as  nearly  as  possible 
in  the  same  plane  and  carry  parallel  currents. 

239.    Prop.  XI.    To  find  an  expression  for  the  whole  energy  in 
a  circuit  carrying  a  current. 

That  a  voltaic  current  is  a  source  of  energy  we  have 
already  seen,  and  when  the  circuit  is  separated  from  all 
other  circuits  its  energy  must  clearly  be  kinetic.  Whether 
this  energy  be  that  of  moving  electricity  or  of  the  movement 
of  the  conductor  carrying  the  electricity,  or  of  both  combined, 
we  cannot  here  enquire.  In  either  case  the  analogy  of  the 
vis  viva  or  kinetic  energy  of  moving  material  bodies  would 
lead  us  to  conclude  that  it  depends  on  the  square  of  the 
current-strength.  We  see  also  that  the  potential  energy  of 
two  circuits  carrying  currents  depends  on  the  geometry  of 
the  circuits  and  on  the  product  of " their  current-strengths, 
and  since  all  forms  of  energy  must  be  of  the  same  order,  we 
may  infer  that  the  energy  of  a  given  circuit  will  be  repre- 
sented by  a  certain  coefficient  depending  on  the  geometry  of 
the  circuit  multiplied  by  the  square  of  the  current-strength. 
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In  a  circuit  let  us  call  the  coefficient  L,  and  the  current- 
strength  i,  the  energy  of  the  circuit  will  then  be  Li2. 

Place  another  conductor  in  all  respects  similar  to  the 
former,  so  as  to  coincide  with  it,  and  let  it  carry  the  same 
current  in  the  same  direction. 

The  energy  of  this  system  will  clearly  be  represented 
by  L(2i)2  =  4tLi2,  since  the  geometry  is  unaltered  and  the 
current  doubled. 

If  the  conductors  be  separated  so  as  to  be  carried  out 
of  each  other's  field,  their  whole  energy  is  reduced  to  the 
sum  of  their  separate  energies,  or  2Li2. 

Hence  the  work  done  in  separating  them  is  the  differ- 
ence, or  2Li2. 

But  by  the  previous  Proposition,  the  work  done  in  sepa- 
rating them  is  equal  to  the  number  of  lines  of  force  due  to 
one  enclosed  by  the  other.  When  the  circuits  coincide  each 
one  encloses  all  the  lines  of  force  due  to  the  other. 

Let  the  quantity  denoted  by  M,  when  the  circuits 
coincide,  be  represented  by  M0.  This  symbol  then  represents 
the  whole  number  of  lines  of  force  embraced  by  the  circuit 
carrying  unit  current.  Hence  the  work  done  in  separation 
is  M0i?  when  each  carries  current  i : 
.-.  2Li2  =  M0i2, 
L  =  iM0. 

It  is  now  more  usual  to  make  M0  the  coefficient  of 
self-induction,  still  however  retaining  for  it  the  letter  L.  In 
this  case  the  intrinsic  energy  of  the  circuit  is  given  by  \L%2. 

Def.  Coefficient  of  Self-induction.  L  is  defined 
to  be  the  coefficient  of  self-induction  of  a  circuit,  and  is  equal 
to  the  number  of  lines  of  force  embraced  by  the  circuit,  when 
removed  from  all  other  circuits  and  carrying  unit  current. 

Cor.  If  there  be  two  circuits  carrying  currents,  and  if 
L,  N  be  their  coefficients  of  self-induction,  and  M  the  coef- 
ficient of  mutual  induction,  the  whole  energy  of  the  field 
when  the  current-strengths  are  i1}  i2  is  given  by  the  ex- 
pression 

\Li2±Mixi2  +  lNi2, 
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the  positive  or  negative  sign  being  given  to  the  middle 
term  as  the  lines  of  force  from  one  circuit  pass  in  the 
positive  or  negative  direction  through  the  other. 

240.  Having  obtained  the  foregoing  expression  for  the 
energy  of  a  voltaic  circuit  carrying  a  current,  we  get  the 
idea  of  inertia  to  be  overcome  in  establishing  the  current 
at  first,  or  making  any  alteration  in  it  when  once  established. 
On  applying  an  electromotive  force  to  a  circuit,  part  of  the 
energy  of  the  battery  is  used  up  in  overcoming  the  resist- 
ance or  in  heating  the  circuit,  while  the  remainder  goes  to 
increase  its  kinetic  energy  or  to  do  work  external  to  the 
circuit. 

This  can  be  expressed  by  equating  the  energy  taken  from 
the  battery  in  any  given  short  interval  to  the  sum  of  the 
heat  developed,  the  increase  in  kinetic  and  potential  energy 
and  the  external  work. 

If  E  be  the  electromotive  force  of  battery,  and  i  the  cur- 
rent-strength, the  energy  subtracted  in  a  given  time  t  =  Eir. 

If  R  be  the  external  resistance  the  energy  expended  in 
heat  =  Ri2r. 

If  L  be  the  coefficient  of  self-induction  and  if  i'  be  the 
current-strength  at  the  end  of  a  time  t,  the  rise  of  intrinsic 
energy  =  \L  (i'2  —  i2). 

If  during  the  time  t  the  circuit  be  moved  by  electro- 
magnetic forces  from  a  position  in  which  it  embraces  N 
lines  of  force  of  some  external  magnetic  field  to  one  in  which 
it  embraces  a  larger  number  N\  the  energy  drawn  from  the 
battery  to  make  this  movement  =(N'  —  N)i.  If  W  be  the 
rate  of  working  of  an  external  machine,  working  by  the 
electromagnetic  forces  in  the  circuit,  the  energy  required  to 
keep  it  going  for  time  t  =  W r. 

Hence  equating  the  energy  given  out  from  the  battery  to 
the  sum  of  all  the  energy  used  up  gives 

Eir  =  Ri?r  +  \L  (i2  -  i2)  +  i  (JST/  -  N)  +  W t. 

Remembering  that  %'-  —  i2  =  {%  —  i)  {%  +  i)  =  2i  (i  —  i)  very 
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nearly  when  %  —  i  is  very  small,  this  equation  reduces   at 
once  on  division  by  %t  to 

„      D.      Ti'-i     N'-N      W 

T  T  I 

241.    Prop.  XII.    To  calculate  the  law  of  establishment  of  the 
current  in  a  conductor  when  an  electromotive  force  is  applied  to  it. 

This  will  be  a  particular  case  of  the  preceding  article 
where  the  external  work  vanishes.     Hence  we  have 

Eir  =  Ri2r  +  \L  0"2  -  tf) 
=  Ri2r  +  Li  {%  —  i)  ; 

(i), 


which 

may  be  written 

(-- 

-f-5<' 

-4 

T     VE 

-<-*«dJ-< 

'  =  y 

—  i 

■y); 

=-(y'- 

-y); 

•              -By 

y  _ 

-3  log 

V        y 

i) 

=  -|(log; 

/- 

logy), 

which  is  a  form  suitable  for  direct  summation.    Remembering 
that  y  =  jx  when  i  =  0,  we  have  after  time  t, 

'--ifaff-*)-10*!}5 


JS 


1 


or  J  ;-?■' 

E 


R 


i: 
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The  ratio  -y-  is  generally  large  and  the  rise  in  strength  of 

the  current  takes  place  with  such  rapidity  that  we  cannot 
observe  its  rise.  In  marine  telegraphy,  where  L,  the  coeffi- 
cient of  self-induction,  is  large  and  complicated  by  the  Leyden- 

jar  action  of  the  insulating  sheath,  the  term  e  L  leads 
practically  to  a  lengthening  out  of  the  signal,  so  that  a  sharp 
signal  transmitted  to  the  wire  by  closing  the  circuit  for  an 
instant  shows  in  a  galvanometer  at  the  other  end  a  gradual 
rising  and  falling  again  of  the  current. 

242.  We  may  compare  the  establishment  of  a  steady 
current  in  a  conductor  to  the  establishment  of  steady  motion 
in  a  steam-engine.  When  the  locomotive  is  moving  along 
steadily  the  whole  work  done  by  the  steam  on  the  piston 
is  used  up  in  friction  on  the  rails  and  in  the  machine. 
When  the  engine  is  quickening  its  pace  the  work  done  by 
the  steam  is  greater  than  that  used  up  in  friction,  and  the 
difference  goes  to  increase  the  kinetic  energy  of  the  system, 
and  vice  versa  when  the  engine  is  pulling  up. 

So  with  electricity  in  motion.  When  steady,  Ohm's  law 
expresses  the  fact  that  the  energy  given  out  by  the  battery  is 
converted  into  heat  in  the  circuit.  When  however  the  current 
is  increasing  the  energy  given  out  by  the  battery  is  more 
than  that  used  up  in  the  circuit,  and  the  remainder  goes 
to  increase  its  kinetic  energy,  and  vice  versa  when  the 
current  is  ceasing.  In  practice  the  current  becomes  steady 
so  rapidly  that  we  only  observe  the  indirect  effect  of  the 
increasing  energy  in  the  extra  spark. 

243.  We  have  seen  that  every  voltaic  circuit  possesses  an 
electromagnetic  field,  and  in  this  field  exerts  attractions  and 
repulsions  upon  magnetic  poles  or  other  voltaic  circuits.  If 
in  obedience  to  these  attractions  and  repulsions  movements 
take  place,  the  law  of  conservation  of  energy  shows  us  that 
the  work  done  by  the  circuit  must  be  done  in  some  way 
at  the  expense  of  the  energy  in  the  circuit.  This  energy 
we  have  just  seen  to  be  kinetic,  depending  on  the  geometry 
of  the  circuit  and  the  current-strength. 
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The  only  way  therefore  in  which  energy  can  be  abstracted 
from  or  added  to  the  circuit  is  by  a  diminution  or  increase  of 
current-strength.  The  diminution  of  current-strength  will 
last  just  long  enough  to  compensate  for  the  work  done, 
and  the  steady  current  will  be  established  again.  These 
variations  of  current-strength  in  the  circuit  while  work 
is  being  done  in  the  electromagnetic  field  are  known  as 
induced  currents.  Since  the  induced  current  is  always  a 
compensation  for  the  energy  expended  or  gained  in  the 
field,  it  is  clear  that  acting  alone  it  would  oppose  the  move- 
ment, or  its  direction  will  always  be  such  that  by  its  electro- 
magnetic effect  it  would  oppose  the  movement  taking  place 
in  the  field.     This  is  known  as  Lenz's  Law. 

From  Lenz's  law  combined  with  the  law  stated  in 
Art.  235,  we  have  the  rule  for  the  direction  of  an  induced 
current  in  a  moving  conductor,  that  a  figure  in  the  conductor 
looking  along  the  lines  of  force  and  moved  towards  his  left 
with  the  conductor  will  experience  an  induced  current  which 
enters  by  his  head  and  leaves  by  his  heels. 

244.  Prop.  XIII.  To  calculate  the  induced  current  produced 
by  the  movement  of  any  conductor  in  a  magnetic  field. 

In  this  case  no  external  work  is  done  and  the  term 
containing  W  in  the  equation  of  Art.  240  may  be  omitted. 
Moreover  the  term  containing  the  self-induction  L  will  be 
negligible  in  all  cases  where  we  obtain  an  approximately  steady 
current,  or  a  current  which  changes  slowly,  as  well  as  in  cases 
where  L  is  very  small  compared  with  R  and  N,  which  will  be 
the  case  if  the  moving  coil  has  no  iron  core. 
With  these  approximations  we  have 

EiT  =  Ri*T  +  (N'-N)i 
or  Er  =  Rir  +  (N'~  N). 

Let  i0  denote  the  steady  current,  then  E  =  Ri0.     Hence 

ii(i-iQ)T  =  -(]sr'-N). 

But  i  —  i0  is  the  induced  current-strength  and  (i  —  i0)  r 
is  the  quantity  of  electricity  transmitted  during  the  time  t. 
Adding  for  all  the  short  intervals  of  the  movement, 

2  (l  -  l„)  T  = 5— g '  . 
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But  2  (i  —  i0)  t  is  the  quantity  of  electricity  transmitted 
during  the  whole  movement  and  may  be  denoted  by  \i\. 
This  is  often  called  the  total  induced  current. 

2  {N'  -  N)  will  be  simply  Nx  -  N0  when  N,  is  the 
number  of  lines  of  force  enclosed  at  the  end,  and  N0  the 
number  at  the  beginning  of  the  movement ; 

Number  of  lines  of  force  added 


Resistance  of  Circuit 

Cok.  1.  If  the  increase  of  lines  of  force  takes  place  at 
a  uniform  rate  the  current  will  be  constant  and  measured  by 

M,  where  t  is  the  time.     Also  since  E  =  Ri  the  e.m.f.  is 

z 

given  by 

Number  of  lines  of  force  added 

or  the  number  of  lines  added  per  second.  This  will  be  true 
however  short  the  time  t,  and  we  learn  that  the  e.m.f.  of  an 
induced  current  is  always  the  rate  of  increase  of  the  lines 
of  magnetic  force  embraced  by  the  circuit,  with  sign  changed. 

Cor.  2.  The  expression  for  the  e.m.f.  and  the  induced 
current  is  independent  of  the  e.m.f.  initially  in  the  circuit. 
Hence  we  see  that  we  get  induced  currents  by  the  movement 
of  circuits  in  a  magnetic  field,  though  there  is  initially  no 
e.m.f.  in  the  moving  circuit. 

Cor.  3.  If  a  straight  conductor  forming  part  of  a  closed 
circuit  is  carried  across  lines  of  magnetic  force,  the  electro- 
motive force  of  the  induced  current  is  —  Hlv,  where  H 
is  the  number  of  lines  of  force  per  unit  area  or  the  strength 
of  the  field  perpendicular  to  the  plane  of  the  conductor's 
motion,  I  the  length  of  the  conductor,  and  v  the  velocity 
with  which  it  moves  parallel  to  itself. 

Let  AB  be  the  conductor,  and  let  the  rest  of  the  circuit 
be  completed  by  thick  bars  A,  C,  B  whose  resistance  may  be 
neglected. 
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If  the  conductor  move  from  AB  to  A'B',  and  the  lines 
of  force  be  perpendicular  to  the  paper,  the  number  of  lines 
of  force  added  by  the  movement 

=  H  x  area  ABA'B'  =  Hx  A  A'  x  I. 


< 


B         B' 

Fig.  81. 

If  [i]  denote  the  total  current, 

HxAA'xl 

H- 5 , 

If  the  time  occupied  by  the  movement  is  t,  the  current 
._[>]_      HxAA'xl 
%~  t~  R.t        ' 

the  direction  of  this  current  being  as  in  figure,  if  the  lines 
of  force  are  upwards. 

But  if  the  conductor  move  uniformly  from  A B  to  A'B' 

AA' 
in  time  t,    ——  =  v,  the  velocity  of  the  motion  ; 

Hvl 

.-.  Ri  =  -Hvl, 

and         Ri  =  E;  .'.  E  =  -Hvl 

We  see  the  current  will  be  strongest  when  the  conductor 
is  moved  parallel  to  itself  and  perpendicular  to  the  lines  of 
force,  the  direction  of  the  induced  current  being  perpendicular 
to  these  two  directions. 

Cor.  4.  We  see  also  that  there  will  be  an  induced 
current  during  the  opening  or  closing  of  the  circuit. 

1st.  At  closing  the  circuit.  Since  L,  the  coefficient  of 
induction,  is  the   number  of  lines  of  force   enclosed  by  a 
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circuit  carrying  unit  current,  the  whole  number  added  will 
be  Li0,  where  %  is  the  steady  current ; 

2nd.  At  opening  the  circuit  The  number  of  lines  sub- 
tracted will  be  Id0,  hence 

L  . 

Since  *0==S'  ^=  R*  ' 

and  for  the  average  electromotive  force  in  either  case 

'-«-?-§. 

where  £  is  the  time  the  current  lasts. 

This  result  is  interesting,  since  we  see  that  by  reason  of 
the  extreme  smallness  of  t,  E'  may  be  many  multiples  of  E. 
Thus  the  induced  current  having  very  high  electromotive 
force  is  able  to  break  across  a  finite  air-space,  giving  rise 
to  the  galvanic  spark  or  extra  current,  although  no  cell  can 
break  directly  across  an  appreciable  air-space.  Sir  W. 
Thomson  says,  that  5510  Daniell's  cells  would  be  required 
to  give  a  spark  between  two  brass  terminals  about  -J  in. 
apart. 

245.  Extending  the  analogy  pointed  out  in  Art.  242  we 
may  compare  induced  currents  with  the  phenomena  attend- 
ing the  establishment  of  steady  motion  in  a  locomotive  and 
train.  At  the  first  start  the  engine  has  to  overcome  the 
inertia  of  the  train  behind  it,  and  as  a  consequence  receives 
a  number  of  impulsive  jerks  backwards  just  analogous  to  the 
induced  negative  current  at  closing  the  circuit.  When  the 
engine  slackens  pace  it  has  to  overcome  the  energy  of  the 
moving  mass  behind,  and  accordingly  receives  jerks  forwards 
analogous  to  the  induced  positive  current  at  opening  the 
circuit. 

c.  E.  17 


258  MAGNETISM. 

246.  Prop.  XIV.  The  rate  of  working  of  any  electromagnetic 
engine  will  be  the  greatest  possible  when  starting  the  engine 
diminishes  the  current  in  the  circuit  by  one  half. 

Let  W  be  the  rate  of  working  of  the  engine,  i  the  current 
when  the  engine  is  stopped,  and  i'  the  current  when  the 
engine  is  working.     Then  Art.  240, 

Eir  =  Ri2r  when  the  engine  is  at  rest. 

Ei'r  =  Ri'2r  +  Wt  when  the  engine  is  at  work. 

Whence  by  division 

Ri'i+W^Rii', 

W=R(ii-i2), 

i 


?14      V2 
The  right-hand  side  is  a  maximum  when 

i' 

which  proves  the  proposition. 


*=2 


Examples  on  Chapter  VIII. 

1.  Two  magnetic  compasses  are  placed  on  a  table  near 
each  other ;  explain  how  they  influence  each  other's  directions 
in  all  different  positions. 

2.  A  common  bar  magnet  is  placed  on  a  table  and 
a  compass  needle  lies  on  the  table  subject  to  the  magnet's 
force ;  show  by  a  diagram  the  positions  of  the  needle  in 
different  positions  relatively  to  the  magnet. 

3.  A  dipping-needle  is  free  to  move  in  a  plane  at  a 
given  inclination  to  the  magnetic  meridian ;  show  how  to 
find  the  apparent  dip. 

4.  Show  that  if  the  apparent  dip  observed  in  any  two 
planes  at  right  angles  to  each  other  be  8U  &,  then  8  the 
true  dip  can  be  found  from  the  formula 

cot2S  =  cot2^  +  cot232. 
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5.  If  the  dipping-needle  move  in  a  plane  perpendicular 
to  the  meridian,  show  that  it  will  remain  vertical.  Hence 
show  how  to  determine  the  plane  of  the  meridian  by  ob- 
servations with  the  dipping-needle  only. 

6.  If  r,  r'  be  the  distances  of  a  point  from  the  north  and 
south  pole  of  a  magnet  respectively,  show  that  for  any  point 

on  a  given  equipotential  surface >  is  of  constant  value. 

7.  Find  the  points  in  which  any  given  equipotential 
surface  cuts  the  magnetic  axis. 

Ans.  If  m  be  the  strength  of  each  pole  and  a  the  length 
of  the  axis,  then  the  surface  whose  potential  is  —  will  cut  the 

axis  at  a  distance  from  the  north  pole  \  {a  -f  2c  —  \/a2  +  4c2}, 
and  the  axis  produced  at  a  distance  J  {Va2  -f  4ac  —  a}. 

8.  If  in  the   preceding  question  -\fr,  ty'  be  the  angles 

which  r,  r  make  with  the  tangent  plane  to  an  equipotential 

„         cos  yjr      r2 

surface, ~  ==  -7- . 

cos  y      r 2 

9.  If  (j),  $  be  the  angles  which  r,  r   in  the  preceding 

question  make  with  a  line  of  force,    . — -£  =  -7-. 
H  '  sin  <£'     r/2 

10.  If  6,  6'  be  the  angles  which  r,  r'  make  with  the 
magnetic  axis  produced  in  one  direction,  show  that  along  any 
line  of  force,  cos  6  —  cos  6'  is  constant. 

11.  Let  two  equal  rods  Nn,  Ss  turn  on  pivots  about 
points  N,  S  which  are  the  poles  of  a  given  magnet.  Then  if 
they  be  moved  so  that  ns  is  always  perpendicular  to  NS,  or 
NS  produced,  the  intersection  of  Nn,  Ss  will  trace  out  a 
magnetic  curve.     (See  Roget's  Electricity.) 

12.  Prove  the  following  construction  for  obtaining  any 
number  of  points  on  a  system  of  magnetic  curves : — Divide 
the  magnetic  axis  into  any  integral  number  of  parts,  and 
set  off  along  the  axis  produced  any  large  number  of  equal 
parts.     With  centres  N,  S  describe  two  equal  circles  having 

17—2 
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for  any  radii  as  large  multiples  of  this  subdivision  as  prac- 
ticable, and  divide  their  circumferences  by  perpendiculars 
drawn  to  the  axis  at  each  subdivision:  draw  lines  joining 
iV  and  S  to  the  points  of  division  of  these  circumferences; 
the  lines  of  force  will  then  be  curvilinear  diagonals  of  the 
lozenge-shaped  spaces  into  which  the  figure  is  divided. 
(Roget's  Electricity.) 

13.  Show  that  the  equipotential  surfaces  will  be  closed 
and  the  lines  of  force  constantly  divergent  from  either  pole 
when  the  magnetic  system  consists  of  two  similar  and  equal 
poles  at  a  distance  from  each  other. 

14.  Show  that  the  lines  of  force  for  two  similar  poles 
will  be  the  other  set  of  curvilinear  diagonals  of  the  lozenge- 
shaped  spaces  indicated  in  ques.  12. 

15.  Find  the  form  of  the  surface  of  zero  potential  for 
any  bar  magnet,  and  show  that  the  resultant  magnetic  force 

for  points  on  it  is  given  by  — ,  where  m  is  the  strength  of 

each  pole,  I  the  length,  and  r  the  distance  of  the  point  from 
one  pole. 

16.  A  closed  voltaic  circuit  is  supported  at  its  centre 
of  gravity  but  otherwise  free.  Explain  the  position  assumed 
by  it  under  the  action  of  the  earth's  magnetism. 

17.  A  straight  conductor  (capable  of  sliding  freely  on 
fixed  bars  and  forming  with  them  a  closed  voltaic  circuit) 
carries  a  current.     Explain  the  direction  of  its  movement, 

(i)  When  capable  of  moving  parallel  to  itself  in  the 
horizontal  plane  and  carrying  a  current  from  North  to 
South. 

(ii)  When  capable  of  moving  parallel  to  itself  in  the 
horizontal  plane  and  carrying  a  current  from  East  to 
West. 

(iii)  When  capable  of  moving  parallel  to  itself  in 
the  vertical  plane  and  carrying  a  current  from  North  to 
South. 

(iv)  When  capable  of  moving  parallel  to  itself  in  the 
vertical  plane  and  carrying  a  current  from  East  to  West. 
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18.  A  straight  conductor  carrying  a  current  is  capable 
of  rotation  round  a  magnetic  pole.  Show  in  all  cases  the 
relation  between  the  sign  of  the  pole,  the  direction  of  the 
current,  and  the  direction  of  rotation. 

19.  Discuss  the  previous  question  in  the  case  when  the 
conductor  is  at  rest  and  the  magnetic  pole  free  to  move. 

20.  Show  that  a  straight  horizontal  conductor  placed 
East  to  West  and  carrying  a  current  will,  if  exactly  balanced, 
appear  to  lose  or  gain  weight  when  the  direction  of  the 
current  is  reversed.  At  what  part  of  the  earth  will  this 
effect  be  strongest  ? 

21.  A  straight  conductor  carrying  a  current  is  fixed 
at  one  end,  and  the  other  rests  by  help  of  a  cork-float  in 
contact  with  mercury.  Show  that  the  conductor  placed  any- 
where on  the  earth's  surface  will  rotate,  but  that  except  at 
the  magnetic  poles  of  the  earth  the  rate  of  rotation  will  vary 
in  different  parts  of  its  course. 

22.  A  long  wire  carrying  a  current  has  a  short  straight 
wire  also  carrying  a  current  perpendicular  to  it  but  not 
crossing  it.  Investigate  the  direction  of  movement  (if  any) 
in  the  short  conductor  for  different  directions  of  the  currents. 

23.  Investigate  the  direction  of  rotation  in  Barlow's 
wheel  for  given  directions  of  the  lines  of  magnetic  force  and 
of  the  current. 

24.  A  bar  of  soft  iron  has  a  coil  of  wire  round  it.  Show 
by  a  diagram  the  direction  of  the  current  induced  in  the  coil, 
(i)  when  a  N.  pole  approaches  one  end  of  the  bar,  (ii)  when 
the  same  pole  is  removed. 

25.  A  bar  magnet  is  drawn  completely  through  a  hollow 
coil  of  wire  forming  a  closed  circuit.  Show  the  direction, 
and  roughly  the  variations  in  strength,  of  the  induced 
current  during  the  movement. 

26.  A  straight  wire  forming  part  of  a  closed  conductor 
is  placed  horizontally  and  slides  parallel  to  itself,  (i)  from  E. 
to  W.,  (ii)  from  N.  to  S.  Show  in  each  case  the  direction  of 
the  current  induced  in  it. 
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27.  The  same  wire  is  arranged  so  that  it  can  move  in  a 
vertical  plane.  Find  the  direction  of  the  induced  current, 
(i)  when  it  rises  vertically  in  a  plane  perpendicular  to  the 
meridian,  (ii)  when  in  the  plane  of  the  meridian. 

28.  Barlow's  wheel  (see  ques.  23)  has  the  battery  re- 
moved but  the  battery  circuit  closed  and  the  wheel  made 
to  rotate  by  mechanical  means.  Find  the  direction  of  the 
induced  current. 

29.  A  wire  in  the  form  of  a  closed  circle  rotates  about 
a  vertical  axis  in  its  own  plane  in  the  direction  of  the  hands 
of  a  watch ;  investigate  the  direction  of  the  induced  current 
for  different  positions.  Show  that  a  small  magnet  suspended 
at  the  centre  of  the  rotating  coil  will  have  its  N.  pole  de- 
flected towards  the  East  if  the  rotation  of  the  coil  be  with 
the  hands  of  a  watch.  (See  B.  A.  Reports  on  Electrical 
Standards.) 

30.  A  wire  parallelogram  carrying  a  current  is  sus- 
pended from  Ampere's  stand,  and  allowed  to  take  up  its 
position  of  rest  under  the  action  of  the  earth  alone.  Explain 
its  position  of  rest. 

31.  Show  that  a  wire  bent  into  the  form  of  the  figure  8 
and  carrying  a  current,  will  be  astatic  in  relation  to  the 
earth. 

32.  A  magnet  is  suspended  horizontally  over  a  diameter 
of  a  rotating  copper  disc.  Show  that  the  magnet  will  on 
rotating  the  disk  be  deflected  from  the  meridian  in  the 
direction  of  rotation  of  the  disk. 

33.  Explain  the  effect  of  a  copper  box  on  the  oscillations 
of  a  magnet  needle  suspended  within  it. 

34.  A  copper  strip  is  drawn  between  the  poles  of  a 
powerful  horse-shoe  magnet,  and  its  opposite  edges  are  con- 
nected by  springs  with  galvanometer  terminals.  Show  the 
direction  of  the  induced  current. 

35.  Show  that  the  induced  currents  in  the  copper  strip 
will  retard  the  movement  across  the  field. 
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36.  Explain  the  difficulty  of  drawing  a  metal  sheet 
between  the  poles  of  a  powerful  electromagnet. 

37.  A  wire  parallelogram  is  suspended  on  an  Ampere's 
stand,  and  a  circular  copper  plate  rotated  below  it.  Show 
the  direction  of  the  surface  currents  in  the  plate,  and  show 
that  the  circuit  will  be  deflected,  following  the  direction  of 
rotation  of  the  plate. 

38.  If  the  conductor  in  the  last  question  consist  of  two 
equal  parallelograms  with  the  current  flowing  as  in  a  figure 
8,  the  system  will  rotate  following  the  rotation  of  the  plate. 

39.  A  metal  band  of  a  circular  form  is  made  to  turn  on 
a  vertical  axis  through  its  centre  and  perpendicular  to  its 
plane.  Two  points  above  each  other  on  the  upper  and  lower 
edge  are  connected  by  springs  with  the  terminals  of  a 
galvanometer. 

(i)  A  wire  carrying  a  current  is  placed  vertically  near 
the  springs ;  show  that  there  will  be  an  induced  current, 
and  investigate  its  direction. 

(ii)  The  wire  is  bent  into  a  circle  and  placed  so  as  to 
surround  the  upper  edge  of  the  band ;  investigate  the  di- 
rection of  the  induced  current. 

(iii)  Will  there  be  a  current  when  the  bent  wire  en- 
circles the  band  near  its  middle  ? 

(iv)  Extend  this  to  the  case  of  a  conducting  sphere 
which  turns  about  a  diameter  and  has  the  bent  wire  placed 
so  as  to  embrace  an  equatorial  plane.  Show  that  there  will 
be  superficial  currents  from  the  poles  to  the  equator  when 
the  current  and  rotation  are  in  the  same  direction. 

(v)  Show  also  the  direction  of  the  superficial  currents 
when  the  bent  wire  is  in  a  meridian  of  the  revolving  sphere. 


CHAPTER   IX. 


ABSOLUTE   DIMENSIONS   OF   PHYSICAL   UNITS. 

247.  We  stated  in  our  first  paragraph  that  all  physical 
units  are  referable  to  the  fundamental  ideas  of  space,  time, 
and  mass,  the  units  of  which  are  arbitrary.  These  units  once 
fixed,  each  definition  we  employ  of  a  new  unit  contains  im- 
plicitly its  reference  back  to  the  absolute  system.  It  is  our 
object  in  this  chapter  to  trace  the  measures  of  the  units 
we  have  employed,  and  represent  them  in  terms  of  arbitrarily 
assumed  fundamental  units. 

248.  We  must  remember  that  if  we  make  any  change 
in  our  unit  the  change  produced  in  the  measure  varies 
inversely  as  the  change  in  the  unit.  Thus  changing  the 
unit  of  length  from  a  foot  to  a  yard,  the  measures  of  all 
distances  will  be  divided  by  three,  and  the  same  principle 
applies  in  all  cases. 

249.  There  are  two  classes  of  units  we  have  concerned 
ourselves  with,  mechanical  units  and  electrical  units,  many 
of  the  latter  having  been  referred  to  under  two  systems  of 
measurement,  the  electrostatic  and  electromagnetic.  We  shall 
therefore  divide  our  investigation  into  these  three  divisions, 
referring  each  time  to  the  definition  and  the  algebraical 
expression  of  it  always  implied. 

We  call  the  ratios  of  the  new  to  the  old  units  of  length, 
time,  and  mass  respectively  L,  T,  M. 
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250.     (1)     Mechanical   Units. 

Velocity  is  defined  (Art.  2)  as  space  described  per  unit  of 

time,  and  may  therefore   be   measured  by    r¥ .     Hence, 

J  J     time 

retaining  our  former  symbols  as  far  as  possible, 

v=^=LT-> (1). 

The  meaning  of  this  expression  is,  that  given  any  change 
in  the  fundamental  units  (space  and  time),  the  change  in  the 
derived  unit  (velocity)  is  at  once  found  by  substituting  in 
this  formula  the  ratio  between  the  new  and  old  absolute 
units. 

Acceleration  is  defined  (Art.   4)  as  velocity  added  per 

second,  and  may  be  measured  by  — : =- . 

J  J      time 

f-i-LT* (2). 

Density  is   defined  (Art.    7)  as   Mass   per   unit  volume. 

mass 

Hence  its  dimensions   are    — ; and    the   dimensions   of 

volume 

volume  are  given  by  the  cube  of  a  length 

M 
D  =  f3  =  ML-* (3). 

Specific  gravity  is  defined  as  the  ratio  of  two  masses  and 
hence  is  not  altered  by  altering  the  system  of  units.  It  may 
be  expressed  by 

s  =  M°L°T°  =  l (4). 

Momentum  is  defined  (Art.  8)  as  the  product  of  mass  and 
velocity,  and  is  therefore  measured  by 

Mv  =  MLT~1  (5). 

Force  is  defined  (Art.  13)  as  rate  of  change  of  momentum 

t         ,  .  ,  ,      momentum 

per  second,  and  is  measured  by : . 

r  J         time 

F=^—  =  MLT~* (6). 
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Energy  may  be  defined  either  as  work,  that  is  (force)  x 
(space),  or  as  energy  (Art.  24),  that  is  ^  (mass)  x  (velocity)2. 
Denoting  it  by  the  general  symbol  W,  we  have  in  either  case 

W  =  ML2T~* (7). 

This  will  give  the  dimensions  of  every  form  of  energy. 

Rate  of  working  is  defined  by  energy  per  unit  time  and 

therefore  is  of  the  dimensions  of  — - — — 

time 

or  ML*T-* (8). 

251.     (2)     Electrostatic  and  Magnetic   Units. 
Quantity.    The  measure  of  quantity  depends  ultimately  on 
the  law  that  the  force  between  two  equal  quantities  (Q)  at  a 

Q2 
distance  (L)  from   each   other  is  measured  by  y-2(Art.  56). 

Hence,  as  far  as  dimensions  are  concerned, 

^2  =  F=MLT~* (9); 

therefore  Q  =  MWT~\ 

Magnetic  pole,  or  Quantity  of  Magnetism.  The  same 
formula  (Art.  208)  expresses  the  force  between  two  magnetic 
poles.     Hence  also 

m  =  MWT~l (10). 

Electrical  and  Magnetic  Density  are  defined  (Arts.  57  and 
207)   as  quantity  of  electricity   or   magnetism   respectively 

per  unit  area,  and  are  measured  by  -^  and  j-  respectively. 

Hence,  in  both  cases, 

D  =  M?L-h-T-' (11). 

Potential  is  defined  (Arts.  60  and  208)  as  work  done  on  a 
unit  of  electricity  or  magnetism,  and  is  therefore  measured 

w    w 

by  -ft  or  —  respectively.     In  both  cases, 
V] 


ft=MiL*T-> (12), 

Jb  J 

since  Electromotive  Force  is  a  form  of  Potential. 
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Electrical   or   Magnetic   Force   or   Strength   of  Field   is 
defined   (Art.   60)   as   force    on   a   plus   unit,   and   may  be 

W 
measured  by  j~,  which  gives 


^  =  MiL-iT-' (13), 


the  symbol  F  being  used  in  Electricity,  for  strength  of  field 
not  of  course  with  the  same  meaning  as  above  in  Mechanics. 

Number  of  Lines  of  Force.  Strength  of  Field  is  measured 
(Art.  209)  by  the  number  of  lines  of  force  per  unit  area. 
Hence  number  of  lines  of  force  is  measured  by  HL2,  or 

N=MWT~1  (14). 

Capacity  is  defined  (Art.  70)  as  quantity  per  unit  potential, 

and  may  be  measured  by  ~^.     Therefore 

C  =  L (15). 

Specific  Inductive  Capacity  is  defined  (Art.  77)  by  the 
ratio  of  two  quantities  of  electricity,  and  is  an  abstract 
number.     Hence  in  dimensions 

K  =  M0L°T°=1  (16). 

Current-Strength  is  defined   (Art.  158)  as  quantity  per 

second,  and  is  measured  by  -^ ;  therefore 

I=MWT~* (17). 

Resistance  is  defined  (Art.  162)  by  Ohm's  law  by  the 
equation  E  =  HI.     Hence 

R  =  j=^  =  L~'T (18). 

Conductivity  is  (Art.  161)  the  reciprocal  of  resistance, 
and  is  therefore  measured  by 

LT-1 (19). 
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Specific  Conductivity  is  defined  (Art.  157)  by  the  formula 

I  =  cF(T. 

_  current-strength  _  Ml^L^T~2  _  rp_l 
C  =  (force)  x  (area)  "  M-DT^  ~        (     }' 

Specific  Resistance  is  defined  (Art.  161)  as  the  reciprocal 
of  specific  conductivity,  and  is  measured  by 

P=T  (21). 

252.     (3)     Electromagnetic  Units. 

We  shall  denote  electromagnetic  measure  by  the  same 
symbols  as  those  employed  in  electrostatic,  placing  a  bar 
over  the  symbol  to  indicate  that  it  refers  to  this  measure- 
ment. 

Current- Strength.  This  is  defined  as  being  identical  with 
the  strength  of  a  magnetic  shell  (Art.  231),  which  again 
is  defined  (Art.  218)  as  the  product  of  magnetic  density 
into  length.     Hence 

I  =  DL  =  M-DT~' (22). 

Quantity  is  defined  by  the  formula  I  =  ^.     Therefore 

.     Q  =  I.T=M*H (23). 

Potential  or  Electromotive  Force  is  defined  (Arts.  60  and 
208)  as  the  work  done  on  unit  quantity,  and  is  therefore 

w 

measured  by   --  .     Therefore 

n  =  MWT~* (24). 

Resistance  is  defined  (Art.  162)  by  Ohm's  law.    Therefore 
R  =  j  =  LT~i (25). 

Capacity  is  defined  as  before  by  -=  .     Therefore 

Ir*7> (26). 


MW-T-2 
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Strength  of  Electrical  Field  or  Electrical  Force  is  force  on 
unit  quantity,  and  is  therefore  measured  by  ^ ,  which  gives 

F=M$BT-* (27). 

For  the  strength  of  a  Magnetic  field  the  dimensions  are 
still  those  of  Art.  251  or  H  =  M*L~*T-\ 

Number  of  Lines  of  Magnetic  Force  may  (Art.   219)  be 

defined  by  the  formula  N  =  g-ja cos  6  ■  °"-     Hence 

N  =  m  =  M*L%T-1 (28). 

Coefficient  of  Mutual  or  Self-induction  is  defined  (Arts. 
238,  239)  by  the  formula  Li2  =  energy  of  circuit ;  hence 

-      W 

L  =  Z.  =  L (29). 

I2 

Specific  Conductivity  is  defined  as  before  by  the  relation 

~c=w=L~2T (30)- 

Specific  Resistance  is  defined  as  the  reciprocal  of  the  last, 
and  therefore  -_  7-27^-1  /oy\ 

Specific  Inductive  Capacity  may  be  defined  by  Art.  179, 
in  agreement  with  the  formula  RC  =  j—  pK,  whence 

K  =  L  =  L-2T> (32). 

9 

253.  We  will  now  present  in  a  tabular  view  the  results 
of  the  preceding  articles,  adding  the  ratio  between  the 
dimensions  of  the  various  units  where  they  have  been  mea- 
sured in  both  the  electrostatic  and  the  electromagnetic 
systems,  this  ratio  being  the  number  of  electrostatic  in  one 
electromagnetic  unit. 

(1)     Mechanical. 


Unit. 

Symbol. 

Dimensions. 

Velocity  

V 

f 
F 
W 

LT~l 

Acceleration   . . . 
Foi'ce  . . 

LT-* 
MLT-* 

Energy    

ML'2T~'2 
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254.     (2)     Electrostatic  and  electromagnetic  units. 


Units. 

Symbol. 

Dimensions  in 

Electrostatic 

Measure. 

Dimensions  in 

Electromagnetic 

Measure. 

Ratio  of 
Electrostatic  to 
Electromagnetic 

Measure. 

Quantity 

Q 

II 

F 
C 
K 
c 

P 
R 

1 

m 
V 
H 

N 
L 

il/^LsT-1 

L 
0 

T-i 

T 

L-2T2 
L-2T 
J2T-\ 

LT~l 
L 

LT-1 

Potential 

Electromotive  Force 

L  ]T 

Electric  Force    

L-^T 

Capacity 

L2T~2 

Specific  inductive  capacity. 
Specific  conductivity 

j2T-2 
J2T~2 

L~2T2 

Resistance  of  a  Conductor. . 

L-2T2 

LT'1 

Magnet  pole ) 

Quantity  of  Magnetism  ...\ 

Magnetic  potential 

Magnetic  Force    ) 

Strength  of  Field ) 



Number  of  Lines  of  Force.. 

Coefficient  of  Mutual  or  ) 

Self-induction } 

255.  In  the  above  table  we  see  that  the  ratio  of  the 
measures  of  each  magnitude  in  the  two  systems  depends 
on  XT'1,  a  quantity  of  the  dimensions  of  a  velocity.  This 
velocity  has  been  determined  by  experiment,  and  must  be  an 
absolute  quantity  independent  of  any  particular  system  of 
measurement.  We  will  denote  it  by  v,  which  may  be  as- 
sumed equal  to  300  million  metres  per  second  or  3'1010  cm. 
per  second.  From  the  preceding  table  we  clearly  have  for 
the  ratios  between  measures  in  the  two  systems 

Q     I      V     F 


Q-J-V-F 


=  v, 


C~ K~o~ p~ R 


v-. 


256.  If  the  suffix  0  denote  that  the  symbols  stand  for 
units  instead  of  measures,  we  shall  have  for  the  ratio  between 
the  units  themselves  by  Art.  248 

Qo     To     V0     F0     1 


Qo       /o 


V0     F0 
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and£  =  £°  =  £?  =  &  =  f!=i. 

(70       K0       Co       Po       Ro       V2 

257.  Practical  units  are  not  the  absolute  units  given 
above,  immediately  derived  from  the  C.G.s.  system  of 
measurement.  It  is  found  that  by  choosing  these  units,  all 
our  resistances  and  electromotive  forces  will  be  represented  by 
very  large  numbers,  and  all  our  quantities  and  capacities  by 
small  fractions.  The  units  of  length,  time,  and  mass  actually 
taken  are  these : 

For  length,  the  quadrantal  arc  of  the  earth  or  109  cm. 

For  time,  the  second  remains  the  unit. 

For  mass,  the  10-11  gm.  is  chosen. 

Referring  to  the  table  of  dimensions  given  above  we  see 
that  electromotive  force  (M?L%T~2)  becomes  multiplied  by 
10-"  .  10^  =  108.  The  volt  is  therefore  defined  as  108  abso- 
lute electromagnetic  units. 

Resistance,  whose  dimensions  are  LT~X  (the  same  as  those 
of  a  velocity),  becomes  multiplied  by  109.  The  ohm  is  defined 
as  the  resistance  which  is  represented  by  the  velocity  of 
109  cm.  per  second. 

Current  strength  whose  dimensions  are  M^L^T"1  is  mul- 
tiplied by  10-1.  The  ampere  or  current  strength  due  to 
E.M.F.  of  one  volt  acting  through  one  ohm  represents  10-1 
absolute  C.G.s.  units. 

Quantity,  whose  dimensions  are  L?M%,  is  multiplied  by 
10"1.  The  Coulomb  is  defined  as  representing  10_1  units  of 
quantity  and  is  the  quantity  of  electricity  which  flows  per 
second  in  a  current  of  one  ampere. 

Capacity,  whose  dimensions  are  Z-1  T2,  is  multiplied  by 
10-9.  The  farad,  which  is  the  unit  of  capacity,  will  therefore 
represent  10~9  absolute  C.G.s.  units  .of  the  electromagnetic 
system. 

The  absolute  unit  of  self-induction  has  for  its  dimension 
a  simple  length  and  the  absolute  unit  would  therefore  be  the 
self-induction  in  a  circuit  in  which  the  coefficient  is  1  cm. 
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The  dimensions  of  resistance  however  are  LT~X  and  the 
absolute  unit  would  be  the  resistance  represented  by  a  cm. 
per  sec.  The  ohm  however  is  represented  by  109  cm.  per 
sec,  and  it  is  found  convenient  to  use  as  practical  unit  of 
self-induction  that  which  is  represented  by  109  cm.  This 
unit  has  been  called  by  Prof.  Ayrton  the  secohm,  as  it  is 
clearly  equivalent  dimensionally  to  the  ohm  multiplied  by 
the  second,  and  it  contains  109  absolute  units  of  self-induc- 
tion. 

Thus  we  see  that  to  convert  into  absolute  electromag- 
netic units  of  the  c.G.s.  system, 

the  volt,  the  ohm,  the  ampere,  the  coulomb,  the  farad 
and  the  secohm  we  multiply  respectively  by 

io8,  io9,  in-1,  io-\  10-9,  10-9. 

We  now  see  that  the  Watt  which  represents  the  rate  of 
expenditure  of  energy  represented  by  one  ampere*  through 
one  volt  is  measured  by  IO-1  x  IO8  =  IO7  ergs  per  sec. ;  as  was 
assumed  in  Art.  80.  On  comparing  the  expression  for  the 
Horse  Power  in  ergs  per  sec.  (Art.  20)  we  see  that  746  Watts 
are  equal  to  one  Horse  Power. 

In  many  cases  very  large  multiples  and  submultiples  of 
these  units  occur,  and  it  is  then  convenient  to  use  the  prefix 
mega — or  megal — to  express  a  million  times  the  unit  and  the 
prefix  micro — to  express  a  millionth  part  of  the  unit.  Thus 
the  megohm  means  IO6  ohms  and  the  microvolt  means  IO-6 
of  a  volt. 


Examples  on  Chapter  IX. 

1.     Make   the    following   conversions   by  means  of  the 
formulae  given  in  this  chapter. 

(1)  Find  the  number  of  ergs  in  a  foot-poundal. 

Ans.     421383  nearly. 

(2)  Convert  the  acceleration  of  gravity  (32*2)  into  the 
C.G.S.  system.  Ans.     981  nearly. 
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(3)  The  units  of  time,  space,  and  mass,  being  changed 
from  a  second,  foot,  and  pound  to  a  minute,  yard,  and  cubic 
foot  of  mercury  (density  13);  find  the  ratio  of  the  new 
units  of  velocity,  force  and  work,  to  the  old  units  respectively. 

^65    65 
AnS'     20'  96' 32* 

2.  Show    that    in    electromagnetic    measure    the    di- 

c              ,    ,        ,-u              •         -u     magnet  pole 
mensions   or   current-strength   are  given   by   — y -^ . 

Hence  show  that  the  electromagnetic  attraction  between 
two  conductors  carrying  currents  will  be  of  the  same  di- 
mension as  the  product  of  the  current-strengths. 

3.  By  comparing  the  attraction  between  two  currents 
with  that  between  two  quantities  of  electricity  condensed  in 
points,  show  that  the  ratio  between  the  electromagnetic  and 
electrostatic  units  of  quantity  is  represented  by  a  velocity. 

4.  Show  also  that  a  current  in  electromagnetic  measure 
is  of  the  same  dimensions  as  magnetic  potential. 

5.  A  sphere  is  raised  to  a  given  potential  and  discharged 
through  a  wire,  the  sphere  contracting  during  the  discharge 
so  that  its  potential  remains  constant ;  show  that  the  rate  of 
contraction  of  the  sphere  will  be  equal  to  the  reciprocal  of 
the  resistance  of  the  wire  in  electrostatic  measure. 

6.  Show  that  the  heat  given  out  in  any  circuit  is  ex- 
pressed by  the  same  formula  whether  the  units  be  electro- 
static or  electromagnetic.  Find  also  the  formula  if  we  use 
practical  electromagnetic  units. 

7.  A  coil  whose  resistance  is  2  ohms  is  immersed  in  a 
kilogramme  of  water  and  a  current  of  3  amperes  passes 
through  it  for  a  minute.  Find  the  elevation  in  temperature 
of  the  water  (assuming  the  mechanical  equivalent  of  heat  to 
be  41560000  ergs  per  gm.-degree).  Ans.  J°  C.  nearly. 

8.  Find  the  radius  of  a  sphere  whose  electrical  capa- 
city is  one  farad.  Ans.    3  x  109cm. 

c.  E.  18 
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9.  The  electrostatic  capacity  per  nautical  mile  of  any 

•1  Q*7fQ 

gutta-percha  cable  is  found  to  be  n    farads,   and  the 

l°gd 
resistance  of  its  insulating  sheath  .  1015  ohms.     Calcu- 

late  the   time   of  falling   to    half  charge.      (Given    loge    2 
=  '6931471.)  Ans.    2  hrs.  46  min.  nearly. 

10.  The  resistance  of  gutta-percha  is  to  that  of  Hooper's 
material  as  1  to  16,  and  the  specific  inductive  capacity  as 
4-2  to  31.  Find  from  the  last  result  the  time  of  falling  to 
half  charge  in  a  condenser  of  Hooper's  material. 

Ans.    32  hrs.  48  min. 

11.  Two  plates  whose  areas  are  each  one  sq.  cm.  being 
placed  at  a  distance  of  2  mm.  apart  and  connected  with  the 
terminals  of  a  battery,  are  found  to  exert  on  each  other 
a  force  equal  to  01  gm.  Find  in  electrostatic  and  electromag- 
netic measure  the  electromotive  force  of  the  battery. 

Ans.    31  and  9'3  x  1010  nearly. 

12.  Show  that  the  electromotive  force  in  the  preceding 
question  is  nearly  equal  to  that  of  930  Daniell's  cells. 

13.  A  metre  is  defined  to  be  a  ten-millionth  part  of  the 
quadrantal  arc  of  the  earth,  express  in  absolute  electrostatic 
and  electromagnetic  units  the  capacity  of  the  earth. 

A         2  x  1Q9  2 

A7bS'         it    ":97rxl0»- 

14.  Find  an  expression  for  the  force  between  two  quan- 
tities of  electricity  q,  q'  expressed  in  electromagnetic  measure 
placed  D  cm.  apart,  where  v  =  3'1010  (Art.  255). 

Ans.  -  ^„ . 
v2  1)- 


CHAPTER  X. 

PROBLEMS   IN  MAGNETISM. 

258.  The  following  five  propositions  on  the  properties 
of  bodies  free  to  move  about  a  fixed  axis,  which  might  have 
been  placed  in  Chap.  I.,  will  be  found  of  service  in  this 
chapter,  when  treating  of  the  motion  of  suspended  magnets 
in  a  uniform  magnetic  field. 

259.  The  idea  we  have  here  to  introduce  is  that  of 
angular  motion,  which  can  be  understood  by  fixing  on  a  line 
in  the  body  perpendicular  to  its  axis  and  showing  the  angle 
traced  out  during  the  motion ;  the  rate  at  which  this  angle 
is  traced  out  being  the  angular  velocity. 

Def.  The  angular  velocity  of  a  rotating  body  is  the  angle 
traced  out  per  second  by  a  line  fixed  in  the  body  perpendicular 
to  the  axis  of  rotation. 

The  angular  velocity  like  ordinary  velocity  is  a  property 
of  the  body  at  a  particular  instant,  and  if  variable  must  be 
measured  by  the  angle  which  would  be  traced  out  per  second, 
supposing  the  angular  velocity  to  remain  constant. 

Prop.  I.  If  a  body  be  rotating  with  angular  velocity  <*  the 
velocity  of  a  particle  in  the  body  distant  r  from  the  axis  of 
rotation  is  r<o. 

For  each  particle  traces  out  a  circle,  and  if  0  be  the 
angle  traced  out  in  a  small  time  t,  the  angular  velocity  will 

be  - ;  or  6  =  cor.     The  length  of  the  arc  traced  out  by  the 

rO 
particle  is  rO,  and  the  velocity  of  the  particle  —  or  rco. 

18—2 
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260.  Prop.  II.  To  find  the  energy  of  a  body  rotating  with 
angular  velocity  w. 

The  energy  of  the  particle  whose  velocity  we  computed 
in  the  last  article  is  ^mv2  when  m  is  its  mass,  and  this  is 
equal  to  Jmr2©2.     Hence  the  energy  of  the  whole  body  is 

-~  .  Xmv. 

2rar2  depends  only  on  the  density  and  shape  of  the  body, 
and  may  be  computed  when  the  form  of  the  body  is  known. 
It  is  defined  to  be  the  moment  of  inertia,  and  may  be  denoted 
by  the  symbol  M.  The  energy  of  the  rotating  body  we  can 
then  write  \Mur. 

261.  Prop.  III.  To  find  the  angular  velocity  imparted  to  a 
body  by  a  couple  acting  for  a  given  time. 

Let  F  be  the  force  and  I  the  arm  of  the  couple.  The 
work  done  by  the  force  in  twisting  the  body  through  a  small 
angle  6  is  F  x  16. 

If  (ox  and  (o,  be  the  angular  velocities  at  the  beginning 
and  end  of  the  movement  the  energy  imparted  is 

PiXov-ov); 

.'.  \M  (av  -  *v)  =FxW=G  "^-^  r, 

supposing    G   the   moment  of  the  couple  and  t  the   time 
occupied  by  the  movement, 

.-.  M((o2-o)1)=  Gt. 
If  the  couple  remain  constant  for  any  finite  time  t  and  o> 
be  the  whole  angular  velocity  imparted 

Ma  =  Gt. 

262.  Prop.  IV.  To  find  the  elongation  of  swing  of  a  body 
acted  on  by  a  constant  force  in  a  given  direction  (e.g.  a  pendulum 
under  gravity). 

Let  AB  be  the  plumb-line  in  the  position  of  equilibrium, 
and  AG  the  limit  of  its  swing,  then  GAB  is  the  elongation 
required. 

If  B'  be  an  intermediate  position  the  work  spent  between 
B  and  B'  will  be  F.  BN  =  Fl  (1  -  cos  6)  =  G  (1  -  cos  6),  where 
B  =  BAB'  and  Fl=G. 
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Hence  if  a>0  be  the  angular  velocity  at  B  and  co  at  B'y 


\M(i 


>*)  =  G(1-CO80). 


If  GAB  =  a,  then  when  6  =  a,  a>  =  0  ; 

/.  iilfa>02  =  £(l-cosa)  =  2<3sin2|; 

•'    w»  =  2sm2Vl' 
which  gives  the  relation  required. 

263.  Prop.  V.  To  find  the  time  of  oscillation  about  the  posi- 
tion of  rest  of  the  body  in  the  preceding  article,  the  disturbing 
force  being  supposed  small. 

Let,  as  before,  AB  be  the  position  of  equilibrium,  AG 
and  AG'  the  extreme  elongations. 

For  the  angular  velocity  at  any  intermediate  position 
AP,  we  shall  have  by  the  preceding  Article 

JJfo)2  =  G  (cos  6  —  cos  a), 

where  0  =  PAB  and  a  =  GAB. 

If  the  disturbing  force  be  very  small  the  elongation  will 

62  a2 

also  be  small,  and  we  may  put  cos  6  =  1  —  ~  and  cos  a  =  1  —  -=- ; 

.\  ifo>2=6t(a2-6>2). 
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Set  off  the  double  elongation  GBG'  on  a  straight  line  so 
that  CC  =  2a,  and  BP  =  Z  BAP  and  BQ  =  Z  BAQ.     On  GC 


describe  a  semicircle  and  raise  perpendiculars,  PN,  QM,  and 
draw  MR  parallel  to  50.     Join  BM,  BN     Then 
if  g>2  =  G  (a2  -  02) 

=  G(£iVr2-£P2)=G.PiVr2; 

Hence  time  of  describing  the  arc  PQ 

I 

V  G'PN' 


PAQ  PQ  IM  PQ 


V  if 


Ptf 


But  by  similar  triangles  PQ  :  ifi\r ::  PJV :  BN, 

"  PN     BN     Zi^iV> 

I'M        A 
.-.  time  of  describing  PQ  =  J~.  MBN. 

Adding  all  the  successive  intervals  we  shall  have  the  time 

of  describing  BG  =  «  a  /  tt  • 

Hence  if  T  be  the  time  of  an  oscillation  from  rest  to  rest 
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Cor.  1.  We  see  from  the  result  that  the  time  of  oscil- 
lation is  independent  of  the  arc  of  vibration,  supposing  this 
arc  small.  The  vibrations  are  in  consequence  said  to  be 
isochronous. 

When  the  arc  of  vibration  is  not  very  small  the  formula 
will  not  be  rigorously  true.  We  can  easily  find  a  superior 
limit  to  the  error  committed  in  using  it. 

Continuing  the  series  for  cos  6  and  cos  a  one  term  further 
we  have 


If 
-gfr-»)  ft -«(«"•»> 


4 


-v^('-^- 


a?  A-  $2 
Hence  the  error  in  a>  cannot  exceed  — - —  of  the  whole,  and 

4 

2a2        r2 
this  is  certainly  less  than  -r—  or  —  of  the  whole,  or  the  error 
J  4        12 


a- 


in  the  time  of  an  oscillation  will  certainly  not  exceed  y~  of 
the  whole  time,  a  being  half  the  angle  of  swing. 

Cor.  2.     If  the  pendulum  consist  of  a  mass  m  suspended 

from  a  weightless  string  of  length  I,  under  gravity  M  —  mP 

'I 
and  G  =  mlg ;  hence  T  =  ir  .1  - . 

264.  We  now  append  some  important  applications  of 
the  preceding  theory. 

Prop.  VI.    To  find  the  force  acting  on  a  magnet  placed  in  a 
uniform  magnetic  field. 

At  a  great  distance  from  a  magnetic  system  we  may  for 
a  limited  space  consider  the  strength  of  the  magnetic  field 
to  be  uniform.  The  lines  of  force  will  then  be  a  system  of 
parallel  lines  uniformly  distributed  through  the  space.  This 
will  apply  for  instance  in  the  case  of  the  earth  throughout 
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an  ordinary  room  in  which  we  perform  our  experiments. 
The  direction  of  the  lines  of  force  are  then  shown  by  the 
dipping-needle,  and  the  thickness  of  their  distribution  by 
the  absolute  value  of  the  magnetic  intensity  at  the  place 
under  consideration. 

Let  now  the  lines  of  force  be  parallel  to  the  length  of 
the  paper,  and  let  their  direction  be  from  the  bottom  to  the 
top  of  the  page. 


Hm 


Hm 

Fig.  83. 

Let  AB  be  a  magnet  whose  north  pole  is  at  A  and 
south  pole  at  B,  and  let  the  strength  of  each  pole  be  m. 
Let  I  be  the  length  of  the  magnet,  and  6  its  inclination  to 
the  lines  of  force. 

Let  H  be  the  strength  of  the  field,  that  is  the  force  with 
which  a  unit  pole  would  be  urged  along  the  lines  of  force. 
Then  the  pole  A  will  be  subject  to  a  force  Hm  along  the 
lines  of  force,  and  B  will  be  subject  to  an  equal  and  opposite 
force  —  Hm  along  the  lines  of  force. 

These  two  forces  constitute  a  couple  (Art.  22),  and  the 
moment  of  the  couple  is  Hm  .  DE. 

But  DE=  I  sin  6. 

Hence  the  force  on  the  magnet  will  be  a  couple  whose 
moment  is 

Hml  sin  6. 

Cor.  1.  If  the  magnet  be  placed  perpendicular  to  the 
lines  of  force,  the  moment  of  the  forces  acting  on  it  becomes 
Hml  or  the  magnetic  moment  multiplied  by  the  strength  of 
the  field  (Art.  207). 
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Cor.  2.  If  the  magnet  be  composed  of  several  magnets 
with  their  axes  all  in  the  same  direction,  the  moment  of  the 
couple  on  the  compound  magnet  will  clearly  be  H  sin  6 .  %ml 
when  1ml  is  the  sum  of  the  moments  of  the  elementary 
magnets,  and  may  therefore  be  termed  the  moment  of  the 
compound  magnet.  This  has  already  been  assumed  in 
(Art.  207)  defining  magnetic  moment. 

265.    Prop.  VII.    To  calculate  the  swing  of  a  magnet  placed  in 
a  magnetic  field  and  making  oscillations  about  its  position  of  rest. 

The  calculation  of  the  preceding  articles  applies,  and  if 
G  be  the  magnetic  moment,  M  the  moment  of  inertia,  co  the 
angular  velocity  in  the  position  of  rest,  a  the  greatest  elon- 
gation, and  H  the  strength  of  the  field,  then  (Art.  262) 

Mco*  =  2HG  (1  -  cos  a), 
~GH 


Iv ' 


or         g)  =  2  sin  _ 

2  V    M 

266.  Prop.  VIII.  To  find  in  absolute  measure  the  magnetic 
moment  of  a  given  bar-magnet  uniformly  magnetized. 

If  G  be  the  magnetic  moment  of  the  magnet,  and  H  the 
horizontal  component  of  the  earth's  magnetism,  two  observa- 
tions are  made,  one  of  which  gives  the  product  HG,  and  the 

Jjr 

other  the  quotient  -~  from  which  G  can  be  at  once  found. 

First.  To  find  the  product  HG.  Let  the  magnet  be 
suspended  so  as  to  swing  freely  in  a  horizontal  plane,  and  let 
its  time  of  oscillation  be  carefully  observed.  Then  applying 
the  formula  of  Art.  263,  we  have 

HGT*  =  7T*M (1), 

where  T  is  the  observed  time  of  oscillation  in  seconds,  and  M 
the  moment  of  inertia  of  the  magnet  about  its  axis  of 
suspension. 

Secondly.  By  using  the  oscillation  magnet  of  the  last 
experiment  and  placing  its  axis  East  or  West  of  a  short 

C 
suspended  magnet  we  are  enabled  to  obtain  the  ratio  jy- 
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Let  a  pole  of  the  magnet  of  the  last  article  of  strength  m 
be  placed  at  A  and  let  BG  be  another  magnet  disturbed  by 
it  from  MM  the  plane  of  the  meridian.  Let  the  strength  of 
the  poles  of  BG  be  each  m',  its  length  2c,  the  distance  of  its 
middle  point  from  A,  d,  and  the  distances  AB,  AC  of  the 
poles  rx  and  r2. 


mm 


The  force  due  to  the  pole  acting  on  B  will  be     —    along 


mm 


BA  :  the  forces  on  G  will  be  — —  along  A  G. 


mm 


The  force — -  in  AB  can  be  resolved  into  (Art.  17) 

mm    d  .,  ,  ,      .  n  ,  ?rcm'    c     ,  n 

— -  .  -  parallel  to  At),     and  — -  .  -  along  BO. 
r  2     r   r  r  2     r  o 


Fig.  84. 


mm 
The  force  — -  in  J.  (7  can  be  resolved  into 
r£ 

mm!    d  „  ,  ,      ,  ^  ,  mm7   c     ,         ~~ 

— — .  -  parallel  to  AG,     and  — — .  -  along  GO. 

7*2  ^2  ^2  ^2 

The    moment    of  this   system    of   forces   about    0,    the 
suspension  of  the  magnet  BG 

~  fdmmf      dmm'\ 

=  c  cos  b  [  — -  -  -1 — 


\     ri  i  2        / 

dcmm'  cos  8  [  —  H — = J . 
Vn3     r2V 
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Now  rx2  5=  c2  +  d2  —  2cd  sin  8 

2c  sin  8      c* 


=  #  (l  - 


d      +d 


If  we  neglect  all  powers  of  -?  above  the  first,  assuming  the 

magnet  BG  to  be  very  short  compared  with  A  0,  the  distance 
of  the  deflecting  pole 

and  similarly  r2~3  =  d3  ( 1  —  — ^ —  j ; 

1     1=1 

•    ^3  rZ  ^3' 

„  „  ^  2c7iim'  cos  S 

Hence  the  moment       = To . 

d- 

If  the  other  pole  of  the  deflecting  magnet  be  at  distance 
e — remembering  that  it  is  of  opposite  sign — it  will  give  the 
moment 

2cmm  cos  8 

e2  ' 

.*.  Total  moment  due  to  deflecting  magnet 

=  2cmm  cos  8  I  -^ 


U     eV ' 


This  in  the  position  of  equilibrium  will  be  equal  to  the 
moment  of  the  earth's  field  on  the  magnet  which  is  repre- 
sented by  Hm!  at  B  and  G  parallel  to  MM ; 

.*.  2cmm'  cos  81-^  — „ )  =  2Hmc  sin  8, 


U     e2)  ~ 


'''m{d2~e2)  =  Ht*nB} 
m(e-d)(e  +  d)  =  Ht^ 
d2e2 

or  \,  „    7  =  H  tan  6. 

d2e2 
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Since  m  (d  -  e)  =  G, 

.    #       d2e2           J, 
.'.  -^  =  — — 5.  tano (2). 

Combining  equations  (1)  and  (2)  we  get  the  magnetic 
moment  of  the  magnet  and  H  the  horizontal  component  of 
the  earth's  magnetism  both  in  absolute  measure.  This 
method  is  due  to  the  mathematician  Gauss,  and  has  the 
advantage  of  giving  a  result  for  H  independent  of  the 
magnets  employed ;  without  which  observations  separated 
by  a  considerable  interval  are  not  comparable,  since  the 
magnetism  of  a  magnet  is  generally  undergoing  slow  altera- 
tion. 

267.    Prop.  IX.    To  find  the  strength  of  field  at  any  point  due 
to  a  uniformly  magnetized  sphere. 

We  represent  the  distribution  of  magnetism  (Art.  211) 
by  two  equal  nearly  coincident  spheres,  one  of  positive  and 
the  other  of  negative  matter  of  density,  p,  having  the  line 
GG'  joining  their  centres  in  the  direction  of  magnetization, 
and  such  that  p .  GC'  =  p,  the  intensity  of  magnetization.  The 
density  of  free  magnetism  will  be  given  by  p  cos  0,  where  6 
is  the  angle  between  the  normal  to  the  sphere  and  the  direc- 
tion of  magnetization. 

First,  to  find  the  strength  of  field  at  an  external  point  P. 

We  see  that  the  forces  on  a  unit  pole  at  P  will  be  the  same 

as  if  all  the  positive  sphere  were  collected  in  G,  and  all  the 

a3 
negative  sphere  in  C,  the  forces  will  therefore  be  ^irp-^^ 


Fig.  85. 
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a3 
repulsive  along  GP}  and  %irp  jrrp2  attractive  and  along  G'P, 

a  being  the  radius. 

We  will  resolve  these  forces  along  and  perpendicular  to 
CP,  calling  the  angles  CP,  G'P  make  with  CC  produced,  6,  6'. 
Then  the  component  along  OP  outwards 

(   1        cos(0'-0)l  /1X 

=  J^M_ -v_  'j (1), 

and  the  component  perpendicular  to  CP  increasing  6 
.        3   sin(<9'-0) 

Remembering  that  6—6  is  a  small  angle,  the  component 
along  CP  =  f  77-pa3  (^2  -  -^pj 

_4       3   CP--CP* 

GP  —  G'P 
=  ~  l^pa3  •  — Qpi —  vei7  nearly. 

But  if  G'N  be  perpendicular  to  GP, 

GP-G'P  =  CF=GG'  cos  6; 

a3 
.'.  force  along  CP  —  —  ^irpCG'  .  -p^  cos  6 

a3 
=  - 1 "7*  0p3  cos  0, 

and  force  perpendicular  to  CP 

6' -6 
■pa* 


—      ^irp^    Qp2 


4  3     ^ 


=  -iirp.CC'£-D-Bm0 

\JJL 

=  ~  frfi  ^  .  sin  6. 
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If  (f)  be  the  angle  the  line  of  force  makes  with  CP 
tan  </>  =  J  tan  6  ; 
and  the  strength  of  field  at  P  will  be  given  by 
a3 

^irfl  cp3  ^ cos2  e  +  sin2  e- 

Secondly,  let  P  be  internal.  The  force  due  to  all  of  the 
sphere  outside  the  given  point  vanishes  (Art.  32),  and  force 
at  P  due  to  sphere  of  radius  CP  is  ^irpGP. 

Hence  there  will  be  a  repulsive  force  ±irpCP  along  CP, 
and  an  attractive  force  ^pC'P  along  PC. 

Hence  by  a  triangle  of  forces  the  resultant  will  equal 
^irpCC  in  direction  CC,  or  the  force  will  everywhere  be 
constant  and  equal  to  f  7r//.. 


Fig.  86. 

Cor.  If  there  be  a  spherical  cavity  within  the  magnet, 
the  principle  of  displacement  of  +  and  —  fluids  shows  that 
the  distributions  over  the  internal  and  external  surface  will 
be  according  to  the  same  law,  but  of  opposite  signs.  Their 
total  effect  on  any  internal  point  will  therefore  be  nil,  or  the 
force  at  every  point  within  the  cavity  vanishes. 

268.  Prop.  X.  A  sphere  of  perfect  magnetic  susceptibility- 
placed  in  a  uniform  magnetic  field  will  be  uniformly  magnetized. 

By  perfect  susceptibility  is  meant  a  total  absence  of 
coercive  force,  so  that  any  element  at  once  takes  up  the 
magnetism  due  to  the  total  force  acting  on  it. 

If  H  be  the  strength  of  field  and  k  the  coefficient  of 
magnetization,  let  Hk  =  pu.     Suppose  a  sphere  rigidly  mag- 
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netized  with  intensity  /z,  placed  with  its  lines  of  magnetiza- 
tion along  the  lines  of  force  in  the  field.  Make  a  small 
spherical  cavity  in  this  sphere.  The  force  within  it  will  be 
simply  the  force  due  to  the  external  field.  Fill  the  cavity 
with  magnetic  but  unmagnetized  matter,  it  will  become  mag- 
netized to  intensity  Hk  or  fx,  and  will  not  be  distinguishable 
from  a  portion  of  the  original  magnet.  Make  another  spheri- 
cal hollow,  and  go  on  repeating  the  whole  process  till  as  large 
a  fraction  as  you  please  of  the  original  magnet  has  been  re- 
placed by  magnetic  matter  uniformly  magnetized  under  the 
induction  of  the  field. 

269.  The  following  perfectly  general  proposition  in  every 
field  of  force  is  placed  here  on  account  of  its  application  to  the 
magnetic  problem  which  follows. 

Prop.  XI.  In  any  field  of  force  the  strength  increases  from 
any  point  towards  the  centre  of  curvature  of  the  line  of  force, 
through  the  point,  and  the  rate  of  increase  is  measured  by  the 
product  of  the  strength  into  the  curvature  of  the  line  of  force. 

Let  AB,  CD  be  any  two  consecutive  lines  of  force,  we  will 
assume  in  the  plane  of  the  paper,  and 
let  A  C,  BD  be  the  lines  in  which  the 
planes  are  cut  by  two  equipotential 
surfaces.  AC,  BD  will  cut  AB,  CD 
at  right  angles,  and  if  produced  will 
intersect  in  0,  the  centre  of  curva- 
ture of  the  line  of  force. 

If  F  be  the  strength  of  field  be- 
tween A  and  B,  and  F'  that  between 
G  and  D,  the  difference  of  potential 
between  AB  and  CD  will 

=  FxAB  =  F,xCD. 

But  since  A  B  is  greater  than  CD,  F'  is  greater  than  F. 

F_AB_AO     ^ 

F~CD~  CO' 


Again 


F'-F  _AC 

F      " GO' 


or 


F'-F 
AC 


Z. 

CO' 
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Here,  the  left-hand  side  is  the  rate  of  change  of  F  between  A 
and  C,  and  the  right-hand  side  the  product  of  F  and  ^- ,  GO 

being  the  radius  of  curvature,  and  j^  therefore  the  measure 
of  curvature. 

270.  Prop.  XII.  The  resultant  force  on  a  small  permanent 
magnet  or  small  particle  of  magnetic  matter  placed  along  the 
lines  of  force  in  a  magnetic  field  will  be  towards  the  strongest 
part  of  the  field,  and  will  be  proportional  to  the  rate  of  change 
of  the  strength  in  that  direction. 

Let  NS  be  the  magnet  lying  along  a  line  of  force,  the 
positive  direction  of  the  line  being  from  S  to  JV. 


Fig.  88. 

The  forces  acting  on  the  magnet  will  be  mP,  mP'  along 
tangents  TN,  TS  drawn  to  the  line  of  force  at  N,  S.  P,  F 
being  the  strength  of  field  at  N,  S  and  m  the  strength  of  the 
poles  N,  S. 

If  6  be  the  angle  subtended  at  the  centre  of  curvature  by 
the  arc  NS,  the  angles  TNS,  TSN  will  each  equal  ^ ,  and 
p  .  0  =  fifS,  where  p  is  the  radius  of  curvature. 

Then  resolving  along  NS  we  have 

mJr  cos  =  —  mr  cos  ■= 

=  m  (F-P)  =  m.NS.r~^P. 

F  -  P 

But  m .  NS  is  the  magnetic  moment,  and  — ™—  the  rate 

of  change  of  strength  along  the  line  of  force. 


PROBLEMS    IN   MAGNETISM.  289 

The  component  towards  the  centre  of  curvature  is 

mP'  sin  -  +  mP  sin  ■= 

6  P  +  P' 

=  m.(P'  +  P).l  =  m.NS/-^-. 

P  +  P' . 
Here  -  is  the  average  force  between  N  and  S,  and  there- 

P  +  P' . 
fore  (Art.  269)  — ~- —  is  the  rate  of  change  of  strength  of 
Zp 

field  towards  the  centre  of  curvature. 

Hence  the  components  along  and  perpendicular  to  the 
line  of  force  are  each  found  by  multiplying  the  magnetic 
moment  by  the  rate  of  change  of  the  strength  in  these  respec- 
tive directions. 

It  follows  that  the  resultant  force  will  be  towards  the 
strongest  part  of  the  field  and  will  equal  the  magnetic 
moment  multiplied  by  the  rate  of  change  of  the  strength  in 
that  direction. 

Cor.  1.  If  the  small  magnet  be  placed  in  a  reversed 
position,  the  positive  direction  of  the  lines  of  force  being 
from  N  to  S,  the  resultant  force  will  have  the  same  magnitude 
as  before,  but  will  be  from  the  stronger  to  the  weaker  part  of 
the  field. 

Cor.  2.  If  a  small  sphere  of  unmagnetized  matter  be 
placed  in  the  field  it  will  be  magnetized  along  the  lines  of  force, 
and  the  magnetic  moment  of  the  induced  magnetism  will  be 
FkV  where  F  is  strength  of  field,  k  the  coefficient  of  mag- 
netization, and  V  the  volume.  Hence  if  F,  F'  be  the 
strength  of  field  at  two  points  distant  a  apart,  the  average 

F+F' 
magnetic  moment  between  these  points  is  kV . — ~ — ,  and, 

the  resultant  force  on  the  sphere  in  the  direction  of  a,  which 

,                „  .    j^F  +  F'F-F     ,jr17F*-F* 
is  assumed  very  small,  is  k  V .  — ■= —  . =  \KV . 

z  cv  ct 

Cor.  3.  The  sphere  of  magnetic  matter  of  the  last  article 
will  be  in  equilibrium  for  movement  in  a  given  direction  when. 

C.  E.  19 
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the  rate  of  variation  of  F2  vanishes,  that  is  when  F2  is  a 
maximum  or  a  minimum.  The  equilibrium  will  be  stable 
if  F2  is  a  maximum,  that  is  at  the  strongest  part  of  the 
field,  and  unstable  if  F2  is  a  minimum,  that  is  at  the 
weakest  part  of  the  field.  We  have  already  seen  that  F2 
cannot  be  a  maximum  in  free  space,  but  only  along  a  certain 
line  on  which  the  magnetized  particle  is  constrained  to  move. 

Cor.  4.  Since  a  piece  of  diamagnetic  substance  behaves 
like  a  steel  magnet  whose  poles  are  reversed  along  the  lines 
of  force,  if  a  small  diamagnetic  sphere  be  placed  in  a  field 

of  force,  it  will   be  urged  by  the  force  ^kV ,  but 

from  the  strongest  towards  the  weakest  part  of  the  field. 
This  amounts  to  saying  that  the  above  formula  is  true  always 
if  for  diamagnetic  substances  k  be  negative,  a  law  we  have 
already  noticed. 

Cor.  5.  The  force  between  two  diamagnetic  masses  or 
between  different  parts  of  the  same  diamagnetic  are  so  weak 
that  our  means  of  experiment  fail  to  detect  them,  and  we 
may  assume  that  every  diamagnetic  body  is  subject  to  forces 
which  are  the  resultant  of  the  forces  which  act  on  each  ele- 
ment taken  separately. 

Cor.  6.  The  behaviour  of  a  diamagnetic  in  a  magnetic 
field  can  generally  be  explained  by  the  tendency  of  each 
element  of  its  mass  from  places  of  strong  to  places  of  weak 
magnetic  force.  A  bar  of  bismuth  for  instance  would  if 
undisturbed  set  along  the  line  of  force  in  a  uniform  field, 
but  sets  across  them  in  the  field  of  a  strong  electromagnet, 
where  the  strength  falls  off  very  rapidly  as  we  recede  across 
the  field  from  the  line  joining  the  poles. 

271.  Prop.  XIII.  To  find  magnetic  elements  of  a  plane  or 
helical  voltaic  circuit. 

Let  us  consider  first  one  turn  of  the  circuit  and  let  p  be 
the  density  of  the  equivalent  magnetic  shell  and  d  its 
thickness. 

Then  i  =  pd  by  definition  of  the  absolute  electromagnetic 

•7 

units  and  therefore  p  =  -? . 
r     d 
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Whether  there  be  one    turn  or  many  -,  will  represent 

the  number  of  turns  in  unit  length  of  the  helix,  and  if  we 
call  this  n 

p  =  ni. 

Next,  if  the  length  of  the  helix  be  I,  In  =  S  where  S  is 

Si 
the  total  number  of  turns  of  wire  and  we  get  p  =  -=-  . 

If  A  be  the  area  of  each  turn,  or  the  average  area  of  the 
turns,  if  not  all  equal,  the  total  quantity  of  magnetism  on 

either  end  of  the  equivalent  magnet  is  Ap  =  — =-  . 

Since  every  unit  of  magnetism  has  4*7r  lines  of  force  the 

total  magnetic  flux  or  number  of  lines  of  force  embraced  by 

.  .x       .     A  Si 

the  circuit  =  4tt  — j-  . 

Thus  we  find  for  the  strength  of  field  anywhere  within 
the  helix,  or  the  number  of  lines  of  force  per  unit  area, 

„     4nrSi      . 

H  =  — j —  =  4<7rni. 

The  magnetic  moment  of  the  helix  is  given  by 

Ap  x  I  =  A  Si. 

Cor.  1.  A  wire  in  the  form  of  a  helix  traversed  by  a 
voltaic  current  may  in  all  cases  be  substituted  for  a  bar 
magnet,  and  as  far  as  actions  in  the  external  magnetic  field 
are  concerned  they  will  be  identical. 

The  law  of  direction  is  seen  at  once  if  we  remember  that 
lines  of  force  enter  a  magnet  by  its  south  pole,  and  leave 


Fig.  89. 
it  by  its  north  pole. 

19—2 


292  PROBLEMS   IN   MAGNETISM. 

Cor.  2.  The  result  of  the  preceding  Corollary  may 
be  used  to  determine  a  current  in  absolute  electromagnetic 
measure. 

For  let  a  helix  such  as  that  considered  be  suspended 
by  a  bifllar  arrangement  perpendicular  to  the  plane  of  the 
meridian,  and  let  a  current  be  transmitted  through  it  by 
means  of  the  wires  of  suspension ;  then  if  the  Earth's  force 
deflect  it  through  an  angle  </>,  the  couple  upon  it  will  be 

HA  'i  cos  cj), 

where  H  is  the  horizontal  component  of  the  Earth's  magnetic 
force. 

This  must  be  balanced  by  the  force  of  torsion  in  the 
suspending  wires.  If  D  be  the  coefficient  of  torsion  this 
is  measured  by  D  sin  <f> ; 

.' .  HA'i  cos  cf>  =  D  sin  <f> ; 

.-.  ^j^tan^. 

Let  the  current  at  the  same  time  be  passed  through  a 
tangent  galvanometer  in  which  there  is  a  deflection  </>'. 
Then,  anticipating  Art.  278, 

i  =  —  tan  (p  . 
Multiplying,  we  have 

i2  =    .  —  tan  <f> .  tan  cf>' ; 


.-.  i  =  \J ^T  tan  c/> .  tan  </>' 


which  gives  the  current-strength  in  absolute  measure. 
Eliminating  it  we  have 


/YD 

H  =  fj  -r,  tan  (f> .  cot  (/> , 


another  method  of  finding  in*  absolute  measure  the  Earth's 
Horizontal  Force. 
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272.  Prop.  XIV.  To  investigate  the  properties  of  the  electro- 
magnetic field  near  a  straight  wire  of  infinite  length  carrying  a 
current. 

We  may  regard  the  infinite  wire  as  part  of  a  circuit,  the 
rest  of  the  circuit  lying  in  a  plane  which  we  will  assume 
perpendicular  to  the  plane  of  the  paper,  as  also  the  con- 
ductor under  consideration  which  forms  one  edge  of  the  circuit. 

Let  0  be  a  section  of  the  conductor,  OA'  the  plane  of 
the  circuit,  and  P  the  given  point. 


The  circuit  being  of  infinite  extent  above  and  below  the 
paper  and  to  the  left  of  0,  will  now  subtend  a  solid  angle 
at  P,  which  has  for  its  boundary  a  plane  passing  through  the 
conductor  (whose  projection  is  PO)  and  a  plane  passing 
through  the  opposite  part  of  the  circuit.  This  part  is  parallel 
to  the  given  conductor  and  at  an  infinite  distance, and  the  plane 
passing  through  it  will  be  parallel  to  the  plane  of  the  circuit 
and  will  have  for  its  projection  PX,  which  is  parallel  to  OA' . 

The  solid  angle  bounded  by  the  two  planes  PO,  PX  will 
be  a  lune  of  the  unit  sphere,  and  its  area  will  clearly  be 

A 
circular  measure  of  OPX  „     . 

s x  area  of  sphere 

Lit 

=  ~  x4tt  =  2<9, 

where  0  =  /.POA. 

Hence  the  potential  at  P  is  20i. 

This  expression  shows  that  for  all  points  on  the  plane 
OP  the  potential  is  the  same.  Hence  the  equipotential  sur- 
faces are  a  system  of  planes  intersecting  in  the  conductor, 
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and  the  lines  of  force  are  consequently  a  system  of  circles  in 
planes  parallel  to  the  paper  having  0  for  their  centre. 

We  must  also  remember  that  each  of  these  surfaces  has 
not  a  definite  jDotential  20i,  but  its  general  potential  will  be 

(±4wr  +  20)£ 

To  find  the  strength  of  the  field  or  the  magnetic  force 
at  P,  we  must  find  the  rate  of  change  of  potential  along  a 
line  of  force.  If  PQ  be  an  arc  of  a  circle  whose  centre  is  0, 
it  will  be  an  arc  of  the  line  of  force  through  P.  If  H  be 
strength  of  field, 

„.     Potential  at  Q  —  Potential  at  P 

H=~  PQ 

A 
2P0Qi      2%       .        no      A 
=  —pjT-  ==  OP '  smce        ' P0®  =    ®' 

This  gives  us  the  strength  of  the  field  at  every  point 
round  the  conductor ;  the  direction  of  the  force  being  always 
perpendicular  to  a  plane  containing  the  conductor  and  the 
magnet  pole. 

Cor.  1.  To  find  the  attraction  between  the  infinite 
conductor  of  this  problem  and  another  of  finite  length  placed 
parallel  to  it  and  carrying  a  current. 

Let  0'  be  the  trace  on  the  paper  of  the  second  conductor 
of  length  I  which  will  also  be  perpendicular  to  the  paper,  and 
let  it  carry  a  current  %', 

If  the  conductor  be  moved  parallel 

to  itself  to  0",  the  increase  in  the  lines 

of  force  enclosed  will  be  H  x  I  x  O'O", 

when  H  is  the  strength  of  the  field.      ^ j 

2i 
Here  H  =  ^y ;  Fig.  91. 

.*.  the  work  done  in  the  movement  from  0"  to  0'  (Art.  233) 
_2il.0'0"  .,_2Ui' 
~      00'     l~00"UU  ' 
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But  this  equals  F.0'0"  where  F  is  the  attraction  between 

2lii' 
the  two  conductors  ;  and  therefore  F  =  -j^tt,  • 

Cor.  2.  The  induced  current  in  the  second  conductor 
owing  to  moving  it  parallel  to  itself,  assuming  that  in  the 
primary  unaltered  by  the  movement,  is  (Art.  244) 

i^mo'O"      2ii<,    /     o'0"\ 

-3fs  (log  00"  -log  00'\ 

R  being  the  resistance  in  the  circuit. 

Hence  during  any  finite  movement,  as  from  Ox  to  02, 

rn         21%,      00, 
W  =  -^log0-0i. 

273.    Prop.  XV.    To  investigate  the  magnetic  field  along  the 
axis  of  a  circular  voltaic  circuit. 

Let  0  be  a  point  on  the  axis  and  GA  the  plane  of  the 
circuit. 

To  find  the  potential  at  0  we  have  only  to  compute  the 
solid  angle  subtended  by  the  circuit 
at  0.     This  will  be  the  solid  vertical 
angle  of  a  right  cone  whose  base  is 
the  circuit. 

It  is  easy  to  see  that  the  area  of 
the  unit  sphere  cut  off  by  this  cone  is 

2tt  (1  -  cos  6)  where  6  =  GO  A .  Fig-  92' 

The  potential  at  0  is  consequently  2iri  (1  —  cos  6). 
If  the  point  be  off  the  axis  the  cone  becomes  oblique,  and 
there  .is  no  means  of  estimating  its  solid  angle  exactly. 

To  find  the  strength  of  the  field  at  0  we  must  com- 
pute the  rate  of  change  of  potential  in  the  direction  00'. 
This  will  be 

27n  (cos  6  —  cos  6') 
~7KT~      "  ' 
where  GO' A  =  6'. 
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To  exhibit  this  geometrically,  draw  OC'  parallel  to  O'G 
and  describe  a  circular  arc  GC.  Draw  CA,  G'A'  perpen- 
dicular to  OA,  CE  perpendicular  to  C'A\  and  O'D  perpen- 
dicular to  OC'. 


Ar  A 


Fig.  93. 


Then  cos  6  —  cos  &  = 


OA 


OA' 

OC 


OA  -  OA' 


AA' 

00 


00      00'  00 

=  CE=GE    CD  00' 
0C~  CC  00''  OC 

remembering  that  CO'  is  approximately  parallel  to  O'D 

GE  _AG^      A  O'D  _  G'A' 
'  00' 

1 


But  by  similar  triangles 


GG' 


AG  07) 

O'G  00' 


Hence 


2iri  (cos  6  -  cos  6')     a    .AG  A'C' 

_____ =  2m  m.  m  %m%   which 


when  0,  0'  are  very  near  becomes  — nf%     the  strength  of  the 
magnetic  field  at  0. 

Cor.  1.  The  potential  at  the  centre  is  2iri,  and  the 
strength  of  field  there  is  -j-~  . 

Cor.  2.  If  the  wire  be  wound  n  times  round  the  circle 
we  consider  separately  the  strength  of  field  due  to  each  coil 
and  add  them.  The  result  will  be  that  the  potential  and 
strength  of  field  are  each  multiplied  by  n. 
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274.  Prop.  XVI.  To  investigate  the  Magnetic  Flux  in  an 
electromagnet,  consisting  of  a  cylindrical  core  of  iron  surrounded 
by  a  wire  helix  carrying  a  current. 

We  have  seen  (Art.  271)  that  the  strength  of  field 
within  a  helix  carrying  a  current  is  given  by 

and  if  we  substitute  iron  whose  permeability  is  fju  for  air  we 
have  (Art.  274) 

We  must  remember  however  that  to  be  strictly  comparable 
we  must  substitute  iron  for  air  both  inside  and  outside  the 
helix.  This  equation  will  however  be  true  for  an  electro- 
magnet with  a  massive  iron  armature  connecting  its  poles : 
In  this  case  the  total  Magnetic  Flux  is  given  by 

.  n      .         ASi 

AB  =  ^TTfJL  .  —j- 

Si 

=  47T      — — 

I  A 

p'  A 

or  if  i  is  to  be  measured  in  amperes  we  must  divide  by  10 
and  get  for  the  flux 

,£     4tt     Si 

/J,  A 

In  this  expression  the  numerator  Si  depends  entirely 
on  the  number  of  magnetizing  coils  and  the  current  strength 
and   may  be   called   the   number  of  ampere   turns.     This, 

multiplied  by  — ,  represents  the  power  the  current  in  the 

circuit  possesses  of  forcing  lines  of  .magnetic  force  through 
its  area,  and  is  hence  called  the  magnetomotive  force  from 
the  analogy  of  the  electromotive  force  in  current  electricity. 

The  expression  -  —r  depends  on  the  geometry  and  material 

LL  A 
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of  the  magnetic  circuit  and  is  of  the  same  form  as  the 
resistance  to  an  electric  current  of  a  conductor  of  specific  con- 
ductivity fM,  length  I  and  cross-section  A.  It  is  hence  called  the 
magnetic  resistance  or  reluctance  of  the  magnetic  circuit. 

The  equation  written  above  is  then  identical  in  form 
with  Ohm's  formula  for  electric  conduction. 

In  both  cases  if  all  the  circuit,  except  the  portion  defined 
above  by  the  symbols  /jl,1,A,  were  of  very  large  sectional  area 
and  of  high  conductivity  or  permeability,  the  resistance  or 
reluctance  of  the  whole  circuit  is  expressed  by  the  term 

1  I 

fA  A  ' 

Experiment  shows  that  a  very  narrow  space  filled  with 
air  or  other  non-magnetic  material  makes  a  great  difference 
in  the  reluctance  of  the  circuit  and  a  proportional  diminution 
of  the  flux.  Thus  it  becomes  necessary  to  compute  the 
reluctance  of  a  magnetic  circuit  by  estimating  the  length 
and  section  in  each  separate  material  traversed  by  the  lines 
of  force. 

Thus  we  have  a  general  expression  for  the  magnetic  liux 
_  47r Si 

=  roi^+14+i4  +  &c/ 

/*!  Ax      fi2  A.2      fM3  A3 

where  the  successive  terms  in  the  denominator  represent  the 
reluctance  computed  for  each  portion  of  a  magnetic  circuit. 
If  one  term  belongs  to  air  or  to  any  non-magnetic  substance, 
while  the  rest  refer  to  varieties  of  iron  fju  becomes  in  that 
term  unity  and  in  all  the  others  a  very  large  number,  and 

the  one  term  -r  though  I  is  very  moderate  and  A  a  large 
A 

area  may  largely  exceed  the  sum  of  all  the  other  terms  put 

together. 

To  produce  therefore  in  practice  a  large  magnetic  flux 

we  must  make  a  magnetic  circuit  of  pieces  of  iron  of  large 

section  accurately  fitted  without  air  spaces  at  joints,  while 

all  air  spaces  which  are  absolutely  necessary  must  be  made 

of  as  large  section  and  as  thin  as  possible. 
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These  principles  are  illustrated  in  the  study  of  the  form 
taken  by  the  field  magnets  in  modern  dynamos. 

Cor.  We  can  easily  compute  the  portative  power  of  a 
magnet  in  which  the  magnetic  flux  is  known. 

Let  B  be  the  magnetic  flux  per  unit  area  and  A  the 
area  of  the  common  surface  of  the  armature  and  magnet 
(B  must  of  course  be  computed  when  the  armature  is  in 
position). 

The  density  of  the  magnetism  on  the  opposed  surfaces 

of  magnet  and  armature  is  +  —  and  the  quantity  of  mag- 

AB 
netism  on  either  is  +  -r —  .    Again  the  strength  of  field  close 

to  a  distribution  of  attracting  matter  of  density  p  is  2irp 

(Art.  36),  and   this   becomes  -^    for  the   attraction  of  the 

magnet  for  each  unit  of  magnetism  close  to  its  surface. 

Hence  the  attraction  exerted  on  the  armature  itself  is  -^ 

for  each  unit    of  magnetism    on   the  armature.     Thus  the 
total  pull  on  the  armature  is 


B     AB  =  AB* 

2  X  4tt  "  8tt  * 

275.    Prop.  XVII.    To  find  the  coefficient  of  self-induction  for 
a  coil  and  of  mutual  induction  for  two  coaxial  coils. 

We  have  seen  that  the  number  of  lines  of  force  embraced 
by  a  circuit  in  the  form  of  a  coil  carrying  a  current  i  is 

4mASi 
I       ' 
If  there  be  but  a  single  turn  of  wire,  the  magnetic  flux 
becomes 

4rrrAi 
~T~ '     - 
Making  *=1, 

we  get  (Art.  239)  Z  =  ^. 
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The  intrinsic  energy  of  the  circuit  =  ^Li\ 
If  there  be  S  turns  each  carrying  a  current  i  the  intrinsic 
energy 

=  hL.(Sif 

Hence  putting  i  =  1,  the  coefficient  of  self-induction 

IttAS* 


L  = 


I 


This  of  course  gives  the  self-induction  in  absolute  measure 
and  to  reduce  it  to  secohms  we  must  divide  by  109  (Art.  257). 
Let  us  next  consider  the  two  coaxial  cylinders  A  and  B. 
Let  A,  S,  I  represent  the 
constants  for  the  coil  A 
and  B,  S',  I'  the  correspond- 
ing: constants  for  B.     Let     \J 

•  °     n  i.-  I--     ■ J   -V 


0  B> 


also  the  currents  be  i  and  i .  Fig   94 

The  total  flux  through  B 

_  inrBS'i' 
V      ' 
The  number  of  lines  enclosed  by  A 
_  4,ttAS'i 

"     r     ' 

If  $'  =  1  and  i  =  1  the  number  of  B's  lines  enclosed  by  A 
_4f7rA 

But,  as  before,  if  the  currents  were  Si  and  S'i'  respectively 
the  mutual  energy 

SiS'i 


V 

IttASS' 

V 
IttASS' 


it 
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For  the  case  in  which  A  has  an  iron  core,  unless  A  fits 
closely  into  B  many  of  A's  lines  of  force  will  return  again 
within  B,  and  these  should  be  subtracted  in  computing  the 
number  enclosed  by  B.  But  in  the  case  in  which  A  fits 
tightly  in  B,  the  total  flux  through  A  is  given  by 

where  — j  is  the  reluctance  of  the  magnetic  circuit. 

Similar  reasoning  to  that  adopted  above  shows  that  for 
A  the  self-induction 

and  for  the  mutual  induction 

Cor.  The  arrangement  last  referred  to  gives  us  the 
theory  of  the  induction  coil  in  which  A  is  the  primary  and 
B  the  secondary  circuit. 

The  working  of  the  coil  consists  in  making  and  breaking 
contact  in  A  many  times  (=  n  suppose)  a  second. 

Each  -  second  the  magnetic  flux  represented  by 

is  driven  through  A    and   driven   out   again   by  breaking 
contact.     Thus  the  time  occupied  in  each  process  will  be  on 

an  average  =-  second. 

Each  —  second  the  number  of  lines  of  force  included  in 

llA 
each  turn  of  B  will  be  altered  by  4ar8i .  t-y-  and  the  average 

V 

rate  at  which  lines  of  force  embraced  by  B  are  changing  is 
2n  x  4ir£i  ^  x  S'  =  8imSS'i .  ^  . 
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This  will  therefore  represent  the  average  e.m.f.  of  each  of 
the  induced  currents  called  up  in  B.  The  direction  of  the 
current  will  be  inverse  when  the  flux  is  increasing  and  direct 
when  it  is  declining. 

This  solution  is  of  course  only  approximate,  especially  be- 
cause we  have  taken  no  account  of  the  self-induction  which 
in  a  rapidly  rising  and  falling  current  is  of  importance. 

If  this  theory  were  complete  it  would  appear  that  the 
E.M.F.  of  the  induced  currents  depends  only  on  the  product 
S  and  S',  the  number  of  turns  in  the  primary  and  secondary. 
But  there  are  many  reasons  why  $  is  always  kept  small  and 
S'  made  very  large.  In  the  first  place  more  battery  power 
will  be  required  to  send  the  same  current  through  many 
coils  than  through  few :  in  the  second  place  self-induction 
in  the  primary  must  be  kept  small  since  by  diminishing  the 
rate  at  which  changes  are  taking  place  in  the  magnetic  field 
it  lowers  the  e.m.f.  of  the  secondary:  and  thirdly  it  is  only  to 
a  very  moderate  degree  of  magnetization  in  the  core  that  the 
magnetization  is  proportional  to  the  magnetizing  force,  the 
increase  in  magnetization  being  very  small  compared  to 
that  in  the  magnetizing  force  as  magnetic  saturation  point 
is  approached. 

276.  Prop.  XVIII.  To  find  the  constant  of  a  Galvanometer : 
that  is  to  say,  the  strength  of  field  close  to  the  magnet  poles  due 
to  unit  current  in  the  galvanometer  coils. 

If  the  needle  be  exceedingly  short  we  may  assume  that 
the  strength  of  field  at  either  pole  is  the  same  as  at  the 
point  of  suspension  halfway  between  them.  If  the  galva- 
nometer coil  consist  of  a  few  (S)  turns  of  wire  nearly  in 
the  same  plane  the  strength  of  field  due  to  current  i  at 
the  centre  (Art.  273) 

_2ttSi 

a     ' 
where  n  is  the  number  of  turns  and  a  the  average  radius. 
Thus  denoting  the  galvanometer  constant  by  T  we   shall 
have  making  i  =  1 

a 
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If  the  magnet  is  placed  along  the  axis  of  the  coil  at  a 
distance  x  from  its  centre 

r=    ***     (Art.  273). 

The  field  will  in  this  case  of  course  not  be  uniform, 
the  movement  of  the  magnet  bringing  its  poles  into  parts 
of  the  field  of  varying  strength.  Helmholtz  has  introduced 
galvanometers  with  two  or  three  parallel  circles  having  the 
needle  hung  symmetrically  between  them.  In  this  case  the 
galvanometer  constant  is  found  by  adding  the  strength  of 
field  due  to  each  separate  circle  as  given  by  the  last  equation. 

In  instruments  of  the  Mirror  galvanometer  type  the 
strength  of  field  within  the  coil  may  be  taken  as  the  average 
given  in  Art.  271  and  we  may  write 

I      ' 

S  being  the  total  number  of  turns  and  I  the  length  of  the  cord. 

Cor.  1.  If  r  be  the  galvanometer  constant,  the  strength 
of  the  field  near  the  magnet  will  be  Ti  when  a  current  i 
circulates  in  it,  and  if  we  substitute  Ti  for  H  the  previous 
propositions  about  magnet  motion  are  applicable. 

M 


Mm 


Tim  <- 


*H 


y 

Hm 


Fim 


U 


M 
Fig.  95. 
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Cor.  2.  If  the  plane  of  the  galvanometer  coil  AB  be 
the  plane  of  the  meridian,  the  strength  of  the  current  will 
be  proportional  to  the  tangent  of  the  deflection  of  the 
magnet. 

Let  CD  be  the  magnet,  and  let  the  strength  of  each  pole 
be  ra.     Also  let  H  be  the  earth's  horizontal  force. 

The  forces  acting  on  the  poles  will  be  +  Hm  parallel  to 
the  magnetic  meridian  due  to  the  Earth's  magnetism,  and 
Tim  perpendicular  to  the  meridian  due  to  the  voltaic  circuit. 

Hence  taking  moments  about  0,  we  have,  if  B  be  the 
deflection  AOD, 

Tim .  CD  cos  S  =  Hm .  CD  sin  h  ; 

.  .   *  =  p  ^an  o. 

This  form  of  galvanometer  is  called  a  Tangent  Galvano- 
meter. 

Cor.  3.  If  the  coil  be  moveable  about  a  vertical  axis, 
and  be  turned  round  so  that  the  magnet  is  in  the  plane 
of  the  coil,  the  current-strength  is  proportional  to  the  sine 
of  the  deflection.  For  using  the  same  notation  as  before 
and  taking  moments  about   0, 


nm 
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Yim.  CD  =  Hm.  CD  sin  8: 


.'.  %  =  ^  sin  6. 

This  form  of  the  instrument  is  called  a  Sine  Galvano- 
meter. 

The  advantage  of  this  over  the  Tangent  Galvanometer  is 
that  the  reading  is  always  made  with  the  needle  in  the  same 
position  relatively  to  the  coil.  The  needle  may  therefore  be 
made  as  long  as  we  please  and  the  coil  may  be  a  flat 
rectangular  coil  close  to  the  needle.  The  constant  T  denotes 
the  strength  of  the  coil's  field  at  the  magnet  pole,  and  may 
be  determined  by  comparison  with  a  Tangent  Galvanometer. 

277.  It  may  be  worth  while  to  consider  some  rules  as  to 
the  construction  of  galvanometers  best  adapted  for  different 
circuits.  In  the  first  place  the  galvanometer  should  be 
sensitive,  that  is  to  say,  there  should  be  as  large  a  deflecting 
couple  as  possible  when  traversed  by  a  given  current.  This 
couple  depends  on  the  strength  of  field  Yi  and  the  strength 
of  the  fixed  magnetic  field  due  to  the  earth  or  permanent 
magnets.     Hence  we  must  make  Y  as  large  as  possible. 

In  all  cases  of  Art.  276  we  notice  that  for  a  galvanometer 
coil  of  given  dimensions  Y  is  simply  proportional  to  the 
number  of  windings  (S) ;  which  again  is  proportional  to  the 
length  of  wire  used  in  the  coil. 

Suppose  now  we  have  a  certain  weight  of  copper  for  use, 
but  have  the  gauge  of  wire  at  our  disposal  in  making  the 
galvanometer.     We  observe  that  if  g  be  the  resistance,  I  the 

length,  s  the  cross-section  and  p  the  specific  resistance,  g  =  p  - . 

s 

Also  Is  =  v  the  volume,  which  is  constant  for  a  constant 
weight  of  metal ; 

.'.  -  =  -  ,  and  a  =  ~ ,  or  I  cc  *Jq. 

This  shows  that  for  a  galvanometer  of  given  size  and 
form  placed  in  a  given  field,  with  given  magnet  system,  and 
wound  with  a  certain  weight  of  copper,  the  galvanometer 
constant  is  proportional  to  the  square  root  of  the  resistance. 

c.  E.  20 


when  iJq  or  -^ — —  is  a  maximum. 
yj      R  + 
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But  in  a  circuit  the  current  strength  is  usually  given 
by  an  equation  of  the  form 

E 

i  —  n > 

R  +  g' 

where  R  is  the  resistance  in  the  circuit  outside  the  galva- 
nometer. 

Hence  Ti  or  the  deflecting  couple  will  be  the  greatest 

9 

Now  a  similar  investigation  to  that  for  greatest  current 
in  Art.  171  shows  that  this  condition  is  satisfied  when  R  =  g. 
Thus,  with  the  same  limitation,  that  is  leaving  only  the 
gauge  of  wire  disposable,  the  best  galvanometer  of  given 
pattern  is  that  whose  resistance  equals  the  rest  of  the 
resistance  in  the  circuit. 

A  good  example  is  afforded  by  the  galvanometer  for  use 
in  Wheatstone's  Bridge.  It  is  necessary  that  when  the 
adjustment  qr=ps  is  not  exactly  made  there  shall  be  a 
maximum  current  in  the  galvanometer.  The  equation  for 
the  current  in  this  branch  is  (Art.  183) 

I=  (qr-ps)E 

5     R{p  +  r)  (q  +  s)  +pr  (q  +  s)  +  qs (p  +  r) 
+  g  [R  (p  +  q  +  r  +  s)  +  (p  4-  q)  (?•  +  s)}. 

To  make  the  galvanometer  as  sensitive  as  possible  I5\/g 
must  be  a  maximum  :  and  this  will  be  the  case,  as  before, 
when 

g{R(p  +  q  +  r  +  s)  +  (p  +  q)(r  +  s)} 

=  R(p  +  r)  (q  +  6')  +p*  (q  +  s)  +  qs  (p  +  r). 

Now    we   wish   the  galvanometer   to  be   sensitive   when 

qr  =  ps  and  we  will  find  the  value  of  g  when  that  condition 

v 
is  satisfied.     Writing  q  -  for p  we  find  the  equation  reduces  to 
s 

g(r  +  s){R(q  +  s)  +  q(r  +  s) 

=  r  (q  +  s)  {R  (q  +  s)  +  q  (r  +  s) 

r(q  +  s) 
whence  q  =  — — , 


PROBLEMS   IN   MAGNETISM.  307 

the  value  required  for  the  best  galvanometer  assuming  the 
gauge  of  wire  as  before  only  to  be  variable. 

The  above  expression  by  a  little  algebraical  transforma- 
tion is  equivalent  to 

(p  +  r)(q  +  s) 
p+q+r+s 

278.  Prop.  XIX.  To  find  the  throw  of  a  galvanometer  needle 
owing  to  the  passage  of  an  instantaneous  electric  discharge 
through  it. 

If  the  strength  of  current  at  any  instant  be  i,  and  last 
for  a  short  interval  r,  we  have  by  Art.  261 

M(co'-a))  =  GriT, 

M  being  the    moment   of  inertia   of  the   magnet,  Ti   the 
strength  of  the  field,  and  G  the  moment  of  the  magnet. 

But  ir  =  q  the  quantity  transmitted  ; 

.-.  M(<o'-<o)  =  GTq. 

If  the  magnet  needle  be  fixed  in  a  heavy  ball  of  metal 
its  inertia  becomes  so  great  that  it  does  not  move  perceptibly 
from  its  position  of  rest  while  the  transient  current  lasts. 
Hence  the  field  will  during  the  whole  discharge  be  per- 
pendicular to  the  magnet.  In  this  case  we  can  add  both 
sides  of  the  last  equation  during  the  whole  discharge,  and 
we  have,  if  co0  be  the  impulsive  angular  velocity  and  Q  the 
quantity  transmitted, 

Mco0=GTQ. 

But  by  Art.  265  if  an  angular  velocity  co0  be  imparted 
to  the  magnet,  and  if  a  be  the  throw  of  the  needle, 


'EG 
M 


&>0  =  2  sin  g  y 

GFQ  =  2sm^jHGW> 
n     9H      IW     .    a 


or 

I"    V    iiCr  2 

20—2 
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If  T  be  the  time  of  a  single  vibration  of  the  needle  under 
the  Earth's  magnetism, 


SW^^;  (Art.  266) 


n     2H  T    .    a 

•'•<3  =  T-V-sm2- 

If  the  constants  H,  V,  T,  are  known,  this  equation  gives 
us  a  means  of  measuring  any  electrical  accumulation. 

This  galvanometer,  called  a  ballistic  galvanometer,  is 
used  for  the  measurement  of  all  movements  of  electricity  of 
short  period.  Thus  it  can  be  used  to  measure  the  flow  of 
electricity  from  a  battery  in  charging  a  condenser,  and  in 
practice  the  galvanometer  is  calibrated  by  such  an  observation 
since  T  and  T  are  seldom  accurately  known.  If,  however,  a 
condenser  of  standard  capacity  be  charged  from  a  battery 
whose  e.m.f.  is  known,  the  charge  is  known  and  the  throw 
of  the  galvanometer  for  this  charge  being  known  the  charge 
corresponding  to  any  observed  throw  can  be  found. 

The  galvanometer  also  enables  us  to  measure  a  number 
of  lines  of  magnetic  force  called  up  in  a  field  by  a  current, 
for  (Art.  244)  the  total  flow  of  electricity  through  a  circuit 
owing  to  any  change  in  the  magnetic  field  is  given  by 

_  Number  of  lines  of  Force  added 
Resistance  of  circuit 

hence,  observing  the  quantity  of  electricity  transmitted 
through  the  galvanometer  and  knowing  the  resistance  of  the 
galvanometer  and  rest  of  the  circuit,  the  number  of  lines  of 
force  added  to  or  subtracted  from  the  field  of  any  coil 
connected  with  the  galvanometer  can  be  found. 

279.  An  application  of  the  foregoing  principle  is  found 
in  the  practical  method  of  finding  the  permeability  of  a 
given  specimen  of  iron.  First  take  a  long  helix  of  wire  coiled 
round  a  cylinder  of  some  non-magnetic  substance,  such  that 
the  magnetic  flux  can  be  easily  calculated  by  the  formula 

(Art.  274)  S-— -.— j- -,  when  the  current  is  measured  in 
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amperes.  Wind  round  the  outside  of  the  helix  a  measured 
number  of  turns  ($')  of  wire  and  connect  its  terminals  with 
those  of  a  Ballistic  galvanometer.  On  breaking  contact 
with  the  battery  we  observe  the  throw  which  corresponds  to 

the  known  number  of  lines  of  Force  —  .  — ^ —  . 

Take  now  a  sample  of  iron  turned  by  a  lathe  into  a  solid 
ring  such  that  the  cross-section  (A)  and  average  circum- 
ference (I)  can  be  formed  by  measurement.  Coil  a  known 
number  of  turns  (S)  of  wire  round  it  and  connect  with  a 
battery  through  a  galvanometer  by  which  the  current  (i)  can 
be  read  in  amperes.    The  magnetic  flux  is  now  represented  by 

4tt   SiA 
^'lO'     I 

where  /x,  the  permeability,  is  the  only  unknown.  Wind 
round  the  iron  ring  a  few  turns  ($')  of  wire  as  before  and 
connect  the  terminals  with  the  galvanometer.  On  breaking 
contact  in  the  battery  circuit  we  observe  the  throw  which 
(remembering  that  the  resistance  of  the  coil  is  negligible 
compared  with  that  of  the  galvanometer)  is  proportional  to 
the  number  of  lines  enclosed.     Thus  we  know  the  number  of 

lines  represented  by  fi  — . ,  the  symbols  not  neces- 
sarily having  the  same  values  as  in  the  preceding  expression. 
By  a  simple  proportion  the  value  of  //,  becomes  known. 

Another  method  depending  on  portative  power  deserves 
notice :  It  is  an  invention  of  Prof.  Sylvanus  Thompson, 
called  the  Permeameter,  and  is  a  workshop  method  for 
comparison  of  different  samples  of  iron.  The  iron  is  turned 
in  a  bar  of  constant  diameter  which  fits  accurately  into  a 
helix  of  wire  through  which  a  measured  current  is  sent. 
The  helix  and  core  slide  into  a  cylindrical  hole  in  a  large 
block  of  iron,  the  bottom  of  the  hole  being  made  true,  so 
that,  when  the  helix  is  slipped  in,  the  end  of  the  core  makes 
contact  all  over. 

The  measured  current  is  now  passed  and  the  power 
required  to  draw  out  the  core  against  the  attraction  of  the 
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iron  at  its  base  is  measured  by  a  spring  balance.     This  pull 

B2A 
reduced  to  absolute  measure  (Art.  274)  equals  -^ —  and  A 

being  known  B  becomes  known.  In  comparing  specimens 
of  iron  the  cores  are  all  turned  up  to  the  same  dimensions, 
and  the  magnetizing  current  is  kept  constant.  The  values 
of  B  are  then  directly  proportional  to  the  permeabilities, 
which  are  seen  to  be  simply  as  the  square  roots  of  the  forces 
required  to  withdraw  the  core. 

280.  Prop.  XX.  To  explain  the  action  of  the  Dead-beat 
Galvanometer. 

In  a  galvanometer  with  the  needle  swinging  inside  the 
coils,  the  movement  of  the  poles  produces  an  induced  current 
which  'damps'  the  swing,  or,  in  other  words,  produces  a  field 
whose  action  on  the  needle  opposes  its  movements. 

Since  the  two  poles  move  in  exactly  opposite  directions, 
their  separate  effects  will  be  simply  added.  The  strength  of 
field  produced  by  the  induced  current  is  found  to  be  increased 
by  increasing  the  number  of  turns  in  the  galvanometer  coil, 
and  if  this  number  be  made  great  enough  it  may  entirely 
check  the  free  vibration  of  the  magnet  about  its  position  of 
rest  after  the  electromotive  force  producing  the  first  elonga- 
tion has  sunk  to  zero  (see  Art.  243).  The  consequence  of 
this  will  be,  that  as  the  needle  returns  from  its  first 
elongation,  the  motion  is  so  much  damped  that  it  merely 
returns  slowly  to  its  position  of  rest,  never  passing  it,  so  that 
the  motion  ceases  to  be  one  of  oscillation. 

This  form  of  galvanometer  is  extremely  useful  in  marine 
telegraphy,  as  it  would  be  highly  inconvenient  to  wait  for 
the  needle's  return  to  rest  between  two  consecutive  signals. 

These  galvanometers  are  very  expensive,  owing  to  the 
enormous  number  of  winds  required  in  the  wire  coil.  Their 
resistance  is  often  as  much  as  30,000  or  40,000  ohms. 

281  a.    Prop.  XXI.    To  explain  the  action  of  a  Dynamo. 
In  a  dynamo  a  coil  of  wire  forming  part  of  an  armature 
is  made  to  pass  from  a  position  in  which  it  embraces  a  large 
number  of  lines  of  force  generated   by  field  magnets,  to  a 
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position  in  which  the  lines  of  force  pass  through  it  in  the 
opposite  direction  and  back  again  to  a  position  in  which  it 
embraces  the  greatest  number  of  lines.  This  alternation  is 
made  to  occur  many  times  a  second,  generally  by  the  rotation 
either  of  the  armature  or  of  the  field  magnets. 

During  each  quarter  of  a  complete  period,  there  is  a 
change  of  magnetic  flux  through  each  loop  of  the  coil  equal 
to  the  total  number  of  lines  of  force  embraced  by  it,  and 
there  is  an  induced  current  in  the  coil  whose  direction 
reverses  each  half-period. 

Suppose  the  flux  of  lines  of  force  when  at  maximum  to  be 
represented  by  N,  and  let  the  number  of  turns  in  a  coil  be  S, 
and  suppose  there  are  n  complete  periodic  changes  in  a 
second. 

Every  —  of  a   second  there  is  a  change  in  the  lines 

of  force  represented  by  SN,  or  at  the  average  rate  of  4tnSN 
lines  of  force  per  sec. 

This  then  represents  the  average  e.m.f.  (Art.  246)  in  the 
circuit.  This  is  of  course  in  absolute  measure,  but  can  be 
reduced  to  volts  by  dividing  by  108  (Art.  257).  Hence  the 
average  e.m.f.  in  volts  is  given  by 

(average)  E  =  4  .  10"8 .  nSN (1). 

If  the  coil  be  rotating  uniformly  in  a  uniform  magnetic 
field  and  N  be  the  maximum  flux  through  each  of  the  S 
loops  of  the  coil,  the  flux  in  any  other  position  is  given  by 
SN  cos  6,  where  6  is  the  angle  turned  through,  and  re- 
membering that  -  sec.  is  in  this  case  the  time  of  a  complete 

rotation,  6  =  2irnt,  where  t  is  the  time  in  which  the  coil  turns 
through  the  angle  6. 

Hence  the  magnetic  flux  at  time  t  =  SN  cos  2irnt, 
and t  +  r=  SN  cos  2irn  (t  +  it). 

.*.    Loss  of  lines  of  force  in  time  t 

=  SN  {cos  2irnt  -  cos  2irn  (t  +  ir)\ 

=  2SN  sin  2ttu  (t  +  ^  )  sin  irnr. 


K) 
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.\    Rate  of  change  of  magnetic  flux 

=  2SN .  sin  2irn  f  t  +  ^  J  . 

=  27m/SfiVsin  2>rrnt (2), 

remembering  that  t  is  a  very  small  interval. 
Thus  we  have  for  E.M.F.  in  volts 

E  (at  time  t)  =  2  .  10~8 .  wnSN  sin  2irnt (3), 

or  if  6  be  the  position  angle  of  a  coil 

E  (in  position  6)  =  2  . 1 0~8 .  wnSN  sin  6 (4). 

This  shows  that  the  E.M.F.  is  smallest  when  the  flux  is  a 
maximum,  i.e.  when  the  coil  is  at  right  angles  to  the  magnetic 
field,  and  is  greatest  when  the  flux  vanishes,  that  is  in  a 
position  at  right  angles  to  the  former. 

If  we  notice  that  the  sine  of  2irnt  goes  through  all  its 

values  while  2irnt  changes  from  0  to  -  ,  and  take  the  average 

z 

of  all  its  values  between  these  limits  we  shall  find  it  to  be 

2 

—  *.     Putting  this  average  value   for  the   sine  we  observe 

IT 

that  (2)  becomes  identical  with  (1). 

*  To  prove  this  proposition  we  assume  the  right  angle  divided  into  ??,  a 
large  number  of  very  small  angles  each  equal  to  a,  so  that  na  =  -^  . 

The  average  value  of  the  sine 

=  -  (sin  a  +  siu  2a  +  sin  3a  +  . , .  +  sin  na) 

.01  +  1         .        a 
sin  —    -  a .  sm  n  - 

~n'  .a 

sin2 

(7T         a\       .       7T 

.     a 
n  sin  - 

.   2tt      1 

~    na         tt      7r ' 
2"         4 
remembering  that  a  may  be  as  small  as  we  please  by  making  n  sufficiently 
great. 
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This  theory  is  incomplete,  since  we  have  wholly  omitted 
all  effects  of  self-induction,  which  is  a  very  important  factor, 
where  we  have  a  rapid  reversal  of  e.m.f.  and  of  current  as  in 
the  coil  we  have  been  discussing.  In  a  direct  current 
dynamo  in  which  coils  are  so  disposed  in  the  armature  as  to 
give  a  nearly  uniform  e.m.f.  and  therefore  current  in  the 
external  circuit  this  theory  is  sufficient  for  all  purposes,  but 
in  alternating  current  machines  allowance  for  self-induction 
is  imperative. 

The  student  will  find  it  a  help  in  following  the  necessary 
brief  descriptions  below  to  study  the  construction  of  a  small 
dynamo,  or  at  least  careful  drawings  such  as  those  in  Sylvanus 
Thompson's  '  Dynamo-Electric  Machinery.' 

1.  The  direct  current  Dynamo.  In  this  we  commonly 
have  a  single  magnetic  field  made  by  powerful  electro- 
magnets, the  armature  being  composed  of  numerous  turns  of 
wire  the  plane  of  each  turn  passing  through  the  axis,  these 
are  joined  up  to  form  a  closed  circuit.  Along  the  spindle  are 
placed  a  circle  of  insulated  copper  bars,  each  parallel  to  the 
axis,  generally  4,  8,  16  or  32  in  number,  to  each  of  which  the 
closed  conductor  is  attached  at  one  point,  dividing  the  arma- 
ture symmetrically  up  into  4,  8,  16  or  32  coils.  The  current 
is  obtained  from  the  coils  by  metal  brushes  or  current 
collectors  which  press  on  opposite  sides  of  the  metal  strips, 
always  in  contact  with  the  pairs  of  coils  in  which  the  e.m.f. 
is  nearly  or  quite  vanishing.  Now  a  little  consideration  will 
show  that  all  the  coils  as  the  armature  rotates  are  sending 
currents  in  the  same  direction  into  the  collectors  and  the 
external  circuit  connected  with  them.  Thus  the  coils  in 
each  half  of  the  armature  are  in  series,  each  contributing 
a  quota,  according  to  its  position,  to  the  whole  E.M.F.,  while 
those  which  form  the  two  halves  of  the  armature  are  in 
multiple  arc.  In  different  dynamos  these  coils  are  differ- 
ently grouped,  but  the  E.M.F.  of  the  dynamo  depends  simply 
on  the  sum  of  the  e.m.f.s  of  each  of  the  coils  which  are  in 
series  bettveen  the  opposite  brushes. 

Let  the  number  of  these  be  m  and  the  angle  between 
two  successive  coils  ft,  it  is  obvious  that  everything  will  recur 
after  the  armature  has  turned  through    the   angle  ft,  the 
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angular  distances  of  the  coils  from  one  of  the  brushes  being 
given  by  the  series 

0,     0  +  P,     0+2/3, t0+m-ll3. 

Hence  applying  equation  (4)  the  E.  M.  F.  of  the  series  is  given 

by 

E  (for  dynamo) 

=  2  .  10-8  7T .  nSN  (sin  0  +  sin  0  +  0  +  ...  +  smd  +  m-ip) 

£ 

2 


sin  (  0  -\ = —  p  J  sin  m 


.    /3 
sm- 


/3> 


=  2.10-8.7r.?^i^ 


2/ 
=  2  .  10~8 .  it  .  nSN . — j5 —  ;  since  m(3  =  it. 

sin  ^ 

This  goes  through  all  possible  changes  while  0  changes  from 
0to/§. 
When 

0=0,     E  =  2. 10-8  miSN.  cot  f . 

0  =  f,    E=2.lO-s7rnS]ST.cosec^. 
2  2 

^  =  /3,     J57=  2. 10"8 . irnSN .  cot f . 

Hence  we  see  that  the  maximum  variation  of  E  is  between 

8  8  .8 

values  having  the  ratio  cot  -  to  cosec  -  or  the  ratio  cos  -= 

to  1. 

When  the  number  of  segments  is  great  /3  becomes  a  small 

8 
angle  and  the  ratio  cos^  to  1  is  very  nearly  an  equality. 

Showing  that,  we  obtain  a  nearly  uniform  e.m.f. 

If  we  compute  the  average  value  of  cos  (  0  —  -  J  for  values 
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of  6  between  0  and  /3  we  obtain  as  in  the  footnote  the  value 

2    .    £    .  . 

-  sin  ^  giving 

2 
E  (average  for  dynamo)  =  2  .  10~8 .  ir .  nSN-~ 

=  4>.10-8^.nSN 

=  4 .  10-8 .  mnSN  volts (5), 

and  if  R  be  the  resistance  in  ohms  of  the  total  circuit  we 

have 

.,               .      ,            ,      4. 10-*.  mnSN  ,„ 

%  (average  lor  dynamo)  =— p amperes (6). 

In  these  formulae  it  must  be  remembered  that : 
m  represents  the  number  of  coils  in  series  between  the 
collectors   and   will   generally   be    either   one-half    or   one- 
quarter   the    number    of    copper    sectors    on    the   spindle, 
depending  on  the  method  of  winding  the  armature  : 

n  represents   the   number  of   revolutions   per  second 
made  by  the  armature, 

$  the  number  of  turns  in  each  coil  of  the  armature, 
N  the  total  magnetic  flux  through  each  loop  of  the 
armature  when  in  the  most  favourable  position  in  the  field, 
which  when  the  magnetizing  current  and  dimensions  and 
permeability  of  the  iron  in  the  field  magnets  is  known,  can 
be  determined  by  the  formula  of  Art.  274. 

2.  The  Alternate  current  Dynamo.  In  this  the  planes  of 
the  coils  are  at  right  angles  to  the  axis  of  the  armature,  and 
come  in  rapid  succession  as  the  armature  rotates  between 
pole  pieces  forming  two  crowns  opposite  each  other  near  the 
circumference  of  a  large  iron  circular  plate,  the  successive 
poles  on  each  crown  being  N.  and  S.*  As  the  coil  passes  be- 
tween one  pair  of  poles  lines  of  force  are  driven  through  it, 
and  when  it  reaches  the  next  pair  lines  of  force  in  the  opposite 
direction  are  driven  through  it.     The  series  of  changes  in  the 

*  In  some  forms  of  Dynamo,  all  the  pole  pieces  on  one  crown  are  N.  and 
on  the  opposite  S.,  the  alternating  current  being  obtained  by  the  magnetic 
flux  through  the  armature  being  a  maximum  when  between  two  pole  pieces 
and  a  minimum  when  in  an  intermediate  position. 
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magnetic  flux  through  each  coil  is  exactly  similar  to  that 
undergone  by  the  rotating  coil  above  and  the  expression 
SN  cos  27rnt  represents  well  enough  the  law  of  change  in  the 

magnetic  flux,  provided  we  make  -  sec.  represent  not  the 

period  of  a  rotation,  but  of  a  periodic  change  in  a  coil. 
Thus  n  will  represent  the  number  of  complete  rotations 
per  second,  multiplied  by  half  the  number  of  pole  pieces  on 
each  crown  of  the  field  magnets. 

The  rate  of  decrease  of  the  lines  of  force  at  a  time  t  may 
also  be  represented  as  in  Ex.  (2)  by 

ZirnSN  sin  (2imt). 
This  will  not  represent  the  E.  M.  F.  since  we  must  take  account 
of  self-induction. 

Returning  to  the  equation  of  Art.  240  we  have 
0  =  Ri*  r  +  \L  (i'*  -  v)  +  i  (JST  -  N), 
or  dividing  out  by  it, 

A      ,-,.      Ti'-i     N'-N 

T  T 

N'-N 
But  =  rate  of  increase  of  lines  of  force 

T 

=  -  2irnSN  sin  Z-irnt 
.-.    0  =  Ri  +  Ll-^-27rnSNsm2>irnt (6). 

T 

This  equation  cannot  be  solved  without  the  use  of  Integral 
Calculus.     Its  solution  is  found  to  be* 

i  =   —====.  smCZirnt- 6) +Ce  L   (7), 

*  The  following  proof  which  involves  only  simple  differentiation  may  be 
useful. 

Assume  the  solution  to  be  of  the  form  : 

i  .  eL    -AeL    cos  2irnt  -  BeL    sin  2irnt  =  G. 

Differentiating  with  respect  to  t 

di  ft  Ri  2t  AR  ft  .  ,  ,  _  .  \t  .  _  , 
—  €L  +  —  e L  -  -=-  eL  cos  2irnt  +  2irnA  .eL  sin  2-rrnt 
at  L  L 

.  eL    sin  2irut  -  2irnBe'-   cos  2irnt  —  0. 
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2_>?  T 

where  tan  <p  =  — ^ —  ,  and  G  is  a  constant,  and  e  the  base  of  the 

Napierian  logarithms  (=  2*7182... ). 

-  -t 
In  this  equation  we  notice  that  the  term  Ce    L   dimin- 
ishes as  the  time  increases,  and  may  be  neglected  after  a 
short  time,  when  the  regular  periodic  current  represented  by 

27rnSN 

t'  =  v^+(27mxysin(27r^-^  ^ 

is  established. 

And  for  the  E.M.F.  we  shall  have 
ZirnSNR 

^VJ^fci^^-fl (9)' 

In  this  form  of  dynamo  there  are  generally  as  many  coils 
as  there  are  pole  pieces  so  arranged  that  each  coil  is  opposite 
a  pole  piece  at  the  same  time.  If  these  coils  are  all  in  series 
and  there  are  m  pole  pieces  in  the  circumference  the  total 
E.M.F.  is  increased  m  times ;  we  shall  have 

27rnmSNR        . 
(for  dynamo)  E  =  VFT^Zy '  *™  ( W  "  <t>)' 

Multiply  by  L  and  divide  out  by  eL   , 

Lj+  Ri  -  (AR  +  2irnBL)  cos2imt  +  {2irnAL  -  BR)  sin  2imt  =  0. 

This  is  identical  with  (6)  if 

BR-2irnAL  =  2TrnSN, 

AR  +  2irnBL=0, 

4-rrhi2SNL  2irnSNsm(j> 

whence  A=  -  ^ -—ttt — ^rs= > , 

R>  +  {2irnLf         JR2  +  (2,mL)2 

2tttiSNR  2TrnSNcos(p 


E3+(27T7iL)2      rjRZ+pTnLf 

,  ,     2-jrnL 

where  tan  0  =  -— — . 

Substituting  the  values  for  A,  B  in  the  given  equation  we  have,  after 

division  by  ez    , 

2irSN  _*  , 

agreeing  with  equation  (7)  above. 
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If  the  coils  are  partly  in  multiple  arc,  m  will  be  the 
number  in  series  between  brush  and  brush. 

The  above  formulse  are  of  course  expressed  in  absolute 
measure,  and  to  reduce  to  volts  we  divide  by  108.     Hence 

(for  dynamo)  E  =  —  sin  {zirnt  —  <p)  volts... (10), 

V R2  +  (4<7rnLy 

since  E  contains  only  the  ratio  of  R  to  L  it  will  be  immaterial 
whether  they  are  measured  in  absolute  measure  or  R  in  ohms 
and  L  in  secohms. 

Again   E  goes  through  all  its  changes  of  value  while 

2irnt  changes  by  —  ,  and  taking  the  average  value  of  the  sine 

(which  will  not  be  affected  by  the  constant  <f>)  we  have 
for  the 

(average)  E^  ;    (11). 

vR2  +  (Z7rnL)2 

Examining  Equation  (10)  we  notice  that  neglecting  self- 
induction  L  =  0,  and  (f>  =  0,  and  the  equation  reduces  to 

E  =  2  .  10-87mm^iV"sin  l-wnt. 

Thus  the  effect  of  the  self-induction  on  the  value  of  E  is 
twofold : — (i)  to  diminish  its  value  in  the  ratio  of 


v^(¥),toL 


This  ratio  is  increased  both  by  increasing  the  self-induction 
and  also  by  increasing  the  speed  of  rotation.  Hence  we  see 
that  high  self-induction  and  high  speed  tend  to  diminish  the 
E.  M.  F.,  and  it  is  therefore  better  to  keep  the  self-induction 
low  by  using  coils  without  iron  cores,  and  also  to  keep  the 
speed  of  rotation  low,  securing  the  requisite  E.  M.  F.  by  increas- 
ing N,  which  depends  on  the  strength  of  the  field  magnets. 

(ii)  The  self-induction  introduces  the  angle  </>,  which 
is  called  the  lag  of  the  dynamo,  and  represents  a  constant 
time  by  which  the  periodic  changes  in  e.m.f.  and  current  lag 
behind   the    change  in   the  magnetic  field    to   which    they 
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are  due.  It  has,  however,  no  influence  on  the  average  value 
of  the  E.  M.  F. 

For  the  current  strength  at  any  time  we  have 

^  =  — = —  sin  (ziDit  —  4>)     ...(12), 

and  the  average  value 

s  .     4 .  10"8 .  nmSN  /10X 

(average)  i  =  -====  amperes  ( 1 3), 

V  *  }        >jR*  +  (2nrn,LY       l 

the  following  being  the  meaning  of  the  symbols  which  enter 
the  equations. 

n  is  the  number  of  periodic  changes  per  second  which 
each  coil  undergoes  in  respect  of  magnetic  flux  through  it, 
and  is  generally  the  number  of  revolutions  of  the  armature 
multiplied  by  half  the  number  of  pole  pieces  on  each  side  of 
the  field  magnet. 

m  is  the  number  of  coils  between  brush  and  brush  and 
may  equal  the  total  number  of  coils  on  the  armature,  or  this 
divided  by  2,  4,  &c.  if  the  coils  are  arranged  in  multiple  arc. 

S  the  number  of  turns  in  each  coil. 

N  the  magnetic  flux  through  each  loop  when  between  a 
pair  of  poles  determined  in  accordance  with  Art.  274,  if  the 
magnetizing  current  and  permeability  are  known. 

R  the  total  resistance  in  the  circuit,  including  both 
armature  and  external  circuit  measured  in  ohms. 

L  the  self-induction  of  the  circuit,  though  generally  all 
except  that  of  the  armature  may  be  neglected.  When  all 
the  coils  are  in  series  it  will  be  m  times  the  self-induction 

for  one  coil   (= j )  where  A  is  the  area  and    I   the 

thickness  of  the  coil.  Where  some  of  the  coils  are  in  parallel 
the  flux  will  be  divided  exactly  as  the  current  is  divided 
between  different  branches,  and  the  total  flux  through 
the  coils,  due  to  unit  current  between  the  brushes  must  be 
computed  and  divided  by  10  to  give  L  in  secohms. 

$  =  tan-1 .   — : p—  is   the   lag  of  the  change   in   current 

behind  the  change  in  magnetic  flux. 
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281  b.    Prop.  XXII.    To  find  an  expression  for  the  output  of  a 
Dynamo. 

By  Art.  180  when  there  is  a  current  of  i  amperes  in 
circuit  with  an  E.M.F.  of  E  volts,  the  rate  at  which  energy  is 
being  given  out  is  measured  in  watts  by  the  product  Ei. 

(1)  In  a  direct  current  dynamo,  since  the  variation  in  E 
and  i  is  slight,  we  use  the  average  values  and  get 

Ei  =  4  (4  .  lO^mnSNy  watts. 

(2)  In  the  alternating  current  dynamo  we  cannot  use 
the  average  values.     Hence 

(at  time  t) 

Ei  =  i2R  = v — f^ — 77s fvr —  sm  (27m<  -  </>)  watts. 

Mr  +  yLirnL)- 

To  find  the  average  output  we  must  take  the  average  of 
all  values  sin2  6  as  6  changes  from  0  to  ^  .  This  is  easily 
seen  to  be  J.* 

Hence  we  have 

,„.     2(10-*7rmw£JV)312 
(Average)  E%  —        ^0 — ^ r^ —  watts. 

281  c.  In  connection  with  this  subject  we  notice  the 
theory  of  transmission  of  energy  by  means  of  electric  currents. 

Looking  at  the  expression  Ei  for  the  output  of  a  dynamo 
it  appears  that  the  same  energy  is  given  out  whether  E  is 
large  and  i  small  or  i  large  and  E  small.  Thus  an  output  of 
4000  watts  may  be  obtained  either  with  4  amperes  at  1000 
volts  or  with  40  amperes  at  100  volts : 

Where  the  energy  has  to  be  transmitted  to  a  considerable 
distance  by  metal  conductors,  there  is  an  unavoidable  loss  of 

*  This  may  be  done  as  for  the  sine  by  summing  the  series  obtained  on 
writing  ^  (1  -  cos  20)  for  sin-  0  or  by  noticing  that 


fl^+sin2  Z^  +  flVi, 


and  that  for  any  large  number  of  divisions  the  values  of  the  squares  of  sines 
can  always  be  put  in  pairs  such  that  their  sum  is  constant,  the  average  is 
obviously  half  that  sum  or  £. 
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part  of  the  output  through  the  heating  effect  on  the  con- 
ductor. The  heat  given  out  in  a  conductor  is  proportional 
to  PR  and  for  a  given  length  of  given  material  R  is  inversely 
proportional  to  the  cross-section.     Hence  the  heat  given  out 

is  proportional  to  the  -~ ,  where  S  is  the  cross-section,  and  in 

conductors  of  the  same  cross-section  the  heat  generated  is 
directly  as  the  square  of  the  current,  or  in  the  two  cases  sup- 
posed as  42  :  402  or  as  1  :  100.  To  reduce  the  heating  to 
the  same  amount  we  require  a  wire  of  100  times  the  sectional 
area  for  a  current  of  40  amperes  which  we  should  require 
for  a  current  of  4  amperes. 

For  this  reason  it  is  economical  to  generate  electricity  by 
a  dynamo  at  high  potential  and  low  current,  and  to  use  some 
kind  of  transformer  for  transforming  with  as  little  loss  as 
possible  the  high  potential  and  low  current  into  a  low 
potential  and  high  current  circuit  where  the  energy  is  to  be 
consumed. 

This  has  been  secured  in  the  case  of  alternate  currents 
almost  perfectly  by  the  Alternate  Current  Transformer.  This 
is  an  induction  coil  in  which  the  primary  alternating  current 
is  sent  through  numerous  turns  of  wire  coiled  on  an  iron 
ring  and  generating  in  this  ring  rapidly  alternating  fluxes  of 
magnetism.  The  secondary  current  is  derived  by  coiling 
turns  of  wire  as  a  secondary  coil  round  the  same  iron  ring. 
The  magnetic  circuit  being  of  good  iron  and  completely  closed 
we  obtain  a  circuit  of  very  small  reluctance  in  which  all  the 
lines  of  force  generated  by  the  primary  are  at  each  alter- 
nation forced  through  the  coils  of  the  secondary  circuit. 
This  change  calls  up  an  alternating  induced  current  in  the 
secondary. 

Omitting  the  effects  of  self-induction  the  theory  is  exactly 

that   of  the    Induction   coil   (Art.  275),  the  magnetic  flux 

ulA 
due  to  the  primary  being  represented  by  ~- .  4nrSxi  where  Sx 

(/ 

is  the  number  of  turns  in  the  primary  and  i  the  current 

strength.     If  &,  be  the  number  of  turns  in  the  secondary  we 

C  E.  21 
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shall  have  for  the  flux  through  the  secondary  at  each 
alternation 

e£.4nra& (1), 

and  we  shall  have  for  the  E.M.F.  in  the  secondary  the  rate  of 
variation  (with  sign  changed)  of  this  expression,  which  will 
be  proportional  to  the  rate  of  change  in  i  the  current  strength 
in  the  primary. 

The  value  of  i  for  the  primary  is  not  so  simple,  since  we 
have  at  the  ends  of  the  primary  wire  a  periodic  E.M.  f.  which 
may  be  represented  by  E&mlwnt 

If  we  make  allowance  for  self-induction  we  must  return 
to  the  general  equation  of  Art.  240,  which  gives 

E  sin  2imt  =  Ri  +  L  — - 


which  is  identical  in  form  with  equation  (6)  and  its  solution 
may  be  written  down  by  equation  (8) 

E  sin  (27rnt  —  (f>) 


%  = 


.  _x2irnL 

where  q>  =  tan     — = — . 

Ex  the  effective  E.M.F.  in  the  coils  of  the  primary  is  now 

„       D    .     ER  sin  (Zirnt  -  $) 
Ex  —  R  .  i  =  — .-  . 

VJ?2  +  (2imLf 

The  value  of  L  in  absolute  measure  is 

being  proportional  to  S^  while  R  is  proportional  only  to  8V 
Hence  for  any  kind  of  wire  by  making  /Si  large  enough  we 
can  make  27rnL  as  many  multiples  as  we  please  of  R,  and 
the  larger  fi  and  n  are  the  fewer  the  turns  that  will  be 
required.  We  may  therefore  as  an  approximation  neglect  R2 
in  the  denominator  in  comparison  with  (^irnL)2  and  write  the 
expression  for  the  current  in  primary 
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and  for  the  e.m.f.  effective  in  the  coils 

E1  =  - j .  E  sin  {2irnt  -  </>). 

Now  the  e.m.f.  of  the  secondary  (E2)  is  measured  by 
the  rate  of  change  in  the  magnetic  flux  through  the  iron 
core  due  to  changes  of  current  in  the  primary. 

The  total  flux  is  of  course  Mi  where  M  the  coefficient  of 
mutual  induction 

=  4^^^.     (Art.  275.) 

The   rate   of    increase    in    i   is   by   suitable   alterations    in 
equation  (2)  of  Art.  280 

- j .  lirnE  cos  {2irnt  —  </>). 

Hence  the  e.m.f.  in  the  secondary 

M 
E2=  —  ~ — -j .  ZttuEcos  (27rnt -  <j>) 

M 
=  —  y  •  E  cos  (2iTnt  -  <£) 

a 

=  —  -^Ecos  (2irnt  -  <b). 

Remembering  that  the  average  value  of  the.  sine  or  cosine 

2 
between  0  and  90°  is  -  we  have 

7T 

2 
(average)  Ex—  -E, 

IT 

2  8 
(average)  E2  =  —  -^ .  E, 
it  ox 

E<>      o9 

•'•  W1-=81' 

the  rule  made  use  of  in  practice.  It  is  only  an  approxima- 
tion, since  we  have  neglected  the  mutual  induction  of  the 
secondary  on  the  primary  in  investigating  the  E.M.F.  in  the 
primary  and  the  self-induction  of  the  secondary  in  finding 

21—2 
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the  e.m.f.  of  the  secondary.  The  first  of  these  has  the 
important  function  of  making  the  transformer  self-regulating 
in  a  remarkable  degree. 

The  above  theory  in  which  the  effect  of  mutual  induction 
is  omitted  gives  a  correct  result  when  the  secondary  circuit 
is  open,  or  no  energy  is  being  used.  Under  these  conditions 
the  value  of  i,  the  current  in  the  primary,  is  diminished 
from  its  value  as  given  by  Ohm's  law  in  the  ratio  2mrL  to 
R.  This  means  that,  owing  to  self-induction,  the  current 
passing  in  the  primary  is  very  small,  and  the  energy  which 
would  be  wasted  in  heating  conductors  and  making  eddy 
currents  in  the  iron  is  economised,  or  in  other  words  that 
the  Dynamo  maintains  the  E.M.F.  in  the  primary  with  a  very 
small  expenditure  of  energy. 

Now  the  phases  of  the  primary  and  secondary  are  given 
respectively  by  the  sin  2irnt  and  —  cos  (27rnt  —  <£)  which  is 

the  same  as  —  sin  (  2irnt  +»-—(/>)  and  tan  <f>  =  — ^—  ,  a  very 
large  number,  showing  that  (/>  is  very  nearly  — . 

This  shows  that  the  E.M.F.  and  current  in  primary  and 
secondary  coils  are  always  in  almost  exactly  opposite  direc- 
tions. 

As  soon  therefore  as  a  current  passes  in  the  secondary, 
the  mutual  induction  begins  to  pull  down  the  barrier  offered 
by  self-induction  in  the  primary  and  causes  more  current  to 
flow  in  the  primary,  which  ultimately  means  a  drain  of  fresh 
energy  from  the  dynamo  just  when  and  only  when  the 
energy  is  usefully  employed  in  the  secondary.  Briefly  then 
self-induction  in  the  primary  dams  back  the  supply  of 
energy  when  it  would  only  be  wasted,  while  mutual  induction 
between  the  secondary  and  primary  breaks  down  the  dam, 
and  compels  the  dynamo  to  give,  as  it  were  on  demand,  a 
supply  of  energy  just  when  it  is  usefully  employed. 

For  this  reason  a  transformer  is  a  very  efficient  instru- 
ment supplying,  in  actual  working,  to  the  secondary  circuit 
96  per  cent,  of  the  energy  drawn  from  the  dynamo. 
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282.    Prop.  XXIII.    To  explain  the  action  of  Thomson's  electric 
current  accumulator. 

This  consists  essentially  of  a  circular  plate  revolving 
about  an  axis  parallel  to  lines  of  magnetic  force.  The  plate 
at  one  point  makes  contact  with  a  fixed  spring  or  mercury 


Fig.  97. 

cup  as  T,  and  the  circuit  is  completed  by  wires  TA,  AB,  BG 
— BG  being  forked  so  as  to  make  contact  with  the  axis  G 
without  interfering  with  the  rotation  of  the  plate. 

If  the  plate  be  rotated  in  the  direction  of  the  arrow,  and 
the  lines  of  force  be  downwards,  the  induced  current  will  be 
in  direction  GTAB  round  the  closed  circuit.  The  motion 
of  GT  clearly  opposes  the  electromagnetic  repulsion  between 
the  parallel  and  opposite  currents  GT,  AB.  This  motion 
will  therefore  constantly  tend  to  strengthen  the  induced 
current. 

Let  GT  turn  through  an  angle  6  in  time  r  so  that 
-  =  &),  the  angular  velocity  of  the  plate,  and  let  a  be  the 

T 

radius,  the  area  traced  out  by  the  moving  conductor  GT  is 

The  strength  of  the  field  is  made  up  of  H  the  magnetic 

2i 
strength,  and  —  the  strength  of  the  field  due  to  the  electro- 
c 

magnetic  action  of  AB,  i  being  the  current-strength,  and  c 

the  distance  BG  (Art.  272). 
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Hence  the  electromotive  force  in  the  circuit  (Art.  244, 
Cor.  2) 

1    ,     fry      2* 

Then,  as  in  Art.  240,  the  equation  for  the  current  will  be 

-  a2o>  (H  +  —J  vr  =  ^'2t  +  -  L  (i/2  -  i% 

when  R  is  the  whole  resistance,  and  %'  the  current-strength 
at  the  end  of  the  small  interval  r. 

The  case  of  special  interest  is  when  H=0,  supposing 
that  after  the  current  has  reached  a  certain  value  %  the 
magnetic  field  is  reduced  to  zero.     For  this  case 

a2(o  .,  „  ^  r  •  /  •/        \ 

—  i2t  =  Kvr  +  Li  (i  —i): 
c  \         /> 

=  L  (lug  %  —  log  i). 

If  i0  be  the  initial  value,  and  i  the  value  after  a  time 
£,  we  have  on  summation 

a?co  —  Rc    ,      ri      % 
.t  =  L  log  -  , 

c  s  i 

a2oi  -  Re 

or  i  =  i0e    Lc     ; 

Re 

which  shows  that  if  to  >  — -  ,  the  current  goes  on  constantly 

increasing  in  compound  interest  ratio. 

283.  Prop.  XXIV.  To  find  the  value  of  the  velocity  which 
determines  the  ratio  between  the  different  electrical  units  in 
electrostatic  and  electromagnetic  measure. 

We  have  shown  in  the  previous  chapter  that  this  ratio 
is  a  velocity  which  is  independent  of  any  system  of  funda- 
mental units  adopted. 
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Of  the  numerous  methods  which  have  been  employed, 
we  give  two,  the  principles  of  which  will  be  easily  under- 
stood. 

Method  1.  To  compare  directly  the  charge  of  a  con- 
denser in  electrostatic  and  electromagnetic  measure. 

Let  a  condenser  be  constructed  of  such  material  and 
form,  that  its  capacity  can  easily  be  calculated  in  electro- 
static measure.  By  means  of  a  battery  this  condenser  can 
be  charged  to  a  potential,  which  can  be  measured  by  an 
electrometer  in  absolute  electrostatic  measure.  The  quantity 
in  electrostatic  measure,  if  G  represent  the  capacity,  and 
V  the  potential,  is  given  by 

Q  =  GV (1). 

Discharge  the  same__condenser  through  a  galvanometer. 
Then  by  Art.  279,  if  Q  be  its  charge  in  electromagnetic 
measure, 

Q  =  —  .-.sm^  (2), 

then  bv  Art.  255,  -^  =  v.  and  the  value  of  v  becomes  known. 
J  Q 

284.  Method  2.  To  compute  the  value  of  v  in  terms  of 
a  resistance. 

We  have  shown  in  Chapter  IX.  that  in  electromagnetic 
measures  resistance  is  of  the  same  order  as  a  velocity,  and 
we  defined  the  ohm  as  a  velocity  of  109  cm.  per  second. 

This  method,  due  to  Professor  Clerk  Maxwell,  requires 
the  use  of  a  battery  of  very  high  electromotive  force  and 
a  set  of  high  resistances. 

Two  brass  plates  are  placed  so  that  one  is  movable,  and 
are  kept  at  a  certain  difference  of  potential ;  there  is  in 
consequence  an  electrostatic  attraction  between  them.  On 
the  back  of  each  of  these  plates  is  coiled  a  wire,  so  that 
the  battery-current  goes  in  the  two  wires  in  opposite  direc- 
tions;  there  will  then  be  an  electromagnetic  repulsion  be- 
tween these  currents. 
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The  method  consists  in  so  adjusting  the  resistance  and 
distance  of  the  plates  that  this  attraction  and  repulsion  shall 
balance  each  other. 


A  AT 


k%~  or 


Fig.  98. 
Let  A,  A'  be  the  discs,  B  the  battery,  and  C  the  large 
resistance.  The  current  from  the  battery  goes  through  the 
two  coils  on  A,  A'  and  through  the  large  resistance  in  C. 
Hence  if  E  be  the  difference  of  potential  at  the  extremities  of 
G  in  electromagnetic  measure,  the  current-strength  is  given  by 

.      E 
l  =  R- 
Hence  the  repulsion  between  the  two  discs  will  be 

where  k  depends  on  the  geometry  of  the  coils,  and  can  only 
be  computed  by  approximate  methods. 

To  bring  the  brass  plates  to  a  difference  of  potential, 
they  are  connected  with  the  terminals  of  C.  This  difference 
is  then  in  electromagnetic  measure  E,  and  therefore  in  elec- 

E 

trostatic  measure  —  (Art.  255). 
v 

We  have  shown  (Art.  95)  that  the  attraction  between 

the  plates  is 

E2 .  q« 

when   a  =  the    radius   of  each    plate,   and    b  =  the   distance 
between  them. 
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Hence  when  the  adjustments  are  completed, 
EKa?       E2 


=  K 


Wb2         R2 ' 
.  •  v=  — . —   ,  R, 

which  gives  v  in  terms  of  R,  and  R  being  measured  in  ohms 
can  be  at  once  converted  into  velocity  on  multiplying  by  109. 

A  complete  account  of  this  method,  which  is  due  to 
Prof.  Clerk  Maxwell,  together  with  the  various  adjustments 
required  in  practice,  will  be  found  in  Phil.  Trans,  for  1868. 

285.  The  results  obtained  by  these  and  other  methods 
give  numerical  results  not  very  discordant,  varying  between 
282  and  310  million  metres  per  second,  the  mean  being 
nearly  300  million  metres  per  second.  The  remarkable  agree- 
ment between  this  velocity  and  the  various  determinations 
of  the  velocity  of  light  (which  varies  with  different  observers 
between  298  and  314  million  metres  per  second),  points  to 
an  intimate  connection  between  the  phenomena  of  electro- 
magnetism  and  light.  Prof.  Clerk  Maxwell  has  developed  a 
theory  of  light,  endeavouring  to  show  on  mechanical  prin- 
ciples that  the  medium  through  which  electromagnetic 
actions  take  place  may  be  identical  with  the  aether  which 
transmits  the  vibrations  of  light. 

Examples  on  Chapter  X. 

1.  Show  that  the  Moment  of  Inertia  of  a  thin  circular 
wire  about  an  axis  through  its  centre  and  perpendicular  to 
its  plane  is  Mar,  where  M  is  its  mass  and  a  its  radius.  De- 
duce the  Moment  of  Inertia  of  a  broad  circular  annulus  about 
an  axis  perpendicular  to  its  plane  through  its  centre. 

Ans.     \  m  (a2  +  b2),  where  m  =  the  mass,  and  a,  b  the  ex- 
ternal and  internal  radii.     (Cf.  Chap.  I.  Ex.  36.) 

2.  Find  the  Moment  of  Inertia  of  a  thin  straight  bar 
about  an  axis  through  one  extremity. 

Ans.     ^  ml2,  where  m  is  the  mass  and  I  the  length. 
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3.  Find  the  Moment  of  Inertia  of  the  same  rod  about 
its  middle  point.  Ans.     fyml*. 

4.  Show  that  the  oscillations  under  gravity  of  a  bar 
freely  suspended  by  its  end  will  be  synchronous  with  those  of 
a  fine  string  two-thirds  the  length,  having  a  heavy  particle 
at  its  extremity. 

5.  A  magnet  A  is  placed  so  that  its  axis  produced, 
bisects  at  right  angles  the  axis  of  another  magnet  B,  the 
distance  between  their  centres  being  great  compared  to  their 
lengths.  Make  an  approximation  to  the  couple  produced  by 
A  on  B,  and  that  produced  by  B  and  A. 

.  &aa'mm'    ^aamm       ,         ~     rt  ,  ,,      ,       ±, 

Ans. —  , ,  where  2a,  2a   are  the  lengths 

c  c 

of  A  and  B,  c  the  distance  between  their  centres,  and 

mm'  their  magnetisms. 

6.  A  long  magnet  acts  on  a  small  compass-needle  placed 
on  its  axis.  Find  the  error  produced  by  it  on  the  compass 
in  different  directions  of  the  disturbing  magnet. 

7.  A  small  compass  is  placed  at  the  centre  of  a  long 
magnet  whose  axis  makes  an  angle  6  with  the  magnetic 
meridian.     If    8   be   the   deviation   of   the   compass-needle 

cot  8  ±  cot  6  =  -^  cosec  6,  where  H,  F  are  the  strengths  of  the 

earth's  field  and  the  magnet's  field  at  the  compass. 

8.  One  end  of  a  magnet  is  prolonged  by  a  thin  stem  of 
gumlac  which  carries  a  small  pith-ball,  the  other  end  having 
a  counterpoise.  An  equal  ball  is  so  fixed  that  the  two  are 
just  in  contact  when  the  magnet  is  in  the  meridian.  The 
two  balls  are  electrified  to  a  potential  V,  and  the  magnet 
is  observed  to  be  deflected  through  an  angle  2a ;  show  that 
V-  varies  nearly  as  (sin  a)3. 

9.  A  hole  is  pierced  in  a  card  through  which  passes  a 
straight  wire  carrying  a  current.  Iron  filings  are  sprinkled 
over  the  card,  and  the  card  gently  tapped.  Find  the  form 
assumed  by  the  iron  filings. 
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10.  If  a  magnet  be  placed  anywhere  in  the  magnetic 
field  due  to  a  straight  current,  show  that  the  magnet  has  no 
tendency  to  rotate,  as  a  whole,  round  the  current. 

11.  Deduce  the  principles  which  guide  us  in  experi- 
ments on  the  rotation  of  a  magnet  round  a  current,  and  a 
current  round  a  magnet. 

12.  In  the  experiment  of  the  last  question,  show  that  the 
whole  amount  of  work  spent  in  each  rotation  of  the  magnet 
pole  round  the  current  or  vice  versa  is  kirmi,  where  m  is 
the  strength  of  the  pole  and  i  the  current-strength  in  the 
conductor,  whose  length  is  supposed  to  be  infinite. 

13.  A  magnet  is  suspended  in  a  horizontal  plane  so  as 
to  be  free  to  move  about  its  south  pole,  and  a  vertical  current 
is  approached  towards  it. 

(i)  The  conductor  being  outside  the  circle  described  by 
the  north  pole,  show  that  the  north  pole  will  be  driven  by 
the  current  to  rotate  in  opposite  directions  through  portions 
of  the  circumference  bounded  by  tangents  to  the  circle  from 
the  intersection  of  the  plane  of  the  circle  by  the  conductor. 

(ii)  The  conductor  being  within  the  same  circle,  the 
direction  of  movement  of  the  north  pole  will  be  in  all  parts 
of  the  circumference  the  same. 

(iii)  The  conductor  being  on  the  circumference  of  the 
circle,  show  that  the  rotation  will  be  always  in  the  same 
direction. 

(iv)  Show  that  no  permanent  rotation  of  the  magnet 
can  be  produced  by  this  means. 

14.  A  magnet  NS  is  supported  at  its  middle  point,  and 
a  conductor  carrying  a  downward  current  cuts  the  horizontal 
plane  at  0. 

(i)  A  circle  is  drawn  about  the  triangle  ONS,  and  a 
diameter  drawn  through  0.  From  N,  S  perpendiculars  Na, 
8b  are  drawn  on  to  this  diameter.  Show  that  in  all 
positions  the  moment  of  the  forces  on  the  magnet  turning 
its  north  pole  in  a  direction  right-handed  to  the  conductor  is 

Cxi 
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1(Sb±Na), 
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G  being  the  moment  of  the  magnet,  and  the  plus  sign  being 
employed  when  the  perpendiculars  fall  on  the  same  side  of 
the  diameter. 

(ii)  If  the  conductor  cut  the  circumference  of  the  circle 
of  which  the  magnet  is  a  diameter,  there  is  no  tendency  to 
rotate  the  magnet. 

(iii)  If  the  conductor  be  outside  the  circle,  the  direction 
of  rotation  is  governed  by  that  of  the  more  remote  pole. 

(iv)  If  the  conductor  be  within  the  circle,  the  direction 
of  rotation  is  governed  by  that  of  the  nearer  pole. 

(v)  If  the  conductor  be  placed  on  the  line  bisecting  the 
magnet  at  right  angles,  the  rotative  force  will  be  nil. 

(vi)  If  the  field  be  divided  by  the  circle  of  which  the 
magnet  is  the  diameter,  by  the  magnetic  axis  produced,  and 
by  a  line  bisecting  it  at  right  angles ;  show  that  on  crossing 
any  of  these  lines  if  on  one  side  the  current  appear  to  attract 
the  north  pole  of  the  magnet,  on  the  opposite  side  it  appears 
to  repel  it. 

(vii)  Draw  a  diagram  showing  in  what  positions  the 
conductor  appears  to  attract  the  magnet,  and  in  what  positions 
it  appears  to  repel  it. 

15.  Show  that  in  measuring  a  current  by  a  sine  galva- 
nometer if  the  current  be  stronger  than  a  certain  limit, 
it  will  be  necessary  to  shunt  the  current  before  measuring  it. 

16.  If  a  tangent  galvanometer  be  arranged  so  that 
it  can  also  be  used  as  a  sine  galvanometer,  show  that  any 
current  producing  more  than  45°  deflection  in  the  instrument, 
when  used  as  a  tangent  galvanometer,  must  be  shunted 
before  being  measured  by  it  as  a  sine  galvanometer. 

17.  In  Helmholtz's  arrangement  for  a  tangent  galvano- 
meter, show  that  the  greatest  degree  of  constancy  of  magnetic 
field  along  the  axis  near  the  magnet  will  be  when  the 
distance  between  the  coils  is  equal  to  the  radius  of  either  coil. 

18.  Show  that  in  the  galvanometer  of  the  last  question 

327T 

the  galvanometer-constant  is  given  by  T  =  — -=—   ,  where  a 

4v5  .  a 
is  the  radius  of  the  coil. 
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19.  A  finite  wire  carrying  a  current  is  perpendicular 
to  and  on  one  side  of  an  infinite  wire  also  carrying  a  current. 
Find  the  magnitude  and  direction  of  the  force  exerted  by 
the  latter  upon  the  former  wire. 

Aiis.     2ii'  log  — ,  where  i,  i'  are  the  current-strengths, 

and  ylt  y2  the  distances  of  the  ends  of  the  finite  from  the 
infinite  wire.  The  direction  will  be  parallel  to  the  current 
in  the  infinite  wire  when  the  current  in  the  perpendicular 
wire  is  away  from  it. 

20.  If  the  length  of  a  helix  be  forty  times  its  diameter, 
show  that  the  strength  of  the  magnetic  field  within  it  varies 

2 
about  one-thousandth  part  through  ^  of  its  length. 

o 

21.  A  helix  A  is  placed  with  its  axis  perpendicular  to 
the  meridian,  and  a  short  magnet  B  is  suspended  at  a  point 
on  its  axis  produced,  the  magnet  being  deflected  from  the 
meridian  by  a  current  in  the  helix.  Another  magnet  C 
is  now  placed  with  its  axis  along  the  axis  of  the  helix 
produced  and  moved  about  till  B  is  again  in  the  meridian. 

If  2V  be  the  length,  and  G  the  moment  of  C,  21  the 
length,  and  Ai  the  moment  of  A  {i  being  current-strength), 
a  and  a  the  distances  of  the  middle  points  of  A  and  G  from 
the  suspension  of  B,  then  show  that 

G\      1  _1 )      M  f      1  1 

r\(a'-ry    (a'  +  o2)     i  10 -02    O  +  02J 

22.  A  current  is  generated  in  a  circuit  and  the  electro- 
motive force  suddenly  removed,  find  the  law  of  decrease  of 
current. 

Ans.     If  i0  be  current  at  first  that  after  a  time  t  is 

.   -^  t 

23.  A  small  sphere  of  soft  iron  is  suspended  at  one  end 
of  a  lath,  which  is  counterpoised  and  delicately  suspended 
at  a  point  near  the  other  end,  so  that  the  sphere  moves  on 
the  arc  of  a  large  circle  which  may  be  considered  approxi- 
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mately  a  straight  line.  Two  opposite  magnet  poles  of  differ- 
ent strengths  are  placed  at  different  points  on  the  same  side 
of  the  sphere  in  its  line  of  motion.  Find  the  positions  of 
unstable  and  stable  equilibrium. 

Ans.  Unstable  when  the  distances  from  the  poles  are 
in  the  ratio  of  the  square  roots,  but  stable  when  in  the  ratio 
of  the  cube  roots  of  the  strengths  of  the  poles. 

24.  The  same  sphere  moves  along  the  line  which  bisects 
at  right  angles  the  distance  between  two  equal  and  similar 
magnet  poles.  Show  that  there  is  a  point  of  stable  equili- 
brium at  a  distance  =-  on  either  side  of  the  line  joining 
the  poles,  a  being  the  length  of  the  line. 

25.  The  strength  of  the  magnetic  field  at  any  point 
within  a  plane  circular  current  whose  strength  is  unity  is 
given  by  the  perimeter  of  the  ellipse  concentric  with  the 
circle,  and  which  has  the  given  point  for  focus,  divided  by 
the  square  on  the  semi-minor  axis. 

26.  If  the  point  be  outside  the  circular  current  the 
strength  will  be  the  defect  from  its  asymptotes  of  the  con- 
centric hyperbola,  which  has  the  given  point  for  focus,  divided 
by  the  square  on  the  semi-conjugate  axis. 

27.  Find  the  Horse-Power  required  to  maintain  a  current 
of  "75  ampere  in  each  of  100  lamps  of  45  volts  arranged  (1) 
each  lamp  connected  in  parallel  with  the  dynamo  by  a  lead 
of  1  ohm  resistance,  (2)  in  10  rows,  each  of  10  lamps,  the 
leads  to  each  row  having  a  resistance  of  10  ohms. 

Ans.     4*6  in  both  cases. 

28.  Two  horizontal  rods  are  placed  parallel  at  a  distance 
of  1  metre,  and  a  third  rod  is  placed  across  them  and  slides 
parallel  to  itself  at  a  rate  of  10  metres  per  second.  Find  in 
volts  the  e.m.f.  between  the  ends  of  the  fixed  rods,  assuming 
the  earth's  vertical  magnetic  force  to  be  '47  c.G.s.  units. 

Ans.     -00047  volts. 


CHAPTER   XI. 


THERMO-ELECTRICITY. 


286.  In  the  cases  we  have  hitherto  considered  the 
energy  of  a  voltaic  current  is  derived  either  from  chemical 
action  (as  in  a  battery)  or  Mechanical  work  (as  in  a  dynamo 
engine).  In  the  currents  we  have  now  to  consider  the  energy 
is  derived  from  the  unequal  heating  of  the  different  parts  in 
a  compound  circuit,  the  passage  of  the  current  causing  an 
absorption  of  heat  at  some  parts  of  the  circuit  in  excess  of 
that  evolved  at  other  parts. 

The  laws  regulating  the  development  of  these  currents 
have  been  discovered  by  a  series  of  experiments,  the  results 
of  which  we  now  proceed  to  state  briefly. 

287.  Experiment  1.  Seebeck  discovered  that  if  bars  of 
two  metals  (bismuth  and  antimony)  were  soldered  at  their  ends 
and  the  junctions  brought  to  different  temperatures  an  electric 
current  flowed  round  the  circuit;  flowing  through  the  hot 
junction  from  bismuth  to  antimony. 

Seebeck  concluded  that  the  electromotive  force  of  this 
current  was  proportional  to  the  difference  of  temperature  at 
the  junctions,  a  result  only  true  for  small  ranges  of  tempera- 
ture, unless  the  mean  temperature  be  kept  constant. 

288.  Experiment  2.  Peltier  discovered  that  if  a  current 
(from  a  battery  or  dynamo-engine  for  instance)  be  sent 
through  an  arc  of  several  metals  Jaeat  is  absorbed  at  some 
junctions  and  emitted  at  others ;  the  emission  and  absorption 
being  exactly  reversed  by  reversing  the  direction  of  the  current; 
the  quantities  of  these  thermal  actions  being  proportional  to 
the  current  strength. 
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This  observation  has  led  in  the  hands  chiefly  of  Thomson 
and  Tait  to  a  theory  of  Thermo-electricity  founded  on  the 
laws  of  Thermo-dynamics. 

Suppose  an  arc  of  different  metals  to  have  its  terminals 
of  the  same  metal  at  the  same  temperature  and  suppose 
between  these  terminals  a  constant  Electromotive  Force  F  is 
established,  causing  a  current  of  strength  %  to  pass  round  the 
circuit.  The  energy  per  unit  time  sent  into  the  circuit  is 
therefore  Fi.  This  is  partly  used  up  in  frictional  generation 
of  heat  whose  amount  by  Ohm's  law  is  Ri2  and  partly  in 
heat  absorbed  or  evolved  according  to  Peltier's  law  (though 
not  entirely  due,  as  we  shall  see,  to  the  Peltier  effect).  Let 
the  total  amount  of  heat  absorbed  per  unit  current  per  unit 
time  be  denoted  by  A,  that  actually  absorbed  will  be  Ai  per 
unit  time. 

Hence  Fi  =  -JAi  +  Ri2, 

J  denoting,  as  usual,  the  mechanical  equivalent  of  heat, 

.     F+JA 
,.  t— g-- 

The  form  of  this  expression  shows  that  the  effective  e.m.f. 
of  the  circuit  is  F+JA.  If  this  vanish  the  impressed  E.M.F. 
just  balances  the  Thermo-electro-motive  Force:  or  F=  —  J  A. 

Hence  if  E  be  the  E.M.F.  of  any  Thermo-electric  arrange- 
ment, and  2-H"  be  the  sum  of  all  the  heat  absorbed  or  evolved 
per  unit  current  per  unit  time,  according  to  Peltiers  law, and 
counted  positive  when  evolved, 

E  +  JSH=0  (1). 

This  equation  is  the  application  of  the  first  law  of  Thermo- 
dynamics to  Thermo-electricity.  Since  the  quantities  of 
heat  in  equation  (1)  are  all  reversed  in  sign  by  the  reversal 
of  the  current;  if  this  were  all  the  heat  developed  in  the 
circuit,  it  would  obey  Carnot's  law  of  reversibility,  on  which 
the  application  of  the  second  law  of  Thermo-dynamics  de- 
pends. If  the  section  of  the  conductor  be  large  and  the 
current  i  be  small  enough  the  term  Ri2  depending  on  the 
square  of  i  may  be  neglected  in  comparison  with  —  Ai  which 
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depends  on  i.  On  this  supposition  we  may  apply  to  the 
system  the  second  law  of  Thermo-dynamics,  which  leads  to 
the  equation 

2f=0 (2), 

TT 

where  the  elements  of  X  -yp  represent  the  quotient  of  each 

quantity  of  heat  in  (1)  divided  by  the  absolute  temperature 
at  which  it  is  evolved  or  absorbed. 

289.  Experiment  3.  It  was  shown  by  the  late  Prof. 
J.  Gumming  that  for  copper  and  iron  there  was  a  certain 
temperature  (about  284°  C.)  at  which  the  Peltier  effect  vanished, 
so  that  the  metals  are  at  that  temperature  neutral  to  each 
other,  and  if  one  junction  be  kept  at  this  neutral  temperature 
the  current  is  in  the  same  direction  whether  the  second  junction 
be  a,t  a  higher  or  lower  temperature. 

From  this  observation  Thomson  argues  thus. — Since  in 
every  thermal  engine  the  energy  is  derived  from  an  absorption 
of  heat  at  the  hotter  part  in  excess  over  that  evolved  at  the 
colder,  the  energy  of  the  Thermo-electric  current,  so  far  as  it 
depends  on  the  Peltier  effect  must  be  due  to  an  excess  of 
heat  absorbed  at  the  hot  junction  over  that  evolved  at  the 
cold  junction.  If  therefore  the  hotter  junction  in  an  Iron- 
Copper  couple  be  kept  at  the  neutral  temperature,  the 
Peltier  effect  must  give  an  evolution  of  heat  at  the  colder 
junction,  and  we  should  have  a  Thermo-electric  current 
without  any  absorption  of  heat :  unless  there  be  in  the 
Iron-Copper  circuit  an  absorption  of  heat,  distinct  from  the 
Peltier  effect  at  the  junctions;  though  like  the  Peltier  effect 
reversible  with  the  current.  This  can  only  consist  in  an  ab- 
sorption of  heat  when  the  current  passes  from  a  hotter  to  a 
colder  part  or  vice  versa  in  one  or  both  metals.  Thomson 
has  shown  by  numerous  experiments  that  in  an  unequally 
heated  copper  conductor  electricity  behaves  analogously  to  a 
real  fluid,  tending  to  reduce  the  differences  in  temperature, 
while  in  an  iron  conductor  it  tends  to  exaggerate  them. 
This  "  Thomson  effect "  is  sometimes  known  as  Electric 
Convection  of  Heat. 

c.  E.  22 
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290.  Experiment  4.  Sir  W.  Thomson  showed  that 
generally  in  an  unequally  heated  body  there  is  an  absorption 
or  evolution  of  heat  owing  to  the  passage  of  a  current  from 
cold  to  hot  or  from  hot  to  cold;  this  effect,  like  Peltiers,  being 
reversible  with  the  current. 

Experiment  5.  Magnus  showed  that  no  current  can  be 
produced  by  any  variations  of  temperature  in  a  circuit  of 
a  single  homogeneous  conductor. 

These  experiments  give  us  means  of  measuring  the 
quantities  of  heat  (H)  in  equations  (1)  and  (2)  which  must 
include  those  due  both  to  the  Peltier  and  Thomson  effect. 

291.  To  measure  the  Thomson  effect  we  first  observe 
that  in  a  homogeneous  circuit,  if  %xy  denote  the  quantity  of 
heat  absorbed  per  unit  time  by  unit  current  going  from  a 
place  of  higher  absolute  temperature  x  to  one  at  lower 
absolute  temperature  y  in  direction  from  x  to  y;  Syz,  <$zx, 
similar  things  for  other  parts  of  the  circuit  supposed  to 
consist  of  only  one  metal,  the  whole  heat  absorbed  by  unit 
current  in  the  complete  circuit 

—  (h)       _l  <h)      _i_  (h) 

—  ^>xy   >    KJyz  ^    yyzx> 

and  this  will  equal  the  whole  electromotive  force  in  the  circuit 
which  by  Magnus'  result  must  vanish, 

.      (fi)      —  (h)      _  (h) 

•  •    ^xy  ~  y-fxz       v  'yz  > 

showing  since  z  is  arbitrary  that  the  Thomson  effect  in  any 
homogeneous  arc  is  represented  by  the  difference  of  some 
function  of  the  temperature  at  one  end  and  the  same  function 
of  the  temperature  at  the  other  end.     We  may  write  this 

©*y  =  </><>)-</>  0/)- 
It  was  suggested  by  Prof.  Tait  and  confirmed  by  experi- 
ment, in  the  case  of  most  metals  within  the  ordinary  range  of 
temperature,  that  the  form  of  <£  (x)  might  be  for  any  one 
metal  %kax2,  where  ka  is  a  constant  depending  on  the  par- 
ticular kind  of  metal ;  positive  for  metals  like  copper  and 
negative  for  metals  like  iron.     Thus 

e^=Pa(«a-y2) (2) 


=  ^-y)&). 
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If  x  —  y  be  small  and  ——■  =  T,  the  mean  temperature, 

we  have  for  the  Thomson  effect  per  degree  of  temperature  at 
mean  temperature  T,  ka  T. 

In  equation  (1)  the  terms  due  to  the  Thomson  effect  will 

be  of  the  form  ®xy.     In  equation  (2)  we  must  compute  the 

re- 
value of  yp  for  the  heat  evolved  from  each  element  of  the 

circuit.  Let  then  H  be  the  heat  evolved  from  an  element 
whose  terminals  differ  in  temperature  by  a  very  small  quan- 
tity t.  By  the  last  equation  H  =  ka  Tr,  where  T  is  the 
absolute  temperature  of  the  element.     Hence  each  term  in 

TT 

2  -jj,  will  be  of  the  form  kar,  and  the  whole  term  corre- 
sponding to  the  metal  a  will  be 

Xkar  =  ka(x~y) (3) 

and  similar  terms  for  the  other  metals. 

The  Thomson  effect  per  degree  of  temperature  is  often 
called  the  Specific  Heat  of  Electricity,  and  it  is  found  by 
multiplying  the  coefficient  ka  for  the  metal,  by  the  absolute 
temperature. 

292.  To  measure  the  Peltier  effect  we  will  denote  by  II  ^ 
the  quantity  of  heat  evolved  in  unit  time  by  the  passage  of 
unit  current  across  a  junction  of  two  metals  at  the  absolute 
temperature  t. 

293.  Our  equations  (1)  and  (2)  derived  from  the  first 
and  second  laws  of  Thermo-dynamics  may  now  be  written 
respectively ; 

E  +  J{2.1It-%XJc(a?-f)}=0 (A). 

2Ih-Xk(x-y)  =  0 (B). 

294.  Prop.  I.  If  any  circuit  of  different  metals  be  throughout 
at  the  same  temperature  the  sum  of  the  Peltier  effects  at  the 
junctions  vanishes. 

22—2 
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In  this  case  x  =  y  =  t  in  all  terms  of  (A)  and  (B).  Hence 
in  (B) 

s5.'=o,  or  lsnt=o, 

or  the  sum  of  Peltier  effects  vanishes. 

295.  Prop.  II.    To  express  ITX  as  a  function  of  x  and  constants. 

Let  the  circuit  consist  of  two  metals  a,  b,  and  let  the 
temperatures  of  the  junctions  be  x,  yy  and  suppose  the 
current  to  pass  from  a  to  b  through  the  junction  at  tempera- 
ture x.  Supposing  the  Peltier  effect  positive  at  this  junction 
it  will  be  negative  at  the  opposite. 

Hence  equation  (B)  gives 

_* y  =  ka(x-y)  +  kb(y-x) 

x        y 

=  (h-h)(x-y); 

.'.     ^-(K-k^x^-iK-k^y. 
x  y 

This  shows  that  for  all  values  of  x 

x  —  (ka  —  &&)  x  =  a  constant  =  C,  suppose. 
x 

Let  T^  be  the  neutral  temperature,  at  which  the  Peltier 
effect  vanishes ;  so  that  Ux  =  0  when  x  =  Tah. 

—  (ka  —  kb)  Tab  —  0, 

na 

X 

TIx  =  (ka-kb)(x-Tab)x (4). 

296.  Prop.  III.    To  prove  that  for  any  three  metals  a,  b,  c 

(ka  —  kb)  Taj,  +  (kb  —  l'c)  Tbc  +  (hc  —  ka)  Tac  =  0. 

For  distinction,  let  us  suppose  the  Peltier  effect  at  the 
three  junctions,  all  at  the  same  given  temperature,  to  be 
denoted  by  Tlab,  n&c,  ncrt  respectively. 


(ka  —  kb)  (x  —  Tab), 
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We  have  shown  Prop,  (i)  that  when  temperature  is 
constant 

uab+ubc+uca  =  o. 

Substitute  for  Uab,  Hbc,  Uca  their  values  from  (4)  and  dividing 
through  by  x 

ika  -  h)  0  -  Tab)  +  (h  -  kc)  (x  -  Tbc)  +  (kc  -  ka)  (x  -  Tac)  =  0. 

(*.  ~  h)  Tab  +  (kb  -  he)  Tbc  +  (kc  -  ka)  Tac  =  0. 

297.  Prop.  IV.  To  express  the  E.M.F.  for  a  circuit  of  two 
metals  with  junctions  at  given  temperatures  in  terms  of  the 
temperatures  and  constants. 

Let  as  before  the  temperatures  of  the  junctions  be  x  and  y. 

Equation  (A)  gives  us 

--j=:Tix-TIy-^(ka-  kb)  O2  -  if) 

=  (ka  ~  h)  [x*  -f-  Tab  (x  -  y)}  -  J  (ka  -  kb)  (x2  -  y2) 

=  (ka-kb)(x-y)(^-Tab)  (5), 

which  gives  the  E.M.F.  required. 

Cor.     Suppose  x  —  y  =  r,  a  very  small  quantity,  and 

x  ~\~  1/ 

■        -  =  T,  the  mean  temperature  ; 

then  we  have 

^  =  J(ka-kb)(Tab-T) (6). 

E  . 
The  ratio  —  is  the   electromotive   force   per   degree   of 

difference  of  temperature  between  the  hot  and  cold  junctions, 
which  have  the  mean  temperature  T  This  may  be  called 
the  thermo-electric  power  of  the  pair  a,  b  at  temperature  T. 

Def.  The  Thermo-electric  power  of  a  given  pair  of  metals 
at  given  mean  temperature  is  the  electromotive  force  of  the 
Thermo-electric  circuit  per  degree  difference  in  temperature  of 
the  junctions. 
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298.    Prop.  V.    The  sum  of  the  thermo-electric  powers  at  the 
same  temperature  of  three  metals  taken  two  and  two  vanishes. 

Let  us  denote  the  thermo-electric  power  of  the  pairs  of 
metals  at  given  temperature  by  E(a,  b),  E(b,  c),  E  (c,  a). 

Then  E  (a,  b)  =  J(ka  -  Jcb)  (Tab  -  T) 

E(b,c)=J(kb-kc)(Tbc-T) 

E(c,a)  =  J(kc-ka)(Tac-T), 

on  addition,  and  by  help  of  Prop.  III.  we  see  that 

E(a,  b)  +  E(b,  c)  +  E(c,  a)=0. 

Cor.     This  result  may  be  written 

E(a,b)  =  E(a,c)-E(b,c)  (7), 

which  shows  that  the  thermo-electric  power  of  two  metals  is 
the  difference  of  their  separate  thermo-electric  powers  re- 
ferred to  any  third  metal. 

299.  We  will  now  explain  a  graphical  method  of  in- 
dicating the  thermo-electric  properties  of  a  circuit  first 
suggested  by  Sir  W.  Thomson  and  developed  by  Prof.  Tait. 

Let  Et  denote  the  thermo-electric  power  of  two  given 
metals  at  temperature  t     Then  equation  (6)  may  be  written 

Et 

-j  =  ka  (Tab  —  t)  —  kb  (Tab  —  t). 

Let  now                   z  =  ka( Tab  - 1) |  (^. 

2>  =  kb(Tab-t)\ V  A 

Et 

whence  -j  =  z  —  z . 

If  we  represent  by  abscissae  temperatures  counting  from 
absolute  zero,  and  by  ordinates  the  values  of  z  and  z  in  (S), 
each  equation  represents  a  straight  line,  and  the  thermo- 
electric power  bears  a  constant  ratio  to  (and  may  therefore 
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be  measured  by)  the  difference  of  the  ordinates  of  two  given 
straight  lines,  corresponding  to  the  same  abscissa. 

We  may  still  farther  simplify  the  construction  if  we  can 
find  a  metal  in  which  the  Thomson  effect  is  nil.  Le  Roux's 
observations  tend  to  show  that  this  is  the  case  in  lead.  In 
this  case  if  b  represent  lead  kb  =  0,  and  therefore  z'  =  0,  and 
the  thermo-electric  power  of  every  metal  referred  to  lead  is 
given  by 

-j=ka(t-Tab) (9). 

If  then  we  call  the  line  of  abscissae  the  lead  line  we  can, 
after  determining  from  observation  the  values  of  ka  and  Tab 
for  each  metal,  construct  the  line  represented  by  this  equa- 
tion for  that  metal  and  thus  find  graphically  the  Thermo- 
electric Power  of  every  metal  referred  to  lead.  And  by 
applying  Prop.  V.  Cor.  we  see  that  the  thermo-electric 
power  of  every  other  pair  of  metals  can  be  at  once  obtained 
from  the  diagram  by  measuring  the  difference  of  the  or- 
dinates for  those  metals  corresponding  to  a  given  abscissa 
or  temperature. 

300.  Let  us  construct  the  diagram  for  two  metals,  the 
line  AB  representing  copper  in  which  k,  the  coefficient  of 
the  Thomson  effect,  is  positive,  and  CD  representing  iron  in 
which  k  is  negative,  and  the  line  is  therefore  inclined  in 
the  opposite  direction.  These  will  intersect  in  the  neutral 
point    corresponding   to    temperature    284°  C.     In    drawing 

the  figure  — j  is  made  the  ordinate,  which  therefore  repre- 
sents Thermo-electric  power  with  sign  reversed.  Thus  lead 
is  positive  to  any  metal  where  its  ordinate  is  above  the  line 
of  abscissae. 

Let  us  consider  a  circuit  made  by  a  junction  BD  having 
a  temperature  OQ,  and  another  junction  AC,  having  a  lower 
temperature  OP. 

We  can  now  give  a  geometrical  interpretation  to  the 
equations  we  have  proved  above. 
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(i)  Denoting  iron  by  a  and  copper  by  b  in  the  above 
notation,  and  the  temperatures  OP,  OQ  by  x,  y  respectively, 
we  have 

DQ  =  ka  (Tac  -  x)  and  BQ  =  kb  (Tbc  -  x\ 

GP  =  ka  (Tac  -  y)  and  AP  =  kb  (Tbc  -  y). 

Equation  (8)  shows  that  the  thermo-electric  power  at 
temperature  OQ  is  BD  and  at  temperature  OP  is  AG. 

(ii)  By  equation  (2)  the  Thomson  effect  in  the  copper  is 
given  by 

=  {kai.Tah-y)-ka(Tah-x)}X^- 
_cp  OP  +  OQ  =  ST  OP  +  OQ 

— ■  — 

=  area  GDST. 

By  similar  reasoning  the  Thomson  effect  in  AB  is  given 
by  —area  ABNM,  the  minus  sign  arising  from  the  factor 
(AP-BQ). 

(iii)  By  equation  (4)  the  Peltier  effect  at  temperature 
x  is  given  by 

n*  =  (ka  -  h)  O  -  T^)  X 

=  X  [kb  (Tab  -X)-  ka  (Tab  -  x)} 

=  OQ{BQ-DQ} 

=  -OQ.BD 

=  -  area  BDSN. 

Similarly  the  Peltier  effect  at  the  junction  AG  will  be 
given  by  +  area  AGTM. 
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(iv)     For  the  e.m.f.  of  the  circuit  we  have  by  equation  (5) 

=  4  (K  -  fa)  (x  -  y)  {Tab  -x  +  Ta-y) 

=  i(*-y)  l(K  -  fa)  (Tab  -  x)  +  (ka  -  fa)  (Tab  -  y)\ 
=  iPQ.(BD  +  AC) 
=■  area  ABDG. 

(v)  For  the  direction  of  the  current  we  need  only  notice 
that  it  must  cause  an  absorption  of  heat  at  the  hot  junction. 
Referring  to  Art.  295  we  see  that  11^  is  defined  in  the  type 
case  as  "  the  quantity  of  heat  evolved  by  unit  current  in 
passing  from  a  to  6."  The  above  investigation  shows  that 
lis  is  positive  at  the  cold  junction  and  therefore  the  current 
passes  from  iron  to  copper  through  the  cold  junction  and 
from  copper  to  iron  through  the  hot  junction.  It  is  in  fact 
in  the  direction  of  the  arrows,  circulating  round  ABDG  in 
the  positive  direction  of  angular  measurement. 

301.  Before  leaving  the  diagram  it  should  be  noticed 
that  the  original  assumption  of  Art.  291  that  &  is  a  constant 
at  all  temperatures  for  the  same  metal  has  never  been 
demonstrated  by  experiment.  Should  it  ever  be  proved 
that  &  is  a  function  of  the  temperature  equations  (8)  will 
no  longer  represent  straight  lines.  It  is  however  certain 
from  experiment  within  ordinary  temperatures  that  (ka  —  fa) 
the  coefficient  for  the  e.m.f.  of  a  circuit  formed  of  two  metals 
(Art.  297)  is  independent  of  the  temperature.  Thus  our 
straight  lined  Thermo-electric  diagram  could  be  converted 
into  the  true  diagram  by  a  simple  shear  parallel  to  the 
ordinates. 

302.  These  remarks  must  be  strictly  confined  to  ordi- 
nary temperature,  or  about  from  — 18°  C.  to  350°  C.  Prof. 
Tait  experimenting  at  higher  temperature  has  shown  in 
the  case  of  at  least  two  metals,  iron  and  nickel,  remarkable 
aberrations.  With  reference  to  iron  he  says  (Rede  Lecture, 
1873,  Report  in  Nature,  Vol.  vm.  p.  122),  "  The  cause  (of  the 
irregularity  in  iron)  is  this,  that  while,  as  Thomson  discovered, 
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the  specific  heat  of  [electricity  in]  iron  is  negative  at  ordinary 
temperatures,  it  becomes  positive  at  some  temperature  near 
low  red  heat;  and  remains  positive  till  near  the  melting  point 
of  iron,  when  it  appears  possible  from  some  of  my  experi- 
ments that  it  may  again  change  sign."  Thus  the  line  for  iron 
in  the  diagram  at  a  high  temperature  bends  upwards,  and 
possibly  at  a  still  higher  temperature,  but  before  its  melting 
point,  bends  downwards  again.  It  thus  appears  on  the 
diagram  that  iron  becomes  neutral  to  copper  and  to  lead 
each  at  two  different  temperatures,  and  possibly  to  a  com- 
pound of  platinum  and  iridium  at  three  different  tempera- 
tures. 


Examples  on  Chapter  XI. 

1.  The  neutral  temperatures  with  lead  of  zinc  and  iron 
are  respectively  —  95°  C.  and  +  356°  C,  while  the  coefficients 
of  specific  heat  (k)  for  the  same  two  metals  are  respectively 
+  -00122  and  -  00247.  Calculate  the  neutral  point  of  zinc 
and  iron.  Ans.     207°  C. 

2.  At  20°  C.  the  thermo-electric  powers  relatively  to 
lead  expressed  in  microvolts  are  found  to  be.  for  copper  1*5, 
and  for  iron  17*5,  while  their  neutral  temperatures  relatively 
to  lead  are  —  132°  C.  and  +  356°  C.  Calculate  the  coefficients 
of  specific  heat  on  this  scale. 

Ans.     For  copper  '0098,  and  for  iron  —  "052. 

3.  From  the  same  data  as  question  2  calculate  in 
microvolts  the  e.m.f.  of  an  iron-copper  pair  whose  junctions 
are  respectively  at  0°  C.  and  100°  C. 

Ans.     1489  microvolts. 

4.  Show  that  in  an  iron-copper  pair  if  the  cold  junction 
be  kept  at  a  fixed  low  temperature  and  the  other  junction 
be  heated  the  current  will  gradually  rise,  reach  a  maximum 
and  then  gradually  sink  again.  What  is  the  temperature  of 
the  maximum  ? 
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5.  Three  wires  A,  B,  G  of  different  metals  and  resist- 
ances a,  b,  c  are  soldered  together  at  two  junctions  which  are 
maintained  at  two  different  temperatures.  If  la  be  the 
current  when  A  is  cut  and  7&  the  current  when  B  is  cut, 
show  that  the  current  in  G  when  all  the  wires  are  con- 
tinuous will  be 

a  (b  +  c)  I a  +  b  (a  +  c)  Ih 
ab  -\-bc-\-  ca 

6.  If  the  arc  G  contains  a  galvanometer  of  large  resist- 
ance compared  to  a  and  b,  show  that  the  current  in  G  is 

alg  +  blb 
a  +  b 

7.  If  E,  E'  be  the  thermo-electric  powers  of  the  wires 
A,  B  in  question  6,  relatively  to  lead,  the  thermo-electric 
power  of  the  compound  wire  A,  B  will  be 

aE'  +  bE 
a  +  b 

8.  Hence  show  that  the  line  for  the  compound  wire 
A,  B  in  the  thermo-electric  diagram  passes  through  the 
neutral  point  of  A,  B  and  by  properly  adjusting  the  ratio 
a :  b  can  be  made  to  take  any  required  position  between  the 
lines  for  A  and  B. 

9.  A  couple  is  made  of  platinum-iridium  (in  which  the 
Thomson  effect  vanishes)  and  iron.  Each  junction  is  kept 
at  one  of  the  neutral  temperatures  of  platinum-iridium  and 
iron.     Discuss  fully  the  thermal  conditions  of  the  circuit. 
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